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PKEFACE 


rr^HIS book is based on «a course of lectures which I have 
J- delivered to graduate students at Princeton University 
during the last few years. My aim has been to exhibit the 
extent to which the fundamental facts of physical science may 
be coordinated by means of the conception of the electron and 
the laws of electrodynamics. In developing the subject I have 
started from the most elementary beginnings, and I have therefore 
found it necessary to include much matter which is to be found in 
any ordinary text-book of the theory of electricity and magnetism. 
It is hoped that the lack of conciseness thereby involved may be 
more than atoned for by the wider circle to which the book may 
appeal. The coiU‘se of lectures at Princeton on which the book is 
founded proved useful as an introduction to the methods of modern 
mathematicjd physics in addition to forming a presentation of the 
results of recent physical discovery. 

The broad scope of the subject makes it imperative that a good 
deal of scilcction should be exercised as to the natui'e and treatment 
of tlie topics considerc‘d. In determining these, consideration has 
given to imj)ortance, interest, and instructiveness, roughly in 
the order named. The necessary incompleteness is remedied to 
some extcmt by references to scientific l)apers and to other works. 
Iduise references are intended to supplement the discussion in the 
t(^xt rather than to exhibit the historical development of the 
subject. 1^11118 many important papers are not referred to. I have 
tried, however, to be as accurate as p(.>ssible in any statements 
which (leal specifically with historical matters. 

For a variety of reasons the book has, unfortunately, suffered 
considerable delay in passing through the press. I have, however, 
found it possible to incorporate some account of the important 
recent results while correcting the proofs; so that, with some 
reservations, the book may be regarded as fairly representing the 
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State of the subject up to the time of printing. The most serioiis 
exception is in the part dealing with the electron theory of metallic 
conduction, where the important theoretical papers of Keesom 
(CoMiuuuiccitious fTOiii ths LsidoTi Physical Lohovatovy, Supplement 
Nos. 30 and 32 (1913)) and Wien (Golumbia University Lectures 
(1913) and Berlin Sitzungsber. p. 184 (1913)) as well as the full ac- 
count of Kamerlingh Onnes' experimental work at low temperatiu*es 
{Go 7 iwl Leiden, Supplement No. 34 (1913) and No. 139 (11)14)) 
did not reach me in time to be dealt with. These papers lead one 
to hope that the difficulties which beset the electron theory of' 
metallic conduction in its usual form may be overcome by the 
application of the ideas underlying Planck’s theory of radiation. 
In any event the theories of Chapters xvil and xviu should lx* 
valid at sufficiently high temperatures when the results of the 
quantum theory coalesce with those of the continuous theory. 
Many other branches of the subject are in a similar, though 
possibly less aggravated, situation; amongst these the questions 
of atomic structure, spectroscopic emission. X-rays and th(‘ 
magnetic properties of bodies are conspicuous example's. At tlu' 
present time this field is unquestionably a very fruitful oni^ both 
for the experimental and for the theoretical physicist. 

I am indebted to the kindness of the publishers of tlu' 
following journals and works for permission to reproduc(‘ various 
diagrams, viz. Annalen der Physik, Figs. 25, 30 u-, 32 and 4.2; 
Journal de Physique, Figs. 35, 48 and 49; PUlosophical MaguUnl 
Figs. 52 and 66; Loreutz’ Theory of Electrons, Fig. 55; Starks* 
Prindpien der Atomdynamik, Pigs, 53 and 54. 

I wish to express my thanks to Dr C. J. Davisson of t,hr 
Carnegie Institute, Pittsburg, and to Dr K. T. C.uiiptou (.f l,lu' 
Reed College, Oregon, for the assistance I have received frem I, lie 
notes they took of my lectures, as well as to Mr T. G. Jledlbrd. Mie 
Editor of the Cambridge Physical Series, for his valuable help and 
suggestions in reading the proofs. 


King’s College, London. 
May, 1914. 


0. W. RICHARDSON. 
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CHAPTEK 1 


THE ORIGIN OF THE ELECTRON THEORY 

The Electron Theory of Matter may be looked upon as a form 
of atomic theory. It differs from the form of the atomic theory 
with which chemistry is familiar, especially in that it makes 
the ultimate atoms minute geometrical configurations of electric 
charge, instead of particles of uncharged matter. A large number 
of different lines of inquiry, often closely interwoven, have led to 
the adoption of such a view of the structure of matter. Of these 
different lines of in(|uiry, however, three may be considered 
pre-eminently conspicuous. 

In the first place, although the electron theory has made most 
rapid progress in the last two decades, it is a logical development 
of the views held a century ago by Davy^ and Berzelius f and 
especially of the views to which Faraday.]: was led by his electro- 
chemical discoveries made somewhat later. Davy concluded, from 
a general review of the electrochemical phenomena known in his 
day, that the forces between the chemical atoms were of electrical 
origin. Shortly afterwards a complete system of chemical structure 
depending on the same idea was developed by Berzelius and, 
although in its original form Berzelius’s electrochemical theory was 
insufficiently elastic, its main features have much in common with 
the most modern views on the subject. The laws of electrolysis 
discovered by Faraday led to an important advance by pointing 
distinctly to an atomic constitution for electricity; for they 
showed that each chemical atom invariably transported either a 
<l(‘finit(^ qucintity of electricity or an integral multiple of that 

Phil. Tram. p. 1 (1807). 

t Mc.ni. Acad. Stockholm (1812); NichoUoidif Journal, vols. xxxiv. and xxxv. 
(1813). 

^ E:rp. lies. 377, 528, 001, 718, 821 and enpecially 852, 809. 
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quantity, a multiple which was determined by the chemical 
valency of the atom. This inference from Faraday’s electrolytic 
researches was strongly advocated much later by von Helmholtz*. 

The second line of inquiry referred to dealt mainly with 
optical phenomena. It would be impossible adequately to discus.s 
at this stage the complex questions which present themselves in 
this connecti^. It may be permissible to recall that Maxwell’s 
electromagnetic theory had been found to account satisfactorily 
for the behaviour of light, and electromagnetic waves in general, 
in free space; but that difficulties presented themselves when 
phenomena like refraction and dispersion, which depend upon 
transmission through material media, were considered. These were 
found capable of removal by introducing the simple hypothesi.s 
that the material media contained particles having appropriate 
natural frequencies of vibration. Maxwell’s electromagnetic theory 
of light naturally suggested that these particles were electrically 
charged, and the facts of dielectric polarisation were then found 
to fall into line, approximately at any rate, with the optic;al 
phenomena. The theory of the propagation of light in moving 
media also made important advances under the influence of the 
new views. A striking confirmation of the correctness of tluj 
general position was furnished by Zeeman’s discovery of t.lie 
change of the frequency of spectral lines when the emitting source 
was placed in a strong magnetic field. The magnitude of thi.s 
change enabled an estimate of the ratio of the charge to tin? 
mass of the particles to be made. The resulting values wen- in 
substantial agreement with those which were obtained at al)ou(, 
the same time by entirely different and more direct metho<ls I u 
the development of the theory along the lines just indicat, ;<1 l,ho 

ideas of H. A. Lorentzf and J. Larmor* have had a pi-epondoral irur 
influence. ^ ,s 


The third line of attack was furnished by the e.xporimciil,il 
study of the phenomena accompanying the discharge of clocti-icil' v 
through gases and especially of the properties of the catlmd,- rav-; 
the Roentgen rays and the rays emitted by radioactive substanci-.s’ 
The mattei described m the ensuing paragraph will serve to oiv,. 

* “Faraday Lecture” (1881). 

t Meerl. vol. xxv. p. 363 (1892). Tkeo^-y of Electrons, Leipzig VMK 
. VO. CLxxxv. p. 821 (1894). Aether and M nttpn' Ho 
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a general idea of the kind of information which has been supplied 
by these researches. 

The Isolation of the Elementary Charge, 

The electron theory may now be said to have developed far 
beyond the region of hypothesis. Discovery after discovery during 
the last fifteen years has established indubitably the existence of 
a negative electron whose properties are independent of the matter 
from which it originates. J. J. Thomson* and Wiechertf, in- 
dependently, showed that the magnetic deflection of the cathode 
rays present in a vacuum tube at a low pressure proved that they 
consisted of negatively charged particles for which the value of 
ejm, where e is the electric charge and m the mass of one of the 
particles, was equal to about 1*8 x 10’' e.m. units. About the same 
time Lorentz;|: showed that Zeeman’s§ discovery of the shift of 
the spectral lines of an emitting gas, produced by a magnetic 
field, pointed to the existence, within the atom, of negatively 
charged particles which had approximately the same value of ejm. 
Now the value of ejm for the lightest known chemical atom, the 
atom of hydrogen, can be obtained very accurately by electrolytic 
experiments and is found to be equal to 9*577 x 10^ E.M. units. 
Hence it would follow that if the charge carried by a cathode 
ray particle or by the particles which emit the spectral lines were 
identical with the charge carried by a hydrogen atom in electro- 
lysis, as, indeed, we should rather expect would be the case from 
Faraday’s electrolytic experiments, then the mass of these particles 
must be very much less than that of a hydrogen, atom. 

This question was soon put to the test of experiment. 
C. T. R. Wilsonjl had shown that when moist ionised gas is 
subjected to sudden expansion, a cloud forms and the drops of 
water condense on the ions in preference to the uncharged 
molecules. J. J. Thomson 11 utilised this phenomenon in order to 
count the number of ions in a volume of gas containing a measured 

* Phil. Man. V. vol. xliv. p. 298 (1897). 

t Verhatidl. der Phi/sik.-okon. (resellsch. zu KimUjabery. i. Pr. (1897). 

X Phil. Maf). V. vol. xliii. p. 282 (1897). 

45 Zittintf.sverd. der Akad. van Wet. te Amsterdam, vol. v. pp. 181, 212 (1891)). 

11 Roy. Roc. Proc. March 19, 1890. 
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totalcharge. Statedbriefly the method is as follows : The amount 

of water cLensed on the whole of the drops in the cloud may be 
calculated from the degree of supersaturation^ produced by th<, 
known expansion. The application of Stokes s formula for tl.e 
rate of fall of a sphere in a viscous fluid gives the average size ot 
each drop. Thus these data determine the total number n of the 
drops. It is assumed, for sufficient reasons, that practically all the 
drops contain one and only one ion. The total charge iie on all 
the ions eould he determined by sweeping them out of the chamber 
into an electrometer before the expansion took place, the strength 
of the source of ionisation being the same as in the condensation 
experiments. Thus the charge on a single ion was obtained by 
division. Proceeding in this way Thomson showed that the 
negative ions liberated in air by Roentgen rays and by the /3 ray.s 
from radium each carried the same charge as the hydrogen ion in 
electrolysis. 


The ions investigated in these experiments are rather compli- 
cated structures and are not identical with the electron. In tlu‘ 
case of the ionisation produced by ultra-violet light falling on a, 
metal it was shown by Thomson that the particles when fir's t 
emitted have the same value of ^/m as the cathode rays, ''riubsij 
would not be likely to aggregate together in the presence of gas 
molecules, and C. T. R. Wilson* showed that the negativf^ ions 
from ultra-violet light behaved exactly like those from the otlier* 
ionising agents in his condensation experiments. The infertaice 
from these experiments therefore is that the particles which form 
the cathode rays and which are emitted during photoc^loetric 
action carry a charge equal to that of the hydrogen atom in 
electrolysis. Experiments by Townsend f, on the rate of fall of 
the clouds produced when the gases evolved from chemical actions 
occurring in the wet way are allowed to bubble through wat.or, 
had previously led him to conclude that the ions present in such 
gases carry the same charge as a hydrogen ion in electrolysis. 


This conclusion has been strengthened by other methods of 
determining the charge on an electron. One of these depends on 
the theory of the radiation of electromagnetic energy from hot. 
bodies. The theory of this method will be considered in the 


* Phil Trails. A. vol. cxcii. p. 403 (1899). 
t Phil Maa. Feb. 1898. 
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sequel One of the recent methods, which is due to Kutherfordf 
and Geiger, depends upon the properties of radioactive substances. 
These are found to emit positively charged bodies, called a particles, 
which carry twice the charge e of an electron and are able to 
produce a large number of new ions when they pass through a gas. 
By magnifying this secondary ionisation by means of an auxiliary 
electric field and also using a very sensitive electrometer, Rutherford 
was able to detect the ionisation produced by a single a particle. 
When a very weak radioactive preparation was used the a particles 
were emitted at times separated by rather wide and irregular 
intervals, and as the effect produced by each one separately could 
be detected, the number emitted by a given amount of the radio- 
active substance in a given time could be measured. The only 
other datum which is required to measure e is the quantity of 
positive electricity which is carried away from the same quantity 
of the preparation by the a rays. This had previously been 
obtained by other experiments. 

The falling drop method has recently been improved by 
H. A. Wilson J and R. A. Millikan§. The former showed that the 
charge on the drops could be deduced from the rate of fall under 
gravitation combined with different electric fields, without making- 
use of the degree of supersaturation ; whilst the latter showed how 
the drops of water could be replaced by drops of a non-volatile oil. 
The drops of oil have the great advantage that they do not 
evaporate : and by allowing a sufficient number of electrons to 
combine with them and applying a supporting electric field which 
just balances the gravitational force, they can be kept under 
observation for an indefinite length of time. In this way Millikan 
has shown that the method is capable of yielding results of very 
great precision. 

All the three methods last mentioned are quite accurate and 
exhibit an excellent agreement. It is claimed that the charge 
e on an electron is known to within 1 per cent. Millikan s|| latest 
value is 6j = 4)-S1 x E.s. unit or I’GO x E.M. unit. 

* See chap. xv. 

t Roy. Soc. Ptoc. k. vol. lxxxi. pp. 141, ICrJ (1908). 

^ Phil. Mag. VI, vol. v. p. 429 (190:i). 
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Application to the Atomic Theory. 

These experiments have led to other important conseciuences. 
Since the charge carried by one gram atom of an element is 
accurately known from electrolytic experiments, and the charp 
carried by a monovalent electrolytic ion has been shown to be 
equal to that of a gaseous ion, it follows that the number of atoms 
in one gram atom of any substance is known to the same degree 
of accuracy as e. Since the charge which is carried by one gi.ua 
atom of a monovalent element in electrolysis is 9'649 x 10’ E.M. 
units it follows that the number of atoms in one gi-ara atom of any 
element is 6-02 x 10“ Also, since the charge required to liherat.i; 
half a cubic centimetre of at 0° C. and 760 mms. is 0-4327 K.M. 
unit, it follows that the number of molecules in one cubic centii- 
metre of any gas under standard conditions of temperature and 
pressure is 

X 10“ = 2-70 X 10“ 

1*60 

These values are in agreement with the comparatively iuacc\irat.t‘ 
estimates which had previously been given by methods base<l on 
the kinetic theory of gases and other considerations. 

Millikan was also able to observe the changes produced by t ho 
combination of single ions with the drops. These experiiiKuit-.s, as 
well as those of Rutherford with the a rays, furnish a very diroct. 
and convincing proof of the atomic theory of matter and (‘lt‘etri(*it.y. 
The consequences of the atomic theory of matter have r(s,u‘nt.iy 
been strikingly verified by experiments in other din'ct.ioiis. 
Perrin* has shown that the irregular motions of minute susiMuidf'd 
particles in fluids are in accordance with the requirements of tin* 
kinetic theory of gases. A study of these motions also lea.ds to a 
determination of the number of molecules in one gram moliHiuh* ol* 
any element and thus to a determination of e. The value obtaiiu'd 
by Perrin is in agreement with the other recent determiiuitions. 
An examination of the distribution of velocity and kiru^tie (uioi-gy 
among the electrons emitted by hot bodies, which has beim earrii-il 
out by the writer, partly in collaboration with F. C. Brown f, has 
shown that the motions of these electrons are in very closi* a,(*(‘()i‘d- 
ance with those required by Maxwell’s theory, for the mol(‘cul(‘s oj’ 
a gas of equal molecular weight. 

* Anna! n him at it a mnn 
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Electy'omagnetic Inertia, 

About thirty years ago J. J. Thomson* pointed out the 
extremely important result that an electric charge possessed 
inertia simply in virtue of the energy of its electromagnetic field, 
and he succeeded in calculating the magnitude of the electrical 
inertia, or electromagnetic mass, as it is usually called, of a charged 
sphere. This additional mass does not play any important part in 
ordinary electrostatic experiments, as it is always small compared 
with the mass of the uncharged portion of the conductors and 
insulators which are experimented with. The case is very 
different when we are dealing with charged particles whose mass 
is only one eighteen-hundredth of that of an atom of hydrogen. It 
was obviously an important experimental problem to determine 
how much of the inertia of the electron was of the type foreseen by 
Thomson and how much, if any, was to be attributed to ‘"ordinary” 
mechanical mass. Fortunately the two kinds of mass differentiate 
themselves rather clearly. The mechanical mass is supposed to 
be independent of the velocity of the body, following the principles 
of mechanics laid down by Newton, whereas the electromagnetic 
mass is a continuous function of the velocity and approaches 
infinity as the velocity of the electric charge approaches that of 
light. 

The experimental problem was resolved by Kaufmamii', who 
measured the value of ejm for the electrons emitted by radium 
bromide, some of which have velocities as high as 2’89 x 10^® 
centimetres per second. He showed that the mass of these 
electrons varied with the speed, and in fact in a manner very 
similar to that predicted by Thomson. His final conclusion was 
tha,t if there was any part of the mass of an electron which was 
ordinary mechanical mass it was very small in comparison with 
the pai't which was of electromagnetic origin. 

The Negative Electron. 

We hav(^ now succeeded in the isolation of a charged particle 
whose mass is much less than that of any known chemical 
* Phil. Ma<j. V. vol. xr. p. 22i) (1881). 

i- Ami. der Phiii^. vol. xix. p. 4H7 (11)06): cf. also H. Starke, Ver. dcr Pevtsch. 



this mass arises from the electric charge the particle carri 
There can he no question but that this is the negative elects 
The structure of the positive electricity which goes to make 
the remainder of the uncharged chemical atom is still uncertai 
but the results of experiments so far point to both the chai 
and mass of the positive electrons being different from th' 
of the negative. There is no evidence, so far as the wri 
is able to observe, which supports the view that the posit 
electron is, as it were, a reflection of the negative. 

The foregoing considerations enable us to define more precis 
the use of the word electron. In future we shall restrict the te 
to particles which consist of a geometrical configuration 
electricity and nothing else, whose mass, that is, is all elect 
magnetic. For a particle which is a charged molecule or at( 
that is to say, a molecule or atom which has lost or gained one 
more negative electrons, we shall use the term ion. A wi 
meaning than this is currently attributed to the word ion, in 
sense of any charged particle which is considered to have a separ 
existence or which behaves as a dynamical unit. Some of th 
are comparatively large bodies and contain very many atoms 
molecules. To distinguish them from the smaller ions alrei 
referred to, Stark has suggested the use of the terms molion j 
atomion. As, however, we shall not have to consider the la 
molions we shall simply use the word ion instead of atomic 

According to the view we are developing, all interact! 
between material systems result from the electrical char 
which make up their ultimate parts. The space in the nei 
bourhood of an electric charge is to be looked upon as hav 
properties different from that some distance away, since an elec 
charge of the same sign is repelled with a greater force in 
former case than in the latter. This state of things is descri 
by saying that the electric charge is surrounded by a field 
force. 

It is often convenient to attribute this field of force to ' 
turbances produced by the electric charge in a medium, the aet 
which fills all space. Looked at in this way the real electron, 
part which acts, is the surrounding aether which is outside 
geometrical boundary; and the electron theory is the science 


edifications. 


Different Elements of Electricity, 

Our ignorance of the geometrical distribution of the electri- 
ation constituting an electron is almost complete, but this is not 
serious disadvantage in considering many applications of the 
eory. It will often be sufficient to regard an electron as a point 
arge having a definite inertia coefficient or mass. In such cases 
e mode of distribution of the electric charge, whether it is a 
int, line, surface or volume charge and whether it is distributed 
th spherical or linear symmetry or not, is unimportant, provided 
at it is confined to a minute region of space. Although this is 
}en true there are some investigations for which the ultimate 
ometrical distribution of the electrification is important ; as for 
stance in the case already mentioned of the calculation of the 
ictromagnetic mass. These two distinct classes of cases require 
a rule quite different methods of attack. 

These remarks will make it clear why it is necessary to have 
fferent elementary portions of electricity in different investi- 
itions dealing with the electron theory. In the first place we 
ay have to consider the forces acting on or arising from a 
lall portion of the electron itself. The elementary quantity of 
^ctricity concerned here may be denoted by p dr, where p is the 
lume density of the electricity at the point of the electron under 
nsideration and dr is an element of volume of the latter, in- 
litesimal in comparison with the size of the electron. In other 
vestigations our element of electricity will be the charge on a 
igle electron whose value e is determined by the equation 



lere the volume integral extends over the volume occupied by 
e electron. In still another class of investigations the volume 
sment of electric charge will occupy a region of space containing 
L enormous number of electrons both negative and positive. In 
is case also it is conveniently represented by p dr, or when 
nfusion is likely to occur with the first case by p dr. If is the 
imber of negative electrons per unit volume at any point and 
is the charge carried by each, If and E being the corresponding 
lantities for the positive electrons, then p dr = (HE -f ne) dr. 


structure of the electrification and from the electronic structure c 
matter are smoothed out. It will be observed that each of th 
ihree elements of electricity is of a successively higher order c 
magnitudCj both as regards distribution in space and in referenc 
to the quantity of electricity it contains. 

Force between Electrically Charged Masses. 

On the electron theory the interaction between material bodie 
carrying electric charges is to be pictured in a manner somewh?^ 
different from that usual in electrostatics. The forces act on eac 
single electron present in the two bodies, irrespective of whethc 
it may be regarded as forming part of the free electric charge, ( 
whether it is simply one of the constituent electrons in the matt< 
which carries the electric charge. The field of force arising froi 
a single electron is assumed to obey the same laws as that arisin 
from a small charged particle in the theory of electrostatics. 

Let us consider the forces acting between two charged materi 
particles situated at the points P and Q at a distance r apai 
Suppose that the matter at P consists of positive electrons 
charge and negative electrons of charge the matter at 
being composed of positive electrons of charge Pa, and lu neg: 
tive electrons of charge 63. The force exerted by P on or vi< 
versa will consist of the algebraic sum of the repulsions betwe( 
all the like electrons and the attractions between all the unlil 
electrons. It will thus be made up of the four items which follov 

1. The repulsion of the positive electrons. Any one electn 

at Q exerts a force EiE^fr- on each individual positive electron 
P. The total force arising in this way from each electron at 
and acting on P will therefore be hence the force di 

to all the electrons at Q is 

2. The repulsion of the negative electrons. This clear 

amounts to . 

3. The attraction of the positive electrons at P for t 
negative electrons at Q. This is readily seen by similar reason!] 
to amount to 

r- 
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4. The attraction of the positive electrons at Q for the 
negative electrons at P. This is evidently equal to 
Thus the total repulsion between P and Q amounts to 

7VT 7VT E^E^ ^1^2 . TiT -^1^2 , 117 -^2^1 

+ N,n, + N,n, — 


= 4- ni ei) {N<,E^ 4- n^e^)lrK 

If g], 9'2 represent the magnitude and sign of the free electricity a1 
P and Q respectively, then 

gi = iViPi4-^i^i and qo — N 2^2 + ^260, 
so that the repulsive force is equal to the usual electrostatic 

law. 


This result may easily be extended to the general case where 
there are different kinds of electrons of the same sign provided 
with different charges. 

If = UiBi and iV2^2 = ^262> the bodies are uncharged and 
the force between them vanishes. Thus the above formulation 
does not leave any room for the explanation of gravitational 
attraction between uncharged material particles. This lacuna is 
considered in Chapter xxii. 



CHAPTEE II 


ELECTMC INTENSITY AND POTENTIAL 

That branch of electrical science which deals with the properties 
of electrical charges when at rest is called electrostatics. It is the 
oldest branch of electricity, some of the fundamental phenomena 
of frictional electricity having been known qualitatively by the 
ancients. By charges at rest ” we mean at rest relatively to one 
another. We shall see that there is no evidence for the view that 
the absolute motion of the charges affects their action on one 
another. When the charges move relatively to one another, 
important differences are observed which will be considered 
later. 

From the point of view of electrostatics the most interesting- 
properties of electrified bodies are their mutual repulsions and 
attractions. It is found that all electrified bodies can be grouped 
into two classes such that all the bodies of either class repel all 
the other bodies in the same class but attract all the bodies in the 
other class. A body is said to be positively or negatively electrified 
according to the class to which it belongs. The distinction is not 
merely one of sign, since, as we shall see in the sequel, there are 
important qualitative differences between positive and negative 
electricity. 

In the previous chapter we have stated that the force between 
two charged bodies of sufficiently minute size is proportional to 
the product of their charges divided by the square of the distance 
between them. This law of variation of force with distance was 
discovered by Priestley in 1767 and rediscovered by Coulomb in 

ee' 

178.5^- We Tuav ex-nreas it in the form F =i h — whero h is n. 


uouaiiu i^uaiiuiLy wnuat; iiia^uiuuutJ uepeiiuts uii uur utjuniuiuij. ui 

e unit of electric charge. In dealing with electrical phenomena 
j shall assume that is a universal constant independent 
the sign or other quality of e or e\ although we shall see that 
we are to account for gravitation on the electron theory this 
nnot be the case. The omission will, however, make no practical 
fference in the case of purely electrical effects: it is only 
len gravitational effects are concerned that the difference is 
iportant. 

The magnitude of our unit of electric charge will depend on 
w we determine the constant h which is of unknown dimensions 
ice the dimensions of e are unknowm. The dimensions of are 
course perfectly determinate and equal to We shall fix 

,r units by the convention that if the charges are separated only 
' ordinary space, then F is in dynes and r in centimetres provided 
= l/47r. This is equivalent to defining our unit of electric charge 
that which repels an equal and similar charge at unit distance 
th a force of l/47r dynes. This unit of charge was introduced 
^ Heaviside and differs from the ordinary electrostatic unit which 
akes k = l and which we made use of in the last chapter. The 
iw unit has certain advantages in improving the symmetry of 
rmulae which we shall obtain later. 

As the dimensions of k are unknown, it is sometimes inadvisable 
suppress it in our formulae even if we have given it a definite 
imerical value. This is particularly true in investigations of a 
iry fundamental character. In such cases it is convenient to write 

1 ee' 1 

= 7- - , where K has the value 7-- l^he ordinary electro- 

47r Kr- ’ 47r 

atic system of units, the value unity on Heaviside's electrostatic 

stem and may take other values on other systems of units. K is 

metimes called the dielectric coefficient or specific inductive 

pacity of the aether. 

In dealing with electrostatics it is not necessary for us to 
itermine how it comes about that two electric charges attract or 
pel one another. Two entirely different attitudes towards this 
id the cognate question in regard to gravitational attraction have 
3en adopted by different schools of thought. One school, 
lopting the dogma of action at a distance," holds that the 
,w of force between charges is the fundamental thing and that it 


s useless to attempt to go beyond it. The other denies 1 
)ossibility of action at a distance and derives the law of fo 

' charges from the effect of the charged bodies on 

g medium, the aether. There is no a piori reason 
one view rather than the other, although most of ^ 
xvestigators have been ranged against the action at 
school. The great advantage of the medium view is t' 
'es the operation of a mechanism whose consequen 
.xSIj on foretelling themselves, whereas the other is mere d< 
escription. For this reason the medium view has been m 
iccessful in leading the great advances in electrical science, wh 
le strength of the action at a distance formulation lies in 
athematical simplicity. There is no absolute contradict 
itween the two views; Maxwell has shown that a system 
^.ossible stresses in the medium will give rise to the obser^ 
attractions and repulsions. Which is the more desirable is larg 
a matter of taste or convenience. This is particularly the cas6 
far as electrostatic phenomena are concerned. When we come 
the consideration of electromagnetic phenomena we shall see t 
the medium view possesses important advantages, in cert 
directions, at any rate. 


Electric Intensity. 

We shall now suppose that the space surrounding an elec 
charge is different from that elsewhere. We do not need 
consider how this is brought about. It may be that the cha 
produces a change in the state of the surrounding aether ; or 
charge may have parts which extend into the region about it : 
it may be merely a manifestation of a hyperspatial mechanis 
or it may even be something which is incapable of descriptioi 
mechanical terms. The important point is that if another cha 
is placed at any point of such space it will be acted on by a ft 
and accelerated. The force acting on this second charge 
proportional jointly to its magnitude e and to a vector E de 
mined by the first charge. This is true provided that there 
no other charges in the field. In that case E will be compoun 
of the effects due to the various charges other than e. The ve< 
E is called the electric intensity at the point of the field ur 
consideration. 


jLiit; luiiciiuii Jdj IS wiiuL IS Kuowii as a vecT/or point luiictiou ; 
L other words it is a function which for each point of space has 
ith magnitude and direction. A function which has only one 
lagnitude at each point may be called a single- valued point 
motion. The electric intensity E is single- valued in this sense ; 
Lit its direction is indefinite at the points where E vanishes. 

Clearly the electric intensity at a point distant r from a point 
large e! is in Heaviside’s units E—e'l4<7rr\ This follows from the 
L verse square law of force. The electric intensity due to a 
)mplicated distribution of charge may obviously be obtained by 
le integration of the amount arising from each volume element. 
1 making the calculation it is necessary to integrate for each 
)mponent of the electric intensity separately and combine the 
jsults according to the rule for the composition of forces. This 
^solution and subsequent composition of vectors is often trouble- 
)me as well as clumsy, and it is not necessary for the calculation 
• the electric intensity. It may be dispensed with by the intro- 
jction of another function known as the Potential. 


The Potential. 

The Potential is defined as the work divided by the charge 
hen an infinitesimal electric charge is brought from some stan- 
iird position to the point in question. The standard position is 
sually taken to be a point at an infinite distance away from 
larged bodies. The value of the potential calculated in this way 
LUst be independent of the path of approach to the point under 
)nsideration, otherwise an indefinite amount of work could be 
Dtained by making the charge move round a closed contour 
assing through the point under consideration and the standard 
isition. This would be contrary to the law of conservation 
■ energy. The potential is a function of each point in space and 
assesses magnitude but not direction. Such a function is known 
3 a scalar' point function. The electrostatic potential is single- 
alued. 

Let P, Q be two points at an infinitesimal distance ds apart and 
ich that PQ is in the direction of the resultant electric intensity 
' at P. Let dVhe the increase in the potential in passing from 
' to Q and let the direction P Q be considered positive. Then 


elrtric intexsity and potential 


r - Eih. that /;= - The value of the component of 

‘ , irie inten'^itv at P in any other direction whose inclination to 
'i>u i. 0 will W £V = £cosd. This will always be less than E. 
\tl» den..t« an infinitesimal length laid off in the direction 

iwking the angle 0 with PQ, we shall have • I* is clear 


fr,.m Shis that the direction of the resultant electric intensity is 
.h.' dirwtion of quickest diminution of V. Starting out from 
/' l.u ns lay off a length PQ, in the direction of the resultant 
mtvnsisy at>, then from Q a length qPL in the direction of the 
-ailtant intensity at Q and so on from point to point. In this 
t»av »e shall dniw a curved line in space such that the tangent to 
the Cline at any point will give the direction of the resultant 
ehetrie intensity at that point. The curve will also represent the 
pth of a positive charge devoid of inertia which moves under the 
iiifiuence of the field. Such a line is called a line of electric force. 
If the liin-ction cosines of the resultant electric intensity at any 
ptint are I, m, «, we shall have Es=lE, E,j = mE, E^=nE, where 
Ej. E,. Ei are the components of E. If ds= (dx, dy,dz) is the' 
I }< Tiit nt of are of the line of force at the same point. 

, dx dy dz 

^~ds' ''~ds' 


dj‘ _ dy _ dz _^ds 

E ~P~%~E 

Tht ;irt^ the ciitierential equations of a line of force. 


( 1 ). 


If an electric charge moves always at right angles to the lines 
*<! Icirce, iiu work will be done on it, so that all the points on the 
Mirikce oil which it moves will be at the same potential. A surface 
«mt in this way is called an equipotential surface. It is 
vkar that the equipotential surfaces always cut the lines of force 
n-niially and that the whole field may be divided up into a series 
- ! nght |irismatie cells by means of a system of equipotential 
viirfkvs iiiterst-cting orthogonally a series of tubular surfaces 
i’> iitaining the lines of force. The latter surfaces are called tubes 


In gt-m-ra! we may write the value of the potential at any 
l.'ini P as V = -(Eco$dds, where E is the resultant electric 
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angle that E makes with ds. The limits of integration are from 
infinity to the point P. If Z, /?z, n are the direction cosines of ds 
we have E cos 6 = lE^ 4- mE^, + iiEz, so that 

1^ = — j {lEx -r mEy 4- nEz) ds = — j {E^dx 4- Eydy+ E.dz), 

taken between the same limits. For a point charge e the electric 
intensity at a point distant 7' is radial and equal to ^ so that 

the potential V is e!4<7r7\ as is clear upon integrating along a 
radial path from infinity to the point P. 

The following considerations enable us to find the value of the 
potential V due to a number of 
point charges e^^ei, e,, etc. Con- 
sider the intensity at Q {x, y, z) 
arising from one of the charges 
Co at P (uq, Co). The resultant 

intensity is where 

ro- = (^ - o-o)- 4- (y - h,y 4- - Co)“. 

The X component, of this is 

gp X - Op ^ / gp ^ 

47rro- ?’o 9^ * 



Similarly the x component of the intensity which arises fi'om 
any of the other charges Sn distant Vn from x, y, z may be written 

Y, ^ x-an ^ d I en \ 

47rr^“ r,j dx v47rr,J * 


But the X component X of the electric intensity due to all the 
charges is 

p. p.^ ^ 


X-X.+ X. + X+... — + 


47r?'i 47rr2 


dx ' 


So that the potential V due to a number of point charges is 
1 e 

2 - , and is equal to the sum of the potentials due to the 
47r r 

separate charges. 

We may now deduce the differential equation which is satisfied 
by the potential. Consider again the potential Vq at Q due to the 
< harge at P, Since 


Is 

EfJBCl'RIC 

INTENSITY 

AND POTENT 

Hi' h^vc 

cjr[ 

3 = 

•/'o* to 


02 / 


1 

0 (y - 

Siiiiikiriy 


? 0) 

’3 + 

O' _ 




1 

0 

and 


^0) 

‘ 0 

3 ^^ r— . 

fo* 

H** that 

c‘ 1 \ 


f eo \ 

3 - / gp Y 

f'.r( 47 rrj' 


K^sTrrJ 

y^'jrrJ 

If wc have ' 

charges e,, e 

etc. 

at points distant r 

iiiiiilar rqiuitions will hoi 

!d for 

each 

of them, and. 


^=0. 


r" r- f- , 
1 — + - ■ 
\rj‘“ r//- 


\47rro 47r?'i 4?^, 


= 0. 


Bill the pitential V at the point Q is that due to all the charges 

6 6 Bo 

e, fj. f,, etc. It is therefore equal to --i— + — -i- + — I- .... 

47rr 0 47r7 ’ 2 4 ttt 2 

W»* tfiiis find that the potential V must satisfy the equation 


ar e/ 


.( 2 ). 


Ihis i> Hfitui written ^2^=0 and sometimes AF=0. This 
rr.^iih will clearly hold so long as Q lies outside all of the charges 
f , t':, ric. We shall see that when Q lies inside a charged body 


!hc tiitleivntial 


equation is modified. The equation F = 0 is 




02 


02 


a> Liplace’s equation, and the operator = — -f- — -j- 

dx- dy^ dz^ 

L4[iiact/s 0|>enitor. 


I hi r=^2^_can readily be extended from the case 

i ot jwint charges to that of a continuous distribution of 
y.r the spice occupied by the latter can be split up 
ii:'.. :iii nidetimtfly large number of volume elements dr. The 
- t-ach ot these is pdr, if p is the volume density of the 

• i'----:i"ti-a!inn. The potential due to the distribution, at a point 

.‘1' 1 ., oiii clearly be equal to dr, where the tripir’ 

jr.e exT. rid.s uver the whole of the electrified body and risthe 

•-'• the- .t any element pdr from the external point. If there are 

'''iilact' distrihntirmsi j-i. ...... 
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add to the potential an amount 



- dS, where a is the surface 


density of the charge at the element dS and r its distance from 
the external point. 


The Potential at intei'nal points. 


Further consideration is necessary before we can apply the 
foregoing expression to the potential at points inside the electrified 
medium. At such points the denominator r becomes zero, and we 
must be certain that this does not make the integral which 
represents the potential infinite. The matter may be investigated 
as follows. About the internal point Q describe a sphere of 
infinitesimal radius e. We shall suppose the density p of the 
charge to be everywhere finite and the radius e to be chosen 
so small that the density of the charge varies continuously 
throughout the volume of the sphere. This condition can always 
be satisfied. The potential at Q will consist of two parts : 
(1) Fi, arising from the charge outside the sphere, and (2) F., 
arising from the charge inside the sphere. The former is clearly 
finite. Let pm be the maximum value of p inside the sphere. 

Then element of volume dr in polar 

coordinates is siat) ddd<f>. So that 


7-dr f sin 6d6 [ p,„ 

‘*77 J 0 Jo Jo 

This vanishes when e is made sufiSciently small ; so that we 
conclude that the charge in the immediate neighbourhood contri- 
butes nothing to the potential at any point. The formula 




dr therefore holds generally both for points outside 


and for points inside the electrified medium. 


The Derivatives of V. 
dV 

The electric intensity — ^ and all higher derivatives of 

F contain r to a higher order in the denominator than does F 
itself. They are therefore all finite at external points. 

The electric intensity is also finite at internal points. Consider 
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dV 

r, »ii<i V, as before. As we have just shown, is finite. We 
dr 4nrJJJ, (r or r-J 

By taking e small enough p/r" can be made as large as we 
j, !,■.«. eompired with so that the latter may be disregarded 
lu the limit. Thus 

- r" [ dr I sin 0d0 f dij) .'}> p,„6, 

?r 47rjo Jo Jo 

wfiieii vanishes when € = 0. We conclude therefore that the 
t^ltiUrie !!ik*nsity at internal points may be obtained by 

iiilff:^n.:*ntiating the potential. 

Gai^s's Theorem. 

The consideration of the distribution of the electric intensity 
in relation to surfaces in space leads to interesting results. 
C'oiisider any surface whatever and let dS be an element of it. 
\m y k* the component of the electric intensity at dS, along the 
the element, W being reckoned positive if it is in the 
dircetioii of the normal drawn outward from the surface. We 
shall now prove that the integral JJFdS taken over any closed 
.^udket' is equal to e, where e is the algebraic sum of the charges 
eriel(,i6ed within the surface. 
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Consider first the intensity at Q due to a charge ei at a 
point P within the surface. We have E^ = ei 47 rP^ and 

iYi dS = T- ^lyrv> 6, 

^7rri^ 

where 6 is the* angle between PQ and the nonnai to dS. Now 
solid angle dcni subtended by dS at P. Thus, so 

far as the single charge is concerned, we have XidS = do)i, 

•iTT 

If there are a large number of point charges ei, etc., the resultant 
normal component of electric intensity 

W=W, + iV,4-i^ + ..-, 

so that dS = eidcoj + e^doa.. + e^da>^ + 

N ow jj Bi do3i = ^TTBi , ff ctc. 

So that JJJSfdS = Ci-h e> + ^3 + ... = e (3). 

This result can obviously be extended from a series of point 
charges to a continuous distribution in the same manner as that 
employed in dealing with the potential. 

It remains to prove that charges outside the closed surface 
contribute nothing to the surface integral. It is evident that 
every conical element of solid angle dco arising from an external 
charge will cut the closed surface an even number of times. The 
value of N dS for the intersections of the cone by the surface will 
be alternately positive and negative since the direction of the 
electric intensity is constant in space but alternates in sign with 
reference to the successive normals. The numerical value of 

6 

NdS is the same for successive intersections, being equal to 

So that the surface integral is divided up into a series of pairs of 
equal and opposite elements. Its value is therefore zero, and we 
conclude that the value of jJXdS over any closed surface is equal 
to the charge inside. 

This result is known as Gauss’s Theorem. 

The theorem is of great value as a means of calculating the 
value of the electric intensity arising from various symmetrical 
distributions of electric charge. Thus in the case of a uniformly 
charged spherical shell the intensity at any point external to the 
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throiieh the point iuid concentric with the shell. It also follows 
mmi the svmmeti^' of the problem that the intensity must be 
nniial. Since the area of a sphere of radius r is the electric 
intensity E at a distance r from the centre of the charged shell is 

inveii by iirrE = e; so that 

E^ej^’rrr’- (“i). 

In a similar way we may prove that the force vanishes inside 
the shell. These" results may be extended to the case of a sphere 
charged throughout its volume so that layers equidistant from the 
cimtre are charged to equal density. Thus we may show, for 
example, that the force inside a solid uniform sphere of electricity 
v.irie.s iis the distance from the centre. 

The application of Gauss’s Theorem to the tubes of force 
mentioned on p. 16 , is instructive. As we have seen, a tube 
of force is a tubular region bounded by a surface which is the 
envelope of the lines of force. Let us apply Gauss’s Theorem 

a portion of such a tube, terminated at each end by equi- 
jiotentia! surfaces. The lines of force run along the tubulai 
surfaces so that at each point the component of the intensity 
nonnal to these surfaces vanishes. Over the ends the resultant 
• leetric intensity will be normal to the surfaces. Let it be E 
at the end where the cross section is Sj, and being the 
virrespoiuling quantities at the other end. The value of jjNdi. 
nver the whole surface considered is clearly EiS^ — E^S^- I: 
the tulK.- of force is in a region where there are no electric 
charges this vanishes, so that E^Si^ E^S^', thus the electric in- 
t' lisity at any point is inversely as the area of cross section o: 
the tubes of force at that point. 

rmier the conditions contemplated in electrostatics the surface 
■ •{ .1 euniluctor of electricity must be an equipotential surface ; other 
w'.M' there would be currents of electricity flowing from one par 
o* the siirface to imother. The tubes of force must therefore star- 
!i -rnwlly from such a surface. Now apply Gauss’s Theorem tc 
•ho regi.m bounded by a tube of force aud its continuation int< 
tho Mi]»tanee of the conductor and terminated by equipotentia 
' one inside and the other outside the conductor. Th( 

• :* '-tne nuensity vanishes over all the surface inside the conducto: 
-m.i iho normal comiwnent vanishes over the tubular surfac( 
-■’.•-iilo. Ihe value oi JjNdS is thus equal to the value E.Fi. a 
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this quantity over the end section. This is equal to the charge 
inside ; which is o-S. 2 , where a is the surface density of the charge 
on the conductor and & the area of its intersection by the tube of 
force. We therefore have E^Si = 0 -&. If we make the end 
section approach indefinitely near to the charged surface, — 
so that 

E = (T (5). 

Thus the electric intensity at a point just outside a charged 
conductor is normal to the surface and equal to the charge per 
unit area of it. This result is known as Coulomb’s Law. 

We may express Gauss’s Theorem analytically as a relation 
between a surface and a volume integral. If p is the volume 
density of the electrification at any point inside a closed surface 
the total charge inside the surface will be jfjpdxdi/dz. The 
normal component of the electric intensitv outside the surface is 
dV 

W = — Gauss’s Theorem may therefore be expressed in the 
form 

JlJ pdxdi/dz = — dS (6). 

In a region where there are no charges, if I, m, n are the 
direction cosines of the normal to any closed surface, we have 

1 1 {lE^ + niEy + nE,) dS = jj EdS = 0. 

A vector E whose components E^, Ey, Ez satisfy the relation 
jj{lEx + niEy -f nE^ dS — 0 over any closed surface is said to be 
solenoidal. Thus the electric intensity in free aether is a solenoidal 
vector. We shall see that there are other solenoidal vectors in 
the theory of electricity and magnetism whose properties are of 
great importance. 

Greens Theorein. 

An important theorem discovered by George Green ^ in 1828 
enables us to express a volume integral taken throughout an 
enclosed space in terms of surface integi'als over the boundaries of 
the space. This theorem, which is named after the discoverer, is 
a purely geometrical theorem, but it has many important appli- 
cations in the theory of electricity. 

“An essay on the application of Mathematical Analysis to the theories < 

j A.r j.: 55 t n 1 0.')Q 


.hich i.,to either internal orertemal. Asa l»rt.c«l.r 
; e.«m.l bounds, n..y he • sphere ot mto.te rad.ns. 
to « be any oonti.no.s point fnnet.on. Then Greens 

Tlia.irt3ni states that 


^ _ + ;-i + d^dydz = +ll(lu + mv + n.w) dS, 


f»u 

Idx 


dv 


wkr. the volume integral is taken throughout the space between 
ihe boundaries and the surface integral over the bounding surfaces, 
ajiti I m and n are the direction cosines of the normals to the 
surfec'es dmwn away from the space throughout which the volume 

integral is token. 



Let the two parallel lines PQRSTU represent the section, by 
thr plane of the paper, of a right prism whose section by the plane 
would be dydz. Consider the contribution to the integral 

I f I „ ^ di'dudz throughout the space A arising from this prismatic 
p.Ttiiiii of it. This will clearly be 

dijdz (~ Up + iiQ - Up + Us - + Ufj), 

etc. are the values of it at P, Q, etc. Now 
^ + kdS^^ - l,dSp = + IsdSs = + IjjdSjj, 

art- the values of I and dS at P, and so on. The 
i.% rn iiiMii nf js due to the fact that the normals alternately 
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make acute and obtuse angles with the positive direction of a.\ So 
that 


ljl^dvdydz = + Ij ludS (7). 

Similar equations hold for v and so that, by addition, 


III 


dll dv dll' 


[dx 


dxdydz = + I'j' [Z« + mv + iiu'} dS. . .(8). 


Now let u= i'= L 


.djT 

d:c’ 


rdV 

dy’ 


w= 

cz 


After substitution we have 

U 


o-T , 0=F _ , , , 

T+ ^^.^^idxdydz 


9.7;- 


^"9F ^"?_F Wdl_ 
diV da' dy cy ^ dz dz 


rr 

= + 

JJ 


dxdydz 
dV) 


TT \ t dV V r I , ^ 

TJ \l -;z 1 - 111 — 1 - U I’ dS 

ax ay cz ] 




U^-^dS 

dn 


•( 9 ). 


dV y 

where ^ denotes the rate of change of V along the normal at dS. 


If we substitute for % for v, and F ^ for ^u, we 

dx dy oz 


obtain similar expressions in which U and F are interchanged. 
Subtracting the two equations we have 


FV^F} dxdydz 


-// 


.9F rr-dV 


Z7 — - F 
9?i 9)1 j 




dS 


.( 10 ). 


The three equations preceding, (8), (9) and (10), are all different 
forms of Green’s Theorem. 


An important case arises when we put U = constant in equation 
(9) or (10). We then have 


III 





dx" ft/- 


We may apply this result to a minute cavity of any shape 
inairlp a. o.harcrAfl hodv. 
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We have seen (p. 23) that 




pdx dy dz.,.{lT), 


Since this equality is independent of the shape and size of the 
cavity it follows that 

0=7 a=7,a^7_ 

^ 

This equation is known as Poisson’s equation. It is the 
general fomi of the differential equation satisfied by the potential. 
At pints where there are no electric charges we have p = 0, so 
that we get Laplace’s equation 7^7=0 as a particular case of it. 

the components of E, are given by 

This is often written E^{Ex,Ey,E^ — — gmdiV. 
write the equation V^7=-~p or 0 in the form 


E- 

*'■ ay 




We may 


dE^ , dEy , dE, 

'•5 — l- -f = p. 

dx dy oz ^ 

This equation is often abbreviated to div E=^ p, the operator 
«liv acting upn any vector denoting the sum of the results of the 
aetien of the operator grad on each of the corresponding com- 
|«»iit"rits «if the vector. 


Tramformation of Laplace's Operator. 

In dealing with certain problems, particularly in cases 
pf>sessi!ig spherical or cylindrical symmetry, it is not desirable 
um' Puissuiii s and Laplace’s equations in rectangular coordinates. 
Liiar or cylindrical coordinates are much more suitable. The 
iniiisisiriiiation ui the equations to these new coordinates can very 
. a-ily K* effected by making use of the theorem that the surface 

!ij:, gml ot over any closed surface is equal to the volume 

.te< gml of the volume density inside (Gauss’s Theorem, p. 23). 

ihustnu,- the method we shall first apply it to the simpler case 

I rt‘C!,irig!iiar coordinates. 
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Consider the element of volume dxdydz, in rectangular 
coordinates, whose centre is x, y, z. The coordinates of the 
angular points of the element are x — \d(c, y--\dy, z — ldz, etc. 
Let F be the value of the potential at x, y, z. Then the mean 



IcF 


value of the potential over the right hand face will be ^ 


dm 


1 8F 

and that over the left hand face will be F — :r dx. The mean 

2 8 ^ 6 ’ 


value of the component of the electric intensity along the outward 


drawn normal at the right hand face = ~ ^ F + ^ — dx j and at 


18F 


cx 


dx 


18F 


the left hand face = + ^- F~ - — - dx ] . The flux over these 


2 dx 


faces, as we may call, for the sake of brevity, the surface integral 
of the normal intensity, is dy dz x — ^ ^ ^ 


case and dy dz x 


■8F la'-^F,' 
dx 2 dx^ ^ 


+ dx' 

dx 2 dx'- 

in the other. The total flux 


the one 


over the pair of faces perpendicular to Ox is therefore 


0‘^F 

— dx dy dz. 


Similar expressions hold for the Oy and O-s: faces ; so that the total 
flux for the whole cube is 


8-^F 




dx dn dz. 






or 


. . 1 

.Kk is equal to the charge inside 

B,. O.U.’. Theorem to ■• ^ 

We thusdenveV-7- p 3 ^ dy'^ dz- 

M»n'. %»«»" i» 


Polar Coordinates. 

- n .. h. rh. p.. 

tr'Xed" pW a.is ..d « ^ a^gle 
the radius makes with the polar axis Oz. 



Lei PQRSVWTU he the element of volume. It is forme 
hv the intersection of the following surfaces; (1) two sphere 
ei-utre 0 and radii r-\dr and r + ^dr; (2) two planes passu 
through Oz making angles (f>-id^ and (p+^dip with a fixi 
plane jmssing through the same axis; (3) two cones describe 
c-axally about the axis Oz and of semi-angles Q-^dQ ai 
p .r 1 dB respectively. The coordinates of the angular points 
till- elements of volume are P = r—\dr, B — \d9, 4>~h 
..II The radius of the circle formed by the intersection of t 
i-iie of semi-angle 9 and the sphere of radius r is clearly rsin 
The volume of the element is 


dr X rd9 x r sin 9d<f) = sin 9 d6 d4). 
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Consider first lihe flux over the faces which are perpendicular 
to r. The potential at the centre being F, the mean potential 


IdV 

over the outer face will be F+- — rfr and over the inner face 


2 dr 


F* 


idF 


2 dr 


dr, the normal intensities being — ( F -f- ^ ^ rZ?' 


1 0F 


2 dr 


and 


dr 


The areas of these faces are respectively 


(r dr) sin 0 d(px {r± l dr) dd or r (r ± dr) sin 0 d0 d(f> to the 
first order. The fluxes are therefore 


dr 






and 


^4- ^ dr^ X (r — dr) r sin 0 d0 dxp. 

The total flux over these two faces is thus 
— 7'“^ dr sin 9 ddd^- 


a^F 2 dV 

dr- r dr 


The mean potentials at the conical surfaces PSVU and 
13F .... 18F 


QRWT are respectively 


The 


corresponding normal intensities are obtained by differentiation 
with respect to the element of arc r d0, and are therefore equal to 

PSVU is 

dr X r sin {9- ^ d9) d^ = rdrdcf) x [sin 9 cos ^ d0—cos 0 sin ^ d0] 
= rdrdd> (sin 9 —i cos 0d0) 
to the first order. Similarly, 

QR WT= rdrd^ [sin 0 cos 0d0\ 

The fluxes therefore are 


[dV Id-V 


dr d(j>{'^ ^ dO^ (sin i9 - i cos d9) 


and 


— dr d<p 


dV 


\d0'^ 2 d0^ 


(sin 0 A- ^ cos 0 d0). 



The total flux is therefore 

• 9'^ cot (9 071 

- cfr sin ^ t<(? # |-2 ^ ■ 

The mean potentials of the plane surfaces PQTU and ii^SFlF 

are and V-\^^d<f> respectively. The element of 

2 do 

arc normal to the planes being r sin 6 dcf), the mean normal 


intensities are 






- i_if 

rsin dd^\ 


and 

T Sin a d<p \ 

1 07 
~2 dcf) 

#)• 

The arejis 

of the surfaces are equal to each 

other 

and to 

dr X r d6. The fluxes are therefore equal to 




drdd 1 

^07 





sin 6 ’ 


2 d(f>^ 



and 

drdd 

/07 

1 02-7 , 



sm^ 

(0.^. 

■2W^V’ 




their sum being 

- r^dr sin 0d6d<hx -- 

^ r' sin^ e a (/)2 

W e thus find for the total flux over all the six surfaces of the 

element of volume 


-;-drsin0d0d^x|r+20_F^l^ 

9r“ r dr r^- 00^ 30 sin^ 0 d<j>^ ' 

By tiauss’s Theorem this is equal to the charge inside, which is 
pdT = px 7^5^10 dr d0d(f). 

Sii that 

~4-~ — + , not 9 07 1 027 

cr^ ' r cr 902 + ^ F^0 = 

This is therefore Poisson’s Equation in spherical coordinates, 

tile npenuor 

q-ri..! 91,^2^ 0 1 02 

0'-’’ for 7002 + (15) 

- idhi™ system of 
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Cylindncal Coordinates, 


Any other system of orthogonal coordinates may be treated 
similarly. For instance in the case 

of cylindrical coordinates r, 6, z 7 7 

the element of volume is bounded 7^ 

by (1) two coaxal cylinders of radii i , 

r and r + dr with their axes coin- ^ j " ^ 

cident with the axis of (2) two ^ 

planes inclined at an angle d6 

to one another and passing through the axis of 5, (3j two parallel 
planes perpendicular to the axis of ^ and at a distance dz apart. 

The volume of the element is clearly dr x rd6 x dz. The 
potential at the centre of the element being V, the flux over the 
outer cylindrical surface will be 

and over the opposite face 


r-^^dddzx^^\ 


V-l^dr), 

2 ar j 


the total flux over the two faces being 
--rdrdddz 

( 01'^ r dr j 

The area of the plane inclined faces is dr dz, the mean normal 


1 9 

intensity over them + - 

r do 


F± 7:77 ) and the total flux over 

06 J 


-rdrded3\~Xi\- 

(r-- cd'-] 

The area of the faces perpendicular to Oz is dr x rdd and the 

d-V 

total flux over them = — r dr dd dz -zr-- . 


So that the flux over the whole six faces is 

— 7'd7'dudz \ -^-,7 H r — 1 — ^ V T :v~o~r — P ^ rdrdddz. 

( or- r dr r- do- dz^ ] ^ 

Thus the form which Poisson’s Equation takes in cylindrical 
coordinates is 

9^^ 197 19-n^ d^V 
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The Uniquemss of the Solutions. 


Lipiaces Equation in spherical, cylindrical and rectangular 
eiKiniinates is of the greatest importance in many branches of 
iiiathematicai physics. It is clear from the preceding discussion 
ihat the first derivatives of the solutions of this equation represent 
II vector which flows out from a series of points uniformly in all 
liimjtions. Its applicability to the theory of radiation, of con- 
duction of heat and electricity, to hydrodynamics and gravitational 
attmetion as well as to electrical and magnetic attractions is at 
onet* obvious. 


The utility of the foregoing differential equations arises from the 
fact that if we can solve them we only need to be given the value 
of V over certain surfaces in order to obtain the complete distri- 
bution of electric force in the field. This result depends upon the 
tha>rem, which we shall now prove, that if V satisfies the equation 
throughout any region of space and has certain assigned 
values over surfaces bounding the region, then it is the only 
function which satisfies these conditions. For if not let V' also 
satisfj^ the same conditions and let us write = F = F' - F in 
the expression for Green's Theorem in equation (9). Then 


|‘|7(T-7')VHV-FVt 


dr 


and smee 'r-T' = 727= -p throughout the space and V- V' = 0 

*»ver the siirfices, we find 


^ (ixdydz = 0. 

But this integral is a sum of squares; so it can only vanish if each 
tenn vanishes separately. We thus have 


Hliicr I - 1 =cunstant everywhere. But F=F' on 


the 
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Since fj(V-V')^(V-V')dS also vanishes when is 

given over the surface S, it follows that V is unique except for an 
additive constant when the value of p is assigned throughout the 
dV 

space and that of — over the boundaries : so that, in this case 
^ an 

also, the electric intensity is determined uniquely. 

It would lead us too far afield to consider the functions 
(Fourier’s Series, Spherical and Zonal Harmonics and Bessel’s 
Functions) which are the solutions of Laplace’s Equation appro- 
priate to particular problems. For the development of this 
interesting subject the reader may be referred to Byerly’s Fourier s 
Series and Spherical Harmonics. 


Total Energy of a System of Charges. 


We may find the total energy of a system of charged bodies 
in terms of their charges and potentials as follows. Since the 

potential at any point of the field is equal to Jj’j 

taken over all the charged bodies in the field, it will be reduced 
to l/’?i of its value if all the charges are reduced in the ratio ?2 :1. 
Let 71 be any very large number, and suppose that initially all the 
charges are at an infinite distance from one another. Bring up l/?i 
of each element of charge to its final position. If V is the final 
potential at any point the potential will change during this operation 

V ... * 1 

from 0 to — . The work done in bringing up the element - p dr 

will lie between 0 and Vp dr. The work done in bringing up 

Ijn of all the charges will lie between 0 and j Fp dr. ZSTow 

bring up a second 72 th part of all the charges. This will raise the 
potential at any point from Vjn to 2Vln, and the work done in 

this second stage will lie between ^ | | f Vpdr and j j' j Vpdr. 

If this process is continued the work done in the 5th stage will lie 
between 

^ ^ Iff ^ f I f 
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The total work done in bringing up the whole of the charges from 
a state of infinite dissemination will lie between 

i(0+l + 2+... + a-l) Vpdr 

and —(l + 2+S+...+n)JJJVpdT. 

This is equal to the total potential energy of the system, which 
therefore liffi between 

When n is increased indefinitely each of these values coincides 
with Iff/ Vpdr. This is the part due to the volume charges. If 
there are surface charges we shall have to add jffcrV dS. The 
complete expression for the total energy of any system of charges 

is therefore 

an 


The Energy in the Field. 


In the preceding paragraph we have deduced an expression 
for the energy in terms of the charges and their potentials. On 
the view that electrical actions are transmitted through a medium, 
we should expect that the energy would reside in the medium. 
It is easy to obtain from the equation (17) an expression which 


admits of this interpretation. Since p = — and a- = 

have 


dv 

dn/ 


we 


W 


1 f"' ^ rr 


on^. 


But by Green’s Theorem, allowing for the reversal of sign arising 
from the fact that the normal is now drawn info the space 

considered, this is equal to 

■(fdFY /dvy . /dw-) 




-l(ij 


^XJ 

E‘dr 


+ 


+ Ur 


\Ty) 


..(18) 

.(19). 


•S- that the energj- of the system is the 
oo-mt-nt .it the field contained an amount of 


same as if each 
energy \E- per unit 
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Stresses in the Field. 


Maxwell showed that the forces acting on any system of 
charged bodies could be attributed to a system of stresses in the 
medium in which they are embedded. The necessary and 
sufficient condition for this to be the case is evidently that the 
resolved part, in any direction, of the resultant of all the forces 
acting on the parts of the system, arising from systems external to 
it, should be expressible in the form of an integral over any 
surface which surrounds and isolates the system. The alternative 
possibility would imply that part of the force was not transmitted 
across the boundary, through the action of the parts of the medium 
on one another, but arose fro n:^ so-called action at a distance. 

Consider any surface surrounding and isolating the system 
of static charges e^. Let be the x component of the resultant 
force acting on ei arising from all external electrical systems. 
Then if V is the potential and p the volume density at any point 


l\ = -ff[^pdr = + 

JJJ ^ 


rdv 

dx 


V^Vdr, 


where the integrations are extended throughout the volume 
enclosed by S. The volume integrals will be capable of trans- 
formation into integrals over the boundary surface if we can 
\vrite 


dx hy- 


in the form 


dP , dQ dP 

dx dy dz 


We have 


^ /aFy 

dx dx- 2 dx \dx ) ^ 

dVd‘^V_ d /dVdV\ 57 8-^7 
dx dy" dy\dx dyj dy dxdy 

d fdV dV\ 13 /3l'W- 
dy dy) 2 dx V Cy) ’ 

dx dz- dz V3ir dz ) 2dx\dz/’ 






(/3FY 

/9FY_ 


\\dx) 

Uy] 

UJj 


- Pxx 


gg electric intensity ANU 

Th«8 the integnmd .31 te i« ‘1>« t“» >' ™ P"‘ 

P = 

By considering the components of the resultant force parallel 
to the y and a axes we should arrive at similar surface integrals 

involving _ll/a7Y_/SFY_/^Y 

Puy'^lKdyJ \dz) 


.( 20 ), 

•(21), 

.(22). 


ij/a7Y_/^Y-)— ^ 

l’“'"2|v3Ai \'^yJ 


,dV'v 


.(23), 

•(24), 

•(25), 


dVdV 



and pxz- 

In the new notation in terms of the p^s, which will be familiar 
to students of elasticity, we may write 


f ^pxx _L 1 ^P‘ 


4.':£^4. 

dx dy dz 


dr 


=11 {Ipxx + mpyx+npi^) dS (26). 

The last integral is taken over the enclosing surface, and I, m, n 
are the direction cosines of c?S, drawn away from the enclosed 
Yolnme. Similarly 


and 


+ Z=JJ {Ipxy + mpyy + np,y) cJS (27) 

+ A=lJ(lpxz + mpy^ + ?ip,,) dS (28). 


l!' we adopt the standpoint that the action of the electric 
c‘harg».:‘S on one another is transmitted by the intervening medium, 
ilii !i pyy, p^^ p^y are the six components of the stress 

which tninsmits the action. From the point of view of action at 
a distance these quantities, on the other hand, have no physical 
sigiiifi(*;ir]Ce. 
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In order to obtain a more definite picture of the physical 
nature of the supposed stresses let us consider the case in which 
dS is part of an equipotential surface, so that its normal is 
tangential to a line of force. Let the resultant electric intensity 
at dS be E, then 


and 



and --~=nE, 

dy dz 


Pxx = i {I- “ m- ~ ?i-), py 2 = E-mn, 
Pyy = i Pzx = E- n Z, 

p2z==iE" (n- - Z2 - = EHm. 


The components of the force per unit area across dS are 
respectively 

lpxx + mpy:, + np.^^ilE- j 

Ip^ + 77ipyy -f np^ = i niE- j- (29). 

Ipxz + '^'i^pyz + '^'^Pzz = i nE- j 


Thus the resultant traction is normal to dS. It is therefore 
directed along the line offeree and is a tension of amount iE- per 
unit area. 


Next suppose that dS is at right angles to an equipotential 
surface. Its direction cosines l\ 7n\ 7i' will then satisfy the 
relation 


,,3F, ,dV ,dV ^ 

I — {- 7ti — h n — — 0. 
ox oy oz 


The X component of the stress across dS is 


^ pxx "h pyx pzx 



In a similar manner we may show that the y and 5 components 
are equal respectively to and —\ n'E-. 

Thus when dS is at right angles to an equipotential surface 
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now have a negative sign in front of them, they will represent a 
pressure, not a tension. There is thus at every point in the field 
a tension equal to along the lines of force and a pressure of 
equal amount in every direction at right angles to them. 

It 'may be shown that these stresses will keep the aether in 
equilibrium. They are not the most general system of stresses 
which are equivalent to the electric force on the system of charged 
bodies e,. For we may clearly add to them any distribution of 
stress whose resultant is equal to zero when integrated over any 
closed surface surrounding e^. They are, however, the only system 
in which the stress at any point is determined solely by the 
electric intensity at that point*. 

It is well to point out that this interpretation of the forces as 
a sptem of stresses in the medium has only been shown to be a 
pebble, not a necessary one. 

* Cf. Jeans, Electricity and Magnetism, p. 146, and Maxwell, Electricity and 
Magmlum, 3rd ed. voL i. p. 158. 



CHAPTER III 


DIELECTRIC MEDIA 

Cavendish, and Faraday independently, showed that when 
a condenser was charged so that the potential difference between 
the plates had a certain fixed value, the charge on the plates 
depended on the insulating medium between them. This proved 
that the forces between electric charges depended not only on the 
magnitude of the charges, but also on the nature of the material 
separating them. These experiments are often regarded as dis- 
proving the dogma of action at a distance. They are not capable,, 
however, of establishing this inference ; all that they prove with 
certainty is that electric charges act on a mtiienaZ' medium in such 
a way as to make it affect other electric charges. The quantitative 
experiments of the investigators mentioned showed that the charge 
on condensers of different geometrical form to which a given differ- 
ence of potential was applied always changed in a certain ratio 
when any assigned insulating material was replaced by any other 
assigned insulating material. Different insulators were therefore 
said to be characterized by different “ specific inductive capacities.” 
The specific inductive capacity of a vacuum is now universally 
adopted as a standard, and its value is put equal to unity on the 
electrostatic system of units. The specific inductive capacity of 
air only differs very slightly from it. In this book, for reasons 
which will appear, we shall use the term dielectric coefficient 
instead of specific inductive capacity. 

The potential difference between two electric charges is, by 
its definition, determined by the distribution of the electric 
intensity in the field surrounding them. It is clear, therefore, 
that these experiments prove that the forces between charged 
bodies are not determined solely by the magnitude of their 
charges and their distance apart. Those of our previous results 



which are based upon the law of the inverse square will therefore 
require modification if we are to account for the behaviour of 
chai^ bodies in the neighbourhood of insulating materials. 

The relation Y=^Eds is independent of the law of force, as 
is also the device of mapping out the field by means of tubes 
generated by the lines of electric force. The ideas underlying 
them can therefore be applied even when dielectric media are 
I present. We shall suppose that a tube of force starts from each 
' element of area which embraces a unit of positive charge. These 
tubes must either end on another charge or flow on to infinity. 
This follows since two different equipotential surfaces cannot 
intersect and since the lines of force are at right angles to the 
equipotential surfaces. It is also necessary that the charge at the 
negative end of a tube should be equal and opposite to the charge 
at the positive end. This is required by the fact that the two 
sid^ of a condenser acquire equal and opposite charges whatever 
the nature of the intervening medium. 

The tubes which are determined in this way we shall call tubes 
of induction and we shall define the induction D at any point as 
the number of tubes which cross a unit area drawn perpendicular 
to the direction of the tubes at that point. 

The induction is a vector quantity and its components are 
given by the usual rule for the resolution of vectors. Thus if 



Fig. 7 . 

D, is the eouq>onent of I) along a line OQ making an angle 6 
^nh the dm-ction OP of the resultant D, it is clear that the 
number of tubes which cross unit area perpendicular to DO i= 
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the same as that of those which cross an area cos 9 perpendicular 
to OP, so that 

Dg — DcosO. 

It is evident that the cross-sectional area of the tube of induction 
passing through any point is the inverse of the induction at that 
point. 

Gauss's Theorem. 

We are now in a position to consider the form which Gauss's 
Theorem takes when the field embraces dielectric media. Consider 
the value of the integral ffD^dS taken over any closed surface, 
where is the component of the induction along the outward 



drawn normal at an element dS of the surface. If OPQ represents 
the direction of the tubes crossing dS, and if the angle RPQ = 6, 
then I)n = P cos 6, where D is the resultant induction at dS. iSTo^v 
dS cos 0 is the projection of dS on a plane perpendicular to the 
direction of D, so that 

D X dS cos 0 — DndS 

is the number of tubes which cross dS from the inside to the 
outside of the surface. When the tubes cross from the outside 
to the inside of the closed surface D^dS will have a negative- 
value, Let us first consider the effect of those elements for which 
DndS has a positive value. Each of the tubes crossing them will 
start from a unit positive charge beyond dS on the internal side. 
This unit charge may either be without or within the surface. If 
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and it will give rise to an equal and opposite element Dn'dS'. The 
total contribution of such tubes to the integral will be zero. Each 
tube crossing an element dS in the positive direction and having 
its origin within the surface will start on a unit positive charge, 
so that the total contribution of all the elements DndS which are 
positive will be equal to that part of the positive charge within 
the surface which gives rise to tubes of force which do not end on 
a negative charge inside. In a precisely similar manner we can 
show that the total contribution of all the elements D^dS which 
are negative is equal to that part of the negative charge within 
the surface on which tubes of force end which do not start from 
{xisitive charges inside the surface. 

It follows that the value of Jf D^dS = JJ D cos e dS taken over 
any closed surface is equal to the algebraic sum e of all the 
charges enclosed by the surface. 

We thus see that Gauss’s Theorem can be extended to 
dielectric media provided the normal electric intensity is replaced 
by the normal induction. 

By applying Gauss’s Theorem to a cylindrical region bounded 
by a tube of force and by two equipotential surfaces, one just 
inside and the other just outside a conductor, we find that the 
induction just outside the surface of a conductor is along the 
normal to the surface and equal to the charge per unit area of 
it. This is the general form of Coulomb’s Law. 


Poisson’s and Laplaces Equations. 

Let US now apply Gauss’s Theorem to the rectangular paral- 
lelepiped whose angular points are the combinations of ^ ± 

I! ^ ± idz. The induction at the centre of the element 

Wing D{Dj, By, D^), the mean outward normal induction over 

thf faces |)erpendicular to the axis of oo will be — f 

\ ox 2 J 

f cB) d3c\ 

am! -f {^Ijj + ^ — j by Taylor’s Theorem. The corresponding 

duxes of induction are 


dBx dx'' 
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The total flux of induction over this pair of faces is therefore 

^■^dxdydz. Treating the other two pairs of faces similarly, we 

dx 

see that the total flux of induction over all the six faces is 


dx dy dz 


dxdydz. 


This is equal to the charge inside, which is p dxdydz. We 
therefore get 




as the general form of Poisson’s Equation. The general form of 
Laplaces Equation follows if we put p = 0. 


Induction and Electric Intensity. 

From the definition of the induction it follows that in geo- 
metrically identical systems of conductors, furnished with identical 
distributions of electric charge, the induction will be identical at 
every point whatever the nature of the intervening dielectric, 
provided it is homogeneous and isotropic. The experiments of 
Cavendish and Faraday show that the intensities at corresponding 
points are inversely as the dielectric coefficient, since for geometric- 
ally identical systems the forces are as the differences of potential 
It follows that the relation between the induction and the electric 
intensity at any point in a dielectric medium is 

D^icE ( 2 ), 

where tc is the dielectric coefficient. Since £' = — grad F, we may 
also write the preceding results in the following forms : 

Gauss's Theorem. 



Coulomb's Law. 

dV 

K — <7 

on 

Poisson's Equation. 


(4). 


3 


d 

{ dV\ d 

{ d V\ 

dx 

r dx) 


\ dy) dz 

e dz) p 


or, when k is constant throughout the space under consideration, 
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The Energy in the Field, 


The iJieorein {e(|uation (17), Chap, ii) that the potential 
. fH-rgy }?' of any system of charges is equal to 

^jjjVpdr+ijjVadS 

<]<»cs nut depend on the law of force between two elements of 
charge, and is therefore true when dielectric media are present. 
.Since p = divZ) and a- = £>„, we have 

F= J IJI Vdiv Bdr + iJI VD„dS. 

f r * .fjjl ( VB.) * -JJJb. ^ 

whem / is the jc direction cosine of the normal to dS. Since 
D„ = IBx + viJDy + nDx, 

We see. by similarly integrating the other components of 
jjVrdivIWr by parts, that 


VdivDdr 


Hin 


Hence 


W=- 


Idr (7). 


~ + D 7) 

The energy per unit volume of the field is therefore 


1 i 
'21 


cV 

dw' 


X \ y, r ^ , 

s \-Dy — 1- Bx 


dV 



l! Lj. Ly. Ex are the components of E, since £'=-grad V, this 

liiiiv be written 

i 'fixEx + EyEy + D^Ez] (3). 

^ The suni of the products of the components of two vectors 
^i-vu in this way is called the scalar product of the vectors* 
Ir ..tien wntten (BE), so that in this notation the energy of 
i.n.t vulmae of the medium 


= UI>E) 


(9). 
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In isotropic media D and E are in the same direction and 
D = kE, so that the energy per unit volume of the medium 



2 fc 


.( 10 ). 


This reduces to the result in Chapter li when /c = 1 . 


Conditions at the Boundary between Two Dielectric Media. 

It is very important to determine how the induction and the 
electric intensity change as we pass across the surfiice separating 
two different insulating media. Consider first of all an element of 
area dS of the surface, so small that its curvature may be neglected. 
Describe the prism generated by lines passing through the boundary 
of dS and at right angles to its plane. Let the prism be terminated 
by planes parallel to dS, and let the height of the prism be a small 
quantity of the second order, if the width of dS is of the first order. 
Then one of the ends of the flat prism thus constructed will be in 
the first medium and the other in the second, whilst the sides are 
partly in one medium and partly in the other. Now apply Gauss’s 
theorem to the prism. The induction is necessarily finite, so that 
the normal flux over the sides of the prism vanishes, since their 
area is negligible compared vdth that of the ends. Let A be the 
magnitude of the resultant induction at the boundary in the first 
medium and let it make an angle with the normal, D. and 
being the corresponding quantities in the second medium. The 
areas of the two ends being each equal to in the limit, the flux 
of normal induction over the first will be D^^^^dS = Di cos didS and 
over the second — D^cos The sum of these two is 

equal to the total charge inside the prism, which is adS, if a is the 
charge per unit area of the boundar}\ ^Ve see therefore that the 
induction at the boundary between two media will always satisfy 
the relation 

cos $1 — D.2 cos 02 = cr. 

In the majority of cases there will be no charge on the boundary 
surface, and thus the component of the induction normal to the 
surface will have the same value on both sides of the boundary. In 
other words : — when there is no charge on the surface of separa- 
tion the normal component of the induction is continuous from 
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iiieciium to the other; when this is not the case it is discon- 
!iniK.Hs bv an amount equal to the charge per unit area of the 

A *si!iiilar relation is satisfied by the tangential component of 
lit* ideetric intemitij. Consider the rectangle which forms a 
rnitra! R*etiuri through the axis of the prism just considered. 

lih ealeiiiate the work done in taking a unit electric charge 
ri.niiii the slides of such a rectangle. The force being finite every- 
tlif work (lone along the short sides vanishes in comparison 
with that done along the long sides. The long sides are of 

k rigili s in the limit, and if are the values of the 

iviiigt iitial compinents of the electric intensity in the two media, 
tfie work done in taking a unit charge round the rectangle will 
1 m‘ This must vanish, otherwise we could obtain an 

indefinite amount of work by repeating the operation an indefinite 
iitiiiikT of times. We therefore conclude that Ti = To, or, in other 
m'ords, that, the coiii{X)nent of electric intensity tangential to the 
surfuci' is continuous in passing from one medium to the other. 

It is clear that this result holds whether there is a charge on the 
hiiiiiflary «^r nut. 

These results enable us to obtain the law of refraction of the 
1 lilies uf induction at the boundar^^ between the two media. Let 
us siipjMise that the interlace is uncharged and let ati, k2 be the 
tlicluetrie coefficients of the two media. Then, since the normal 
of the induction is continuous, we have 

Dj cos 6 i = JDo cos Ooi 

and. the tangential electric intensity is continuous, 

— 8111^3 = — sin 6 o, 

^1 fCo 

(H)^ 

‘ ■r The tangents of the angles which the tubes of induction make 
"-n Th,_. nonnai to the surface are directly as the dielectric 

oi the media. 

w- froTii the results of the last two sections that in dealing 
" o.'. pr..o,eias involving dielectric media the induction must be a 
> the equation divi) = p. The further condition has 

• ' ' IT ^ separating any two media the 
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two sides of it, by an amount equal to the charge per unit area of 
the surface at that point. In addition, the tangential component 
of the electric intensity must have the same value on both sides 
of the surface. There is only one solution of the differential 
equation which satisfies the conditions in anv assigned ease ; so 
that any particular solution of the difierential equation which can 
be made to satisfy the boundar}^ conditions will determine the field 
uniquely. The boundary conditions which we have established for 
dielectric media include those relating to conductors in a vacuum, 
or in any dielectric, as particular cases. 

Poisson's Theory of Dielectric Media, 

There is a certain view of the behaviour of dielectric media 
the mathematical development of which is largely due to the 
French physicist Poisson. According to this view the modification 
of the electric field arising from the presence of dielectrics is due 
to the substance of the dielectric being thrown into a peculiar 
electrical condition by the external field. This condition arises 
from the displacement of electricity in the ultimate particles of 
the medium in such a way that each particle acquires a positive 
charge at one end and a negative charge at the other. When this 
occurs the medium is said to be polarized and tve shall see that the 
polarization is measured by the product of the displacement and 
the charge per unit volume. 

We shall first of all consider the nature of polarization as it 
presents itself from the point of view which regaixls electricity as 
continuously distributed, after the manner of a fluid, throughout 
all bodies. Consider two equal spheres, and let one of them be 
filled with a uniform distribution of positive electricity and the 
other with a distribution of negative electricity, identical with the 
first except for the difierence of sign. Imagine the two spheres 
coincident in position; w’e shall then have an uncharged body 
which will give rise to no electrical effects. Xow suppose that, 
whilst one of the spheres is fixed, every point of the other is given 
a certain equal displacement, so that this sphere moves a small 
distance after the manner of a rigid bodt’. The region of space 
where the spheres overlap will still be free from electric charge, but 
there will be a layer of positive electricity over the surface of the 
sphere on that side towards which the positive electricity has been 



4o 

disnlaced and a similar distribution of negative electricity over the 
, "^ite face The thickness of the layer measured parallel to the 
M^of displacement will be the same at every point of the surface, 
so that the thickness measured parallel to the normal at any pomt 
is equal to the magnitude of the displacement multiplied by the 
cosiM of the angle that the normal makes with the direction of 
the displacement. This result will clearly hold whatever the 
shape of the body may be. By making the density of the 
charges indefinitely big and the displacement indefinitely small, 
in such a way that their product remains finite, the same result 
may be obtoined without altering the shape of the body. A body 



whose electrical behaviour can be represented in this way is said 
to be uniformly polarized. The direction of the axis of polarization 
is the same as that of the relative displacement of the positive 
to the negative distributions. To facilitate discussion the charges 
which are imagined to arise in the dielectric in this way will be 
referred to as “fictitious” in contradistinction to the “real” charges 
which occur for example on the surface of conductors. The 
legitimacy of this distinction will be considered more fully later. 

Another way of regarding polarization is to suppose the body 
divided into equal cellular elements with the axis of each element 
parallel to the direction of the polarization. To represent uniform 
polarization we then suppose each cell to develop a positive charge 
on one face and an equal and opposite charge on the opposite face, 
the faces affected being those normal to the axis of polarization. 
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A body constructed in this way is identical electrically with a body 
made up of two uniform distributions of positive and negative 
electricity which have undergone relative displacement. This is 
clear, because in the interior of the body equal and opjXisite 
charges coincide at the contiguous surfaces of opposite elements, 
so that there is no volume charge at any point ; whilst at the 
external boundary there is a charge, positive at one end of the 
body and negative at the other end, whose magnitude is the same 
for each portion of the surface in which it is intersected by the 
sides of a cell. But the area of this intei*section is invei*sely as the 
cosine of the angle that the normal to the surface makes with the 
axis of the cells. Thus the density of this fictitious surface layer 
varies as the cosine of the angle that the normal makes with the 
axis of polarization, and the distribution is completely identical 
with that obtained by displacing originally coincident electrio 
charges. 



In some problems it is more convenient to regard polarized 
media as displaced charges which were originally coincident, whilst 
in others the point of view which considers them as made up of 
cellular elements having opposite charges on opposite faces has 
advantages. 

If we suppose a polarized body to be intersected by any surface, 
the two resulting portions of the body will still be polarized. It is 
necessary therefore that there should be developed at any such 
surface of separation a double distribution of electric charge, of 
equal amount and opposite sign at anv point of the interface. 
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lii'vrlc^piiicnt is required in order to make the algebraic sum 
. f'il! ti.c chur^fs OH eiich part of the body zero. We see that the 
. tliiiLr elements which we have considered previously can be 
!.v-.i)de*l .IS arising in this way by a series of fractures of the body 
il.m- Miifa<-.‘s pindlel and perpendicular to the axis of polarization 
i! aiij {HUiit. 

Sii fur wi* liiivf mt defined polarization in a manner suificiently 
jirveiM’ III admit numerical expression. We shall now define 
till* iii!t‘iisitv id* {K)Iiirization, or the polarization, as we shall, for 
Ifir id' brevity, usually call it, as the electric moment per unit 
vulnmv i.f thi* luediiiin at any point. Consider one of our cellular 
eleiijiDt?^ id* li*ngth Bx: let the area of the normal end faces be SS 
iiiifl let i a Im* the surface density of the charge over them. Then 
the rhargt* m each end is + aBS and the electric moment of the 
eleiiitiit is crBxBS = <TBT, where Bt is the volume of the element. 
Tht‘ eltilrie moment is therefore proportional to the volume of the 
ehmvnt. anri the electric moment per unit volume is equal to the 
Mirtkee iiiUisity <r. Clearly <r is also equal to the charge which 
iievi>lt»|fs jHT unit area over an intemection of the body at the 
piiiit iindor consideration by a plane perpendicular to the axis of 
j>.ilariz,'Ui«>ii. Thus the polarization may be defined either as the 
i ll vtrie iiioiiieiit jx^r unit volume of the body or as the charge per 
iiiiii ar«.‘a of an inter&ce perpendicular to the direction of polariza- 
tiuii. This interface may include the external surface of the 
p^firizeii bi^iy a.s a special case. 

The statement in the preceding paragraph is to be regarded 
the tiefinitioii of the resultant polarization. The polarization, 
h'ovevrr. is a vector quantity and this aspect of the case can be 
pi-Mvifled thr by a slight modification of the definition. We now 
iltfiiiH The pdarization in any direction at any point as the 
pTiiiiit volume of a thin slab of the polarized medium 
about the given point and vdth its faces perpendicular 
! • thi givoii direction. The slab can conveniently be regarded as 
lip nf a Series of the prismatic elements already considered 
I t h ig. Ill, li AS is the area of each face of the slab the charge 
■<'ii ihfiii will clearly be ± o-AS cos 6, where 6 is the angle 
the iKjniiai to the slab and the direction of the resultant 
n 'lariZills *IL 1 he DtUlielldlciilaT f.Lo fvrrrv loxT/-xT.r» 
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of electric charge is cos 6 hx, if Sx is the length of a cell. The 
electric moment (perhaps strength would be a better term ) of the 
slab is therefore cr cos- 0 AS Sx. The volume of the slab is 

cos ^ AS 8x, 

so that the polarization along the direction normal t*) the slab is 
clearly 

Pe = trcos^ = Pcos^ (12), 

where P is the resultant polarization. The components of the 
polarization are therefore obtained by the usual rule for the resolu- 
tion of vectors. 



Polarization, Induction and Electmc Intensity. 

We are now in a position to determine the relation between 
these three vectors. Let us first consider the nature of the electric 
field between the plates of a parallel plane condenser filled with a 
dielectric of specific inductive capacity k. Then the induction 
D and the electric intensity E are both normal to the plates and 
kE = P = (r, where cr is the charge per unit area of the plates. 

We shall make the h}^othesis that the polarization is caused 
by the electric intensity in the dielectric, and that the two vectors 
are coincident in direction. This standpoint will be found to be 
fully justified when we come to consider the phenomena from 
the point of view of the electron theory, according to which the 
polarization arises fi-om an actual displacement of the ultimate 
electrified particles in the dii'ection of the field. The hypothesis 
is undoubtedly true for isotropic dielectric substances. In the 
of r-,rv<=!tMl1irie substances the electric intensitv does not in 


DIELECTRIC MEDIA 


;,i!..ra! C^inci.le in direction with the polarization, and a similar 
-t.t’. ui' ii: h»'lds with regard to the magnetic behaviour ot crystal 
;i!e iJiediil. These exceptions are due to complications which it 
]- ad !is !««' far out of our way to discuss, and their existence 
,1.» « 11 ..!, in any way, vitiate the general principles involved. 

New eii the th.-ory of polarized media the electric intensity is 
to arise pirtly from the external charged bodies and 
pirtiy from the charges arising from the polarization at the boundary 
of the uitdima. In the present case the amount of this charge 
will I... i P jier unit area of the plates. It wull be negative where 
ts pisitive and vice versa. We therefore have 


E=c-P = D-P (13), 

.ind kE=D\ 

whence P = (k-\)E='‘-^D (14). 


A> wt* shall st‘e (p. 57) these relations between P, E and 
1) an* |nTiirtly gt'iifnil, although we have only deduced them 
A vi Tv s{K‘cial ease, that of a parallel plate condenser. E and 
1* lire ei|iial t(« the luixres which would be exerted on a unit charge 
,i! a in cavities of certain shapes made in the dielectric. 

Taking \hv case i»f E we observe that E is the force which 
ivuiiH Ih* iXt*rte*i nil a unit positive charge, placed at the point 
wh» r E naaisiired, by the so-called real charges in the field 
tMnroth, r with the Puissun distribution to which the polarization 
-t tht' dit lfctric medium is equivalent. This will be the actual 
nil M unit charge in an actual ca\% of indefinite length and 
JiitiiiiinMiiia] ithnn ^ee^ion, who.se axis follows the dii'ection of the 
s n! iroive at every piiiit. For the charges which develop on 
wall- ni'Mieh a cavitv, owing to the existence of polarization, 
»uii In eroiitiiinl tn the two ends, and the contribution from these 
!iin Imrv iiiNidn the cavity will vanish in the limit, when the 
ri v. is mafle to diminish indefinitely. The force will 

:nr!vMv lx- diimTiiiiied solely by the real and fictitious charges in 
:ii»‘ tiK Ji aiid will be identical with E, ^ 

whose cross section is gimt compared 
although both are infinitesimal. Let the end 
? ^ ^‘1 ilii^ cviviiy be normal to the direction of the polarization 
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charge due to the polarization and equal to ± P per unit area. 
The force on a unit charge in such a cavity will arise partly from the 
charge on the walls and partly li*oni the charges, real and fictitious, 
in the rest of the field. The former part is equal to P and the 
latter to E. The total force is therefore P + E — D. The resultant 
induction D at any point is therefore equal to the force which 
would act on a unit positive charge placed in a very flat cavity cut 
perpendicular to the direction of the lines of force at that point. 

It is easy to show that the component of the induction in any 
direction is the component, in that direction, of the force which 
would be exerted on a unit positive charge placed in a similar flat 
cavity with its end faces normal to the direction in question. 

The foregoing specifications of the induction and electric 
intensity satisfy the conditions which we have already laid doTO 
for them (p. 45) at the interface between two media and 
of different dielectric coefiicients. For, consider two flat cavities A 
and B parallel to the interface 0 and indefinitely near to it. The 
normal component of the induction just inside Ki Tvill be equal to 



the force on a unit charge in A and that just inside K. will be 
equal to the force acting on a similar charge in B. If the resultant 
intensities in the two media are E^ and Eo, and the resultant 
polarizations are Pj and P.,, and if they make angles 61 and 0.. with 
the normals to the surface, then it follows from the results of the 
preceding paragTaph that the nornictl force in A is (Pi -f Pi) cos ^i , 

-1 : / TTT . n \ /i mi. ly 1 


54 


DIELECTRIC MEDIA 


fti!! by considering the charges, real and fictitious, 

frMiii ivliieh they arise. The force inside A arises from 
i 1 1 charges at a distance, 
ril the |M>hiri 2 Jition charges on the ends of A, 
i:il the fictitious charge over the boundary C. 

The last is made up of a positive charge arising from the 
l^ihnzitmi id' K I and a different negative charge arising fi:om the 
pitri&ifioii c»f The positive charge on G is equal to the 
iirgiitive charge on an equal area of the left face of A, and the 
iiifalitr charge on 0 is equal to the positive charge on an equal 
are. I i»f li The ttUal force in A is thus the same as that which 
'Wiiiiltl arise from 

( 1 ) charges at a distance, 

{'2) the po.sitive charge on the right of -4, 

0) the negative charge on the left of (7. 

In a similar way we can show that the force in B arises from 
f4l charges at a distance, 
l5i the positive charge on the right of C, 

ItD the riegmtive charge on the left of B. 

Bm (li = (4). (2) = (5) and (3) = (6). It follows that our 
'{R-eificaiion i.f the induction makes its normal component 

eolitiiinoiLs 

Thi- tatigi-ntial component of the electric intensity is con- 
in crossing the boundary, since the only change in the 
oiri-tnc mtt-nsuy which occurs is that which arises from the change 
ns jMsition relatice to the fictitious charge on the boundary, and 
tfiis givi-s ris.- (.niy to a force normal to the interface. 


1 anable Polarization. 

i.tr Wo havo confined our attention to uniformly polarized 
no. t„ easo-s in which the polarization P has the same 
aiKl dsmction at all points. The number of such cases 
- '.w. iijiitiwi. sitid It Ls veiy important to study the behaviour 
■ no dsa m ^whieh the p.larization vaiies from point to noint 
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oppositely charged coincident distributions, if the original distri- 
butions of electric charge are not uniform. We shall, however, 
look at the matter from the point of view that the polarization 
arises from the development of charges on the faces of the ultimate 
elements of the body in the manner which we have already 
considered. Consider any elementaiy rectangulcir parallelepiped 
of the material whose sides are Bx, Bi/, Bz, and the coordinates of 
whose centre are x, y, 2’. Let the resultant polarization at the 
centre be P and let its components parallel to the coordinate axes 
be Py and Pz^ The chai-ges which develop over the faces of 
the parallelepiped owing to the polarization P of the parallelepiped 
itself will be 


±Px^y^^y ±PyBxBz, and ±PzBxBy 
respectively. These are the mean values taken over the whole of 
each respective face of the parallelepiped. If we consider any one 
of these faces, for instance that which is determined by ^ ^ Bx, 

we see that the next element, in this case the one to the right, 

f dP \ 

will give rise to a charge over it =— (Pic-r Bxj ByBz, since 

dP 

P^ + Bx is the mean value of the x component of the polariza- 
tion in the next element of volume. This face is therefore to be 
regarded as caiT}dng a charge due to polarization equal altogether 
dP 

to ~ SxByBz. One half of this is to be considered as belonging 


1?P. 


to the next element of volume, so that only — - SxByBz belongs 

to the element under consideration. The face for which x = ^ | Bx 

gives rise to an equal amount, so that the total charge arising 


rP. 


from the faces perpendicular to the axis of x is — ^ BxdyBz. In 


ex 


a similar manner we can show that the pairs of faces perpendicular 
to Oif, Oz cany charges which contribute 


BxByBz and — BxByBz 
cy cz ^ 


respectively. Thus when the medium is polarized non-unifbrmly, 
there is associated with each element of volume a charge equal to 
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Xhis c}i 3 ir ^6 IS b* fictifeious chSii’^G lik6 tliB ch^rg's \yliicli 
develops on the surface of dielectric substances on the polarization 
theory’ of the behaviour of dielectric media. It is to be definitely 
distiiiguished from the true charge carried by conductors and other 
electrically charged bodies in the field. 

We shall now consider the relation between the fictitious 
volume and surface charges which arise in a polarized body when 
the polarization is not uniform. Denoting the fictitious charges 
by dashes we have 

1 1 jp'dxdydz = -lf jl^-^ + '^'‘^dydz. 

We can evaluate the integral on the right, taken throughout the 
polarized body, by the method of Green’s Theorem. If I, m, n are 
the direction cosines of the external normal at any point, we 
see that 

ffjw " I 

with, similar expressions for the remaining constituents of the 
integral. We therefore have 

I * Ij pdxdxjdz = - J I(IP^ + mPy + nP^) dS 

= -[jF„dS (16), 

where P^ is the component of the polarization along the outward 
normal to the surface at dS. This is equal to a', the surface 
density of the fictitious charge arising from the polarization at 
that p3int. Hence 

J[ j" p'dxdydz + j* l^dS = 0 (17), 

or the algebraic sum of the volume and surface charges arising 
from |x4arization is zero. This result would have been obvious 
li^id we developed the properties of non-iiniformly polarized media 
by the sliding of originally coincident equal and opposite distri- 

biitihtiis uf charge. 

Acceniiiig to the polarization theory of dielectric media the 
field iA force which arises when such media are present is the 
same as that which would arise if the medium were all aether, 
pit All led the true charges p and a are accompanied bv the fictitinns 
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charges p and a of the polarized distribution. The electric 
intensity will therefore obey the form of Poisson’s equation which 
obtains in the free aether, provided the density at any point is 
supposed to be equal to p -f p'. We therefore have 




dy 


= p + 


(18). 


Now 


/ 

p =- 


' ^Px ^ ^Pz \ 
,dx dy dz ) ' 


so that ^(^, + P,) + |-(^, + P^)+|(^, + P,)=p ....(19). 


Comparing this with equation (1), we see that the vector 
whose components are 4- Px^ Ey + Py^ Ez + Pz is identical ^vith 
the induction D, so that the identification from a particular case 
on p. 52 is perfectly general. 

By integrating both sides of equation (19) throughout any 
enclosed volume we see that the true charge inside is equal to 
JJPndS over the bounding surface, in agi^eement vdth p. 42. 


The Fictitious Charges on the Electron Theory. 

Although it is necessaiy, in discussing the results of electro- 
static experiments, to distinguish between “ true ” charges like 
those which are commimicated fi^m a conductor to the plates of a 
condenser and the “fictitious” charges which appear to reside 
in the dielectric, there is no very profound difference between 
them. According to the electron theory one is just as true a 
charge as the other, although its reality is not so readily made 
obvious by experiment. The electron theory regards a dielectric 
as a certain type of distribution of electrons in space, and in this 
space the true electric intensity satisfies the equation div E — p. 
This equation is assumed to be true when the element of volume 
is a small part of an electron. When the element of volume is 
enlaiged so as to contain a great many electrons the equation will 
become div E = p, where the bars denote average values. Thus p 
is equal to the p-f p' of equation (18) and p' is just as real a part 
of the average density of electrification as p. This point will be 
considered more fully in the s.equel. 



CHAPTER IV 


THE ELECTRON THEORY OF DIELECTRIC MEDIA 
Potential due to a Doublet. 

Consider the doublet formed by equal positive and negative 
charges ± e placed at Q and 0 respectively, where OQ==s. Let V be 
the potential at a distant point P, where QP = r is large compared 
with ,9. Then 

QP OP QP^- 

= ^ cos ^ ^ cos 0 (1), 

in the limit when e vanishes compared with r. fi is called the 
moment of the doublet OQ. 



This result may be mitten rather differently. Let the axis of 
the doublet be given a small displacement parallel to its length, 
su that Q moves to Q, where QQ'=^s. We have 

PQ" = PQ^ + QQ'-^ ~ 2PQ . Qq cos e, 




THE ELECTRON THEORY OF DIELECTRIC MEDIA 


59 


SO that to the first order 

2rSr = — 2rSs cos d, 


and 


cos 5 = — 


dr_ 

ds’ 


47rF=- 


/i dr 
ds 


d 


e: 


( 2 ), 


where — denotes differentiation along the direction of the positive 

axis of the doublet. In this differentiation the moment of the 
doublet is supposed to be constant, so that the increment hs will 
be determined by the displacement of the centre of the doublet. 
Let the coordinates of the centre be a, h, c, then s is to be regarded 
as a function of a, h and c ; whence it follows that 


XA— ^ ^ ^ 4- ^ 

47r i3a Vr/ 05 db V 77 ds vrj 05 J 


Now “ are the direction cosines L m, n of the axis 5 

05 05 05 

of the doublet. So that 


F= 

47r 


.(4). 


' da ( db (77 ^^dc \r 
If we resolve the moment /jl of the doublet into components 
parallel to the axes, these will be = = mfi, = Ufx and 


47? ( da \r 


+ fOo 


db 


© 


+ jXz 


0c \r 


.( 0 ). 



Thus the potential, and therefore also the field of force, arising 
from the doublet is the same as that due to the sum of the effects 
of its components. This result is at once obvious geometrically 
(see Fie:. 14). For the resolution of the doublet 00 into its 
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thv placing of two equal and opposite charges at each of the points 
R and S. This is clearly incapable of changing the field in any 
wav, su that the field due to the three components must be the 
as that due to the original doublet. 

Potential due to Polarization. 


We have seen that a polarized medium can be regarded as 
Ix-ing built up of a series of cells having equal and opposite 
charges spread over opposite faces. When the axis of the cells is 
pirallel to the direction of the polarization, only one pair of the 
faces, those which are normal to the direction of the polarization, 
will be charged, and each cell will behave like a single doublet. 
The iiioineiit of this doublet, being equal to the product of the 
length of the cell by the charge on its end faces, is clearly equal 
to the product of the resultant polarization by the volume of the 
cell. When the faces of the cells, supposed to intersect orthogo- 
nally, do not bear any simple directional relation to the axis of 
{X)Iarization, charges will develop over all the faces of the cells. 
These \rill be equal and opposite for each opposite pair of faces, 
and will be equal in magnitude to the area of each face multiplied 
by the component of polarization normal to it. The moment of 
the doublet to which the cell is equivalent will thus be equal to 
that of the doublet whose components are the components of the 
pkirization normal to the faces of the cell, each multiplied by the 
vuhime of the cell. 


Since every element of volume of a polarized medium is 
equivalent to a doublet, this result enables us to write down the 
expression for the potential arising from an element of volume of 
a |X)larized medium. Let a, h, c be the coordinates of the centre 
of the element of volume, its sides being equal to da, db, dc. Let 
n be the direction cosines of P, the resultant polarization. 
Then the polarized element is equivalent to a doublet, the 
cumpments of whose moment are (IP, viP, nP) dadbdc. The 
c..iimbutiun of this element to the potential at a distant point 
y, z is therefore 


7 da Q + I © + " i ©} 


P 

4-77 [ 


1 


f p — 

iTT r^da 


S + + -(6), 
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It follows that the potential arising fi’om the whole of the 
polarized medium is 


''‘lllihl (t.) © + -P-lc ©} 


dadhclc ...( 7 ). 


In these expressions Py and P, are the components of the 
polarization at the point a, b, c, and not at lc, y, z. 


The preceding formula can also be obtained by a transfonnation 
of the usual expression for the potential of a distribution of electric 
charge 


F = 


_1_ 



If this is applied to the case of a polarized medium, p and cr ‘will 
represent what we have called the fictitious charges of polarization. 
Thus 


P==- 


cPx . fP,/ 


oa 


• + 


cb 




and 0 - = — (P^ cos uia 4* Py cos nib P, cos nic), 

where Qo^nici, cos cos denote the direction cosines of the 
internal normal to the bounding surface, refeired to axes parallel 
to a, b, c. Thus 


F=- 



f bPg; , bPy 
Ua db ^ 


dP, 

dc 


dadbdc 



(Px cos nia -f Py cos Uib -f Pz cos n^c) dS. 


Integrating the volume integi*al by parts, we have 

= — jj jPx^ dadbdc — j j y cos dS. 


Since similar expressions are obtained from the other two terms of 
the integral it follows that 




©+ ^4 (;)}*“**■ 


Polarized Shells, 


A polarized sliell is a superficial distribution of polarization. 
It may be regarded as a region bounded by two surfaces at an 
infinitesimal distance apart and carr 3 nng opposite charges on the 
two sides. In general the direction of the polarization at any 
point may be orientated in any manner with reference to the 
normal to the surfaces, but the only case which is of any impor- 
tance is that in which the resultant polarization is always directed 
along the normal to the shell at every point. Such shells are 
said to be normally polarized, and we shall confine our attention 
to them. They are of great importance in the theory of electro- 
magnetism. 

Let AD, BC be a section of the surfaces bounding the nor- 
mally polarized shell, AL being 
positively and BG negatively 
charged. Let P be a distant 
point, OP being equal to r. 0 
is any point in the substance 
of the shell and ON is the nor- 
mal. AD, QR, AB, DC, etc. 
are infinitesimal. The angle 

P0N=e. 

Let t be the thickness and 
P the polarization of the shell at 0. Denote the element of area 
AD=QR = BGhy dS. Then the element of the shell ADCB is 
equivalent to a doublet whose moment is PtdS. In dealing with 
shells it is convenient to introduce a new quantity called the 
strength of the shell. 

The strength of a shell at any point is equal to the product of 
the intensity of the polarization of the shell by the thickness of 
the shell at that point. 

shall denote it by cj). Then ^ <f) Pt. Since PtdS is the 
moment of a portion of the shell whose area is dS, the strength 
<f> is equal to the moment of the shell per unit area. 

iSow consider the potential at P arising from the shell, 
have seen (p. 58) that the potential at a point distant r 
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due to a doublet of moment a is , where ~ denotes 

47r ds \ rj cs 

differentiation along the axis of the doublet. In the ease of the 

o c* c 

element of the shell a^dxiS and = ~, where ^ denotes 

OS an an 

differentiation along the dmection of the outward normal to the 
positive face of the shell Thus the jx)tential due to the eienient 
dS is 


dV = -^ — 
4ir3)i 


1 ' 


dS, 


and that due to the whole shell is 


y-il. 


i-t- 

47r an 
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where the surface integral is extended over the whole of the 
positive surface of the shell 

The most important case which arises is that in which the 
strength ^ has the same value at every point of the shell The 
shell is then said to be unifonn or of uniform strength. In such 
a case </> may be taken outside the integi’al and 



where co is the solid ans^le subtended bv the entire shell at the 
point P. 

We shall next calculate the potential energy of the shell in the 
field. Fii'st consider the potential energt’ of a doublet OQ which 
carries a charge -f e at Q and ~e at 0. Let F^, Vq be the 
potentials at 0 and Q respectively. Then the potential energy' of 
the doublet is 

-eVo = e(V,- F,,) = e . OQ ^ 

Co 





cV\ 

-h m — + ?i — 
cy cz J 


( 10 ), 


where y is the moment of the doublet and Z, m, n the direction 
cosines of its axis 5. Now apply this result to the case of the 
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jxilarizal shell. Considering the element of area diS of the shell 

a — = (f.d/S X — , so that the potential energy of the whole shell 
cs ^ an 

<">• 

Since - is the force outward along the normal from the 

psitive side of the shell, the surface integral represents the 
iiimiber of lines of force which thread the surface from the positive 
to the negative side. It is thus equal to — (pN, where N is the 
number of tubes of force which leave the shell by the positive 

side. 


Polarization on the Electron Theory. 


The electro.n theory furnishes a very natural explanation of 
pilarization. The chemical atoms out of which matter is built 
are regaixled as consisting of a large number of electrified particles. 
The behaviour of these particles is considered to be quite different 
aceonling to whether the substance is a conductor or an insulator 
electricity. In conductors, part, at any rate, of the electrons are 
s« » ic Kisely held that the very smallest electric field is sufficient to cause 
them to move about in the substance from one atom to another. 
In tact, as we shall see later, it is extremely probable that in 
eniidiictors many of the electrons are always moving about inside, 
II inch in the same way as the molecules of a gas are believed to be 
in a state of continuous motion. The effect of an external field is 
siiiiply to siijxupose on this haphazard motion an average flow in 
iht* direction of the field. This flow is what constitutes the electric 
liirreiit. 


^\hen an electric field is applied to an insulating substance 
iti</ plu-rajiiieiia are different. The constituent electrons must, of 
be affected by the electric field, but none of them are able 


- trum v.iio atom of the substance to another. In the 

an okc-tric field we regard the electrons as distributed 


III. 


It tlir a.tMiiiS in positions of stable equilibrium. Under these 
nii^taiier.s the liiaterial exhibits no electric polarity. When an 


IS applies], the ultimate positive charges are pulled in 
dir» uf thi* fitdd, and the negative charges in the opposite 
Tlir dlMilaepvnHnt Af tUx ’ 


k /% Vi *-1 • 
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they are pulled back by forces of the same nature as those which 
held them in equilibrium before the external field was applied. 
In the position of equilibrium which finally results, the force 
exerted on the electron by the external field ^nll just balance the 
force tending to restore it to its original position of equilibrium. 

It is clear from what has been said that the displacement of 
the ultimate electrified particles, which occui’s in a dielectric when 
it is exposed to the action of an electric field, is equivalent to the 
creation of so many doublets, one for each particle. We have 
seen that the polarization which occurs in the dielectric under the 
same circumstances can be represented as due to the development 
of doublets in each element of volume. We shall now consider the 
whole matter ii'om a more quantitative standpoint ; as a result of 
our investigation we shall see that the results of the polarization 
theory can be obtained just as well fi'om the properties of the 
doublets which develop fi*om the displacement of the electrons. 


Actual and Mean Values. 

We have already pointed out (p. 9) that in the electron 
theory we have to deal with different elements of electric charge 
in different classes of problems which arise. A somewhat similar 
distinction arises in contiection vdth many other physical quantities 
which determine the nature of the electric field. For instance in 
the discussion of this and the preceding chapter we have regarded 
the induction, the polarization and the electric intensity as vectors 
whose magnitudes changed only veiy gradually as we moved ii'om 
one part of the field to another. We have always thought of them 
as though any alterations in their magnitudes which might occur, in 
a distance comparable with the distance between two molecules, 
could safely be considered as negligible, provided the two points 
compared were both in the same medium. This method of treatment 
obviously becomes inadequate when our view of the phenomena is 
so highly magnified as to take into account the effects of individual 
electrons or even atoms. So far, we have considered the space 
between two parallel planes filled with dielectric, when the planes 
are maintained at different potentials, as a region in which 
the electric intensity has the same magnitude and dfrection at 
every point. It is clear, however, that the actual electric intensity, 
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the force exerted on a unit charge occupying an infinitesimal 
volume, will constantly change in both magnitude and dmection 
from one part of this space to another. At places which are 
sufficiently close to an electron the actual force will be enormous 
compirecrwith what we have called the electric intensity, and it 
may have any direction whatever. 

One is tempted to ask what can be the use of a conception of 
the electric intensity which is so much at variance with what we 
kdieve to he the reality. The answer is, of course, that most of 
our methods of experimenting are so coarse, compared with the 
atomic scale, that they do not detect these enormous differences 
which occur within distances of the order of atomic magnitudes. 
Our ex^ierimental arrangements for the most part measure only the 
avenige values over spaces containing a large numher of atoms. 
The reason why our average values possess validity is not because 
they are the tnie values but because, so far as such experimental 
ammgements enable us to detect, everything happens as if the 
average values were the true values. 

It remains to specify the average values we have been dealing 
with mure accurately than we have done hitherto. Let (}> repre- 
sent i>ne of the scalar functions or a component of one of the 
vectors, which determine the state of the electric field. For 
example, ^ may be the electrostatic potential at a point. Let r 

any small volume so chosen that its linear dimensions are large 
tum|»red with atomic distances but small compared with the 
distances within which changes in (f> are perceptible by the usual 
ex|>eriinental methods. Then the average value of c/> may be 
iteiiiiti! as the value of 

( 12 ), 


wlii-re the integral is taken throughout the small volume t. We 

i'vidt/iitly have 




cf T 3^ 



d(f) 


( 13 ), 


w inTf f any iiMleiK-ndc-nt variable such as time, distance, etc. of 
wliidi (j> may be a function. 

SiiK*./ the .actual p.tential V satisfies the relation V"-V=-p, it 
t -Unw-that V-r=-p; and since £=-grad F,.f=-gi-ad F. Thus 
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the average forces and potentials are the same as those which 
would obtain if the actual charges were replaced by a distribution 
of density equal to the average density at every point. 

It is clear that the induction, polarization and electric intensity 
in a dielectric are average values in the sense indicated, and that 
the results that we have deduced are valid if this is imdersto«xl 

Potential due to the Displaced Electrons. 

We have seen that in the presence of an electric field the electrons 
are displaced, the positive in the direction of the field and the negative 
in the opposite direction. We shall see that the displacement thus 
produced is equivalent, for each electron, to the creation of a doublet 
of moment p = es, where e is the charge and s the displacement, 
of that electron. This doublet will contribute to the potential at 

a distant point P an amount ^ ^ , and if there are v such 

doublets per unit volume the total potential to which they vill 
give rise at the point P will be 



In general the different electrons in the atom will be variously 
situated so that they will not all undergo the same displacement 
5 in a given electric field. We may di^dde them up into classes, 
all the electrons in a class being characterised by a given value of 
s for a given field. Suppose there ai*e n such classes and let 
Pp and Sp denote the values of v, p, s for the electrons of the pth 
class. Then it is clear that 



We shall now consider the relation between the moment pp of 
the doublets and the electric field which produces them. The 
exact form of the relation between the restoring force and the 
displacement will depend on the arrangement of the electrons in 
the atom. At present our knowledge of this aiTangemeiit is very 
limited but, in any event, the restoring force must be a function of 
the displacement, which vanishes when the displacement is zero 
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It follows from Taylor’s Theorem that for small displacements the 
restoring force must be proportional to some odd power of the 
displacement ; and since the frequency of the natural vibrations of 
hollies, as exemplified by their optical properties, is independent of 
the amplitude, it is natural to suppose that this power is the first. 
We shall assume, therefore, that when an electron of the pth class 
is displaced a small distance Sp the restoring force is equal to 

+ -- where Xp is a positive quantity which is constant and 

Xj, 

characteristic of this class of electrons. When the state of equi- 
librium is attained, the pull of the external electric field on the 
electron is balanced by the restoring force. The m component of 

dV 

the force on the electron is — ^ , where V is the actual part of 


the }K.>teiitial at the electron whose charge is ep which arises from 
the prt*sence of the external field. If Xp is the x component of Sp 
then, provided the reaction to the displacement is independent of 
its direction in space, the x component of the restoring force 

measimdi in the positive direction of a; is — and the equi- 
libriulii value of this displacement is 




(1.5). 


Xuw a moment’s con.sideration shows that when a charge is dis- 
phiced a distance Xp the electrical effect is exactly the same as 
that which is produced by the crreatimi of a doublet whose moment 
is epXp. For the displaced system is absolutely identical with that 
which is obtained when a doublet consisting of charges ± at a 
di-stance j-p apirt is superposed on the original system, in such 
a way that ay coincides with the displacement ay and the charge -ep 
c. .inei.los w ith the original charge +ep. Thus the displacement (15) 
•qiiivaleiir to the creation of a doublet whose moment is 


(ifi)- 

In ih- alK,.nce «i‘ an electric field the medium is unpolarized 
and il;.' jMteiitiai due to the distribution of charges forming the 
a! . .mie sy-teiiis is Zero. Thus the ix>tential Vp due to the polarized 
ui- That which arises from the totalitv of the doublets which 
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From equation (5) for the potential due to a single doublet we 
see that SFp, the part of Vp which arises from the doublet the a 
component of whose moment is given by (16), is 










W A fl] A (l]l 

47r \dxpdxp\rj di/pdi/p\rj d 2 pd 2 p\r)} 


Now in addition to being made up of electrons the matter vuth 
which we are dealing possesses a coarser t}q)e of structure which 
we may term molecular. Each unit of molecular structure, which 
we may refer to as a molecule without necessarily thereby identi- 
fying it with the more definite chemical molecule, is characterized 
by the fact that, referred to its axes of symmetry, similarly situated 
electrons satisfy" identical structural conditions. In considering a 
structure of this kind it is clearly absurd to endow the electrons, 
as we have done, with the property of suffering a h\"pothetical 
restoring force which, for a given displacement, is independent of 
the direction of that displacement in space. As w-e are confining 
ourselves to the case of non-crystalline substances this difficulty 
may be overcome by taking Sp^Wp, yp, 2 p to be the average 
displacement of all the electrons which belong to the class in a 
given small region and recollecting that all directions for the axes 
of symmetry of the molecules are equally probable. Suiipose that 
each molecule contains 7i electrons, so that p has all the values 
from 1 to n, then AFp the average contribution to Fp which arises 
from a molecule at the point a, b, c is 


AFp = 


4f7r^i \dapdap 



dbp dbp \rj 


cCpdCpXrJ} ‘ 


If the dimensions of the element of volume dr are small com- 
pared with r = {(cc— a)- (y — &)- -1- — c)-]-, where w, y, ^ are the 

coordinates of P and if it, nevertheless, contains a large number of 
molecules, the part dVp of Fp which arises fi'om the element of 
volume dr is clearly 
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where v is the number of molecules in unit volume. Thus 


1' 


d n-\ . dV 9 


- + 


idOp dOp \r, 
dV 9 


dbpdbp 


.|Z^('?:')ldacZ6(^c (17). 

dCp dcp \rj) 


By coiTip 3 <risoii wT.th. 6(][U8(tioiis (7) O/iid (16) wo find, ths^t th.6 
components of the polarization P are 

.9F 




i)=l 


•p-l 


07 

Py— — V ^ Xjp 6p V 6 P yp 


p=i 


^>=1 


.31^ 


.(18). 


■Pz — vt - V l^ BpZp 

p-X Uijp p^\ 

The polarization is thus equal to the sum of the Tnomeuts of all 
the equivalent doublets in unit volume. The dielectric coeflScient 
K is given by the relation 


V 2r ^37” P O' — 1) 


p — 1 


0a 


Thus 


V JL dV 

/c = l+-%SXpe/^ 

^p=i 0ap 

0a 


.(19). 


For crystalline media, \p will take different values for the different 
directions a, b and c because the axes of the molecules are definitely 
orientated in such substances. 

0F 

Xow if we average over a large number of molecules, r — under 

dap 

tim sign of summation in (19) does not become equal to the value of 
fV 

^ in the same region. There are two reasons for this. The first 

(it these depends upon the definiteness of the arrangement of the 
eli-ctroiis in the molecule. The electron whose type we have 
iiidieatt'd by the suffix p is always subject, owing to the definite 
stniciiiiv i»f the molecule, to certain geometrical relationships with 
the Mtlim* electrons in the same molecule. This fact is not taken 

iiii'Minit of ill the definition of Fand of The second reason is 

oa 

iHiie|}t*iideiit of the airangement of the electrons within the 
iii’^leeiile and is caused by the molecular rather than by the 
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electronic structure of matter. The nature of this second factor 
can be most readily brought out hy considering the dielectric 
properties of an ideal kind of matter whose imaginary molecules 
are so simply constituted that the first factor does not occur. We 
shall therefore consider the case of a substance whose molecules 
are monatomic and whose atoms give rise only to a single doublet 
each, under the influence of the electric field. 


Case of the Ideal Simple Substance. 

We suppose each molecule of the substance to consist of a 
single atom, and that, under the influence of the external field, each 
atom develops a single doublet placed at its centre. The forces 
acting on one of the electrons whose displacement gives rise to this 
doublet consist of 


(1) the restoring force called into play by its displacement, 

(2) the force arising fi'om the charges in the field, including 
the doublets of the polarized medium not situated in its immediate 
neighbourhood, 

(3) the force arising &*om the doublets in the immediate 
neighbourhood of the atom. 

When equilibrium is estabhshed 

(l) = (2) + (3). 


It is clear fi:om our discussion of the electric intensity in dielectric 

~ dV 

media that (2) is equal to the electric intensity E . It 

remains to discover the nature of (3). About the doublet under 
consideration as centre describe a sphere whose radius is so 
dV 

small that the value of does not vaiy appreciably in a distcince 
cs 

comparable with it. At the same time the sphere must be big 
enough to contain a large number of molecules. The force | 3) will 
be equal to the force exerted by the doublets in this sphere on the 
electron under consideration. This will only be true provided the 
dimensions of the sphere are within the assigned limits ; otherwise 
this force will not be independent of the radius of the sphere. 

To calculate the magnitude of (3) we suppose the spherical 
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the centre of b* sinnll spherical cavity. On account of this, and. 
owing to the fact that the doublets behave on the average like 
the equivalent polarization P, the doublet at the centre will be 
acted on by a force, additional to E, whose amount is determined 
by the equivalent polarization charge on the walls of the cavity. 
This is equal to -P cos ^ per unit area at any point, on the surface 
of the sphere, the radius to which makes an angle 6 with the 
direction of P. The resultant force due to the whole distribution 

over the spherical surface is thus j where the integral 

extends over the surface of the sphere whose radius is r. This is 
effual to iPe and is independent of the radius of the sphere. 

The remaining part of (3) consists of the force which would be 
caused by the doublets which we have removed, if they had not 
been removed. This will depend very much on the geometrical 
arrangement of the atoms among one another. In certain par- 
ticular cases this force vanishes. A doublet situated at a point 
w’hose coordinates are x, y, z, with respect to the centre as origin, 
and whose moment has components equal to fXy, will give rise 
to a force at the centre, wdiose x component is 

^ py ^ ^ ^ 

47r r® 47r ^tt ^ 

where = x- y- ^ z\ 

If the atoms are arranged fortuitously so that any one position 
in the sphere is as likely as another the mean values ^ ^ = 0 

am! 

3a:* — 3^/* — r- 3^:* — r- 

7*5 ^.5 ^5 

^ 3 (ar" + j/-’ + «") - 3r^_ 

3r^ 

It loliows that the force arising from the doublets which we 
have remov,..! out of the cavity vanishes on the average, if the 
.It.uji- are anunged fortuitously. The same is true if they are 
arr.mgHi in regular cubical order*. It follows, in either ease, if 
tile atom^ have the .simple constitution we have imagined, that the 

* H. A. Lorentz, Theory of Electrons, p. 306. 
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force (3) = -J-Pe. When the molecules have a less symmetrical 
distribution, the additional force arising jfirom the molecules which 
we took out of the spherical cavity will still be proportional to the 
polarization P, so that we can represent the more complex cases if 
we replace the factor by an unknown factor a depending on the 
configuration of the molecules. 


Returning to the more symmetrical distribution, we see that 
the total force acting on the electron at the centre of the atom 
under consideration is, on the average, 


+ ^ 

so that comparing with formulae (16), (18) and (19), since n = 1, 
(E + ^P) = P=(a: — 1)P 

, „ vXe^E ^ . 

and P^- (21), 




If we apply this formula to the case of a gas, we see that the 
only one of the quantities on the right hand side which varies 
^vith the density of the gas is v, the number of molecules per cubic 
centimetre. This is proportional to the density, so that for a gas 

K — 1 

•— should be proportional to the density. The results of ex- 
periments are in agreement with this formula within the limits of 
experimental eiTor, although the experimental measurements of 
the dielectric constants of gases are not very exact. 

When we come to consider the phenomena of refi'action and 
dispersion of light, w^e shall see that a very similar fomiula, in 
w^hich fc is replaced by connecting the refi'active index n with 
the density, can be developed along similar lines. It seems 
advisable to postpone the detailed discussion of the experimental 
evidence for and against these formulae until the optical phenomena 
are considered, as the evidence will then be much more complete. 
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wliy the average value of ^ is not equal to ^ . This one depends 

(III the complexity of the atomic structure itself and not on the 
mere fact that matter possesses an atomic constitution. The 
nature of this factor can best be realized by considering a very 
c<iS6. SupposB 9<n 9 /toin to contain a vory larg’e 
iiiiHiber of electrons all very loosely held. If such an atom is 
placed in an electric field it will behave like a conductor of the 
same size and shape ; so that there will be no field acting on the 
electrons in the interior. The electrons towards the outside of the 
limn will move so as to shield those inside from the action of the 
external electric force. The same effect will also occur to a smaller 
extent even when the number of electrons is comparatively small 
ami their displacements are inconsiderable. It is clear that the 
average value of the force throughout a small volume of the 
material is different from the average value taken over a particular 
type of electron. 

The force acting on an electron inside a molecule will arise 
pirtly from the charges outside the molecule and partly from the 
doublets inside the molecule itself. We can regard each molecule 
as ef|uivalent to a simple atom possessing the same average electric 
moment, so that the force acting on an electron inside a molecule 
arising from external causes will he e (E + aP) : where the constant 
a will depend on the geometrical configuration of the molecules, 
taking the value ^ when the distribution is a fortuitous one as 
in a fluid. The way in which the second part of the force on the 
internal electron depends upon the external field may be realized 
by considering the conditions which are necessary in order to 
change the displacements of all the electrons in a given ratio. 
The displacements are proportional to the forces acting, so that 
this means that the force acting on an electron in the field will be 
changed in the same ratio at every point. Now the force arising 
fruiii a given doublet is proportional to the moment of that doublet, 
so iliat the part of the force acting on the given electron which 
fioin other doublets in the same atom will be altered in the 
same ratio as the total force at any point in the field. It follows 
that the difference between this and the total force, which is the 
pait ut the force which is of external origin, must be changed in 
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the external field may change, the force acting on any assigned 
electron will always be changed in the same proportion. This 
result may be represented by putting 

dV 

- — = LpCp (E-\-aP) (23), 

\vhere Lp is a constant characteristic of the pth class of electrons. 
Comj)aring with p. 73 -we see that 


so that 
and 


z; 2 XpLpep^E-hoLP)=^F=^{K-l)E, 

p=i 


P= . ., E (24) 

1 CLP 


fC-l 


j 'Xp Lp vp 
2z^ XpLp6p 


/C + 


1 -- Qr 1 — a2z^ XpLpCp^ 




p—n 

^ OLv 2 XpLpQp" (2oy 

2>=1 

\p, Lp and ep may vary for different electrons in the same molecule 
but they will have the same value for corresponding electrons in 
different molecules of the same substance. The expression on the 
right hand side may therefore be represented by a summation over 
each molecule multiplied by the number of molecules of the sub- 
stance in unit volume. We therefore find that 



K H 

a 

where k is a constant and p is the density of the substance. 

We shall find that the coefficients \p have an important 
significance when we come to consider the phenomenon of optical 
dispersion. The investigation leading up to formula (25 ) \vill not 
apply to optical problems without modification, as the displacement 
of the electrons in such cases is not necessarily always in phase 
with the corresponding ‘‘ force.” 

When w^e are dealing merely with the electrostatic behaviour 

Hi q-ITaitI fA r-ATAnli Ail tiraiQ niQt 
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!•», which arise from the mode of an-angeinent of the electrons in 
the molecules. It i.s clear from the considerations which have been 
brought forward that instead of (16) we might have put 



where is a new constant, and thus obtained 

^~L . = av I (28), 

OL 

ti n 

that S (TpCp^ S XpLpBp. 

However, the relation between Op and the natural frequencies of 
the tiiaterial is not an obvious one without further investigation. 
This point is of importance in dealing with the corresponding 
optical phenomena. 



CHAPTER V 


[MAGNETISM 

We are not yet in a position to enter into the theory of mag- 
netism in any fundamental way. We shall have to defer that 
until we have considered the phenomena which are ginuped under 
the head of electromagnetism. It seems desirable, however, at 
this stage to enumerate some of the elementary facts and prin- 
ciples of magnetostatics, and to consider to what extent they 
resemble or differ from the corresponding phenomena of electro- 
statics. 

One of the most striking of magnetic phenomena, and the 
first to be discovered, is the occuiTence of intrinsic magnetization. 
A body exhibiting this phenomenon, usually called a permanent 
magnet, possesses polar properties. When two magnets are com- 
pared it is found that the ends A, A' of the fimt always exert forces 
of a certain kind on the ends B, B' of the second. Thus if A and 
B repel one another so do A' and B', whereas A' attracts B and A 
attracts B', These relations between the two magnets are in fact 
the same as those between two similar portions of matter endowed 
vdth electric polarization. 

Although this formal resemblance between magnetization and 
electrification exists, it is to be borne in mind that there is no 
static reaction between a magnet and an electric charge. 

It is clear that the behaviour of magnets enables us to speak 
of the magnetism at the one end cts positive, and that at the other 
end as negative. And here, at the outset, we meet one of the 
most striking differences between magnetization and electrification. 
It is impossible to separate the magnetic charges fi*om one another. 
Every magnet carries equal and opposite magnetic charges. There 
is no force acting between two small magnets which varies inversely 
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the si|iiare of their distance apart except gi'avitational attrac- 
liiiiL Thus a magnet is a body which is intrinsically polarized. 

Although ix)larization is a common phenomenon in electro- 
si at ies. and oeciim in every dielectric under the action of an 
4‘Xtemal electric held, intrinsic polarization is comparatively un- 
iiiijK»rtant. It probably occurs in crystals ; where it appears to be 
to explain the production of electrified surfaces by fracture 
and tile phenomena of pyroelectricity. It is possible, however, that 
iiifriiisie dielectric polarization is commoner than is generally 
siip|M>sed. For unless a -substance is a good insulator, it will 
alwavs cover itself with a distribution of electric charge which 
is iust such as is required to annul the external action of any 
intrinsic polarization it may possess. In all but a few cases, there- 
fore. the existence of such a property would be diflScult to 
i!i*tect. 

On account of the fact that we are unable to separate the 
«ipjx>site magnetic charges, the investigation of their mutual forces 
is not .so simple, in theory, as the corresponding electrical problem. 
In a very elaborate investigation Gauss examined the interaction 
ln'tweeii two magnets and showed that the forces were such as 
W(aild arise if each element of magnetic charge repelled each like, 
a!i«! attracted each unlike, element with a force proportional to 
tiio pnjdiict of the charges on each element, and inversely as the 
Npiares (if their distances apart. This result W'as established with 
coiisidorable accuracy. 


We are now in a position to define our unit of magnetism. 
Cuiisisteiitly with our definition of the unit of electric charge we 
shall define it as that charge which repels an equal and similar 
charge at unit distance fi’om it with a force equal to l/47r djmes. 
Til avoid the difficulty wffiich is created by the inseparability of 
the magnetic charges from the opposite poles we may suppose 
that those betw'een wffiich the forces are measured are at Ihe 
fiids i>i infinitely long uniformly polarized magnets. The other 
riids will Then be so tar away that they will exert no influence. 


Magnetic intensity is defined, in an analogous way to electric 
iiiteiisity, as the torce exerted on a unit pole at any point of the 
iielil. It is eunvenient to use the term magnetic force rather than 
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magnetization, which is the name usually given to the quantity in 
magnetism which con'esponds with intensity of polarization in 
electrostatics. The magnetic potential at a point is the work 
done in bringing a unit pole fi'om a point at an infinite distance 
up to the point in question. 

Just as in electrostatics we have to deal with dielectric media, 
so in magnetism there are media which, vdthout being themselves 
permanently magnetized, have the power of modi^ung the distri- 
bution of magnetic force in their neighbourhoods. There is there- 
fore a vector called magnetic induction analogous to the electric 
induction D. We shall denote the magnetic induction by the 
symbol B and its components by By, B^, The coefficient 
which corresponds to the dielectric coefficient k we shall call the 
permeability and denote by fju. 

The behaviour of different media towards magnetic force 
furnishes more variety than the coiTesponding electrostatic phe- 
nomena, For a few substances fM may have veiy large values, and 
usually these are the substances which are capable of being per- 
manently magnetized. Since iron is the t\q)ical example of this 
class of substances they are often called feiTomagnetic. For all 
other substances jju does not differ greatly fi'om unity, on the electro- 
magnetic system of measurement. It is found that, in addition 
to the substances for which is greater than unity, and wffiose 
behaviour is analogous to that of dielectrics, there is another large 
class for which /x, is less than unity. The former are said to be 
paramagnetic and the latter chamagnetic. It is very probable 
that paramagnetism and diamagnetism arise from the operation of 
separate causes. We shall, however, postpone the consideration of 
the physical causes which underlie the varied magnetic behaviour 
of substances until a later chapter. At present we are concerned 
with the formal relationship between magnetism and electrostatics. 

If H = Hx, Hy, Hz is the magnetic force it follows from the 
foregoing considerations, combined with the results of preceding 
chapters, that the following propositions are true for magnetism : 

(I) The force between two poles of strengths m, in' embedded 
in a medium of permeability /x. at a distance r apart is 


Hf) 
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( -2 ) The field ef magnetic intensity can be mapped out by 
iiii'.ins of lines of force whose equations are 
(b; dy _dz 



( :i I The magnetic jx>tential H at any point is 

n = - [( + m H,j + nH^) ds=-f (EJa; + H„dy + H,ds) . . .(3). 

(4) The equation satisfied by fi in free space is 

= 0 (4). 

(5) If dS is an element of any closed surface not intersecting 
a magnetic medium, that is to say, one which lies entirely in a 
moilium of permeability unity, and if I, m, n are the direction 
cosines of the normal to this element, then 

jl{lE^ + mE, + 9iE,)dS 

taken over the whole of the closed surface is equal to zero. This 
is the magnetic analogue of Gauss’s Theorem for the free aether, 
aii«l is true since each magnetic substance contains equal and 
upiKisite magnetic charges. It follows that in free space the 
inagneTic intensity jS" is a solenoidal vector. 

( 0 ) The energy of a system of magnets may be obtained, as 
in the case of the system of electric charges, by bringing up equal 
fractions of the final system, one at a time, from a state of infinite 
dis.seiiiination. As we do not wish to contemplate the existence of 
sepirate magnetic charges it is desirable to regard the disseminated 
elements as magnets and not charges. This introduces the in- 
tensity of magnetization (lx, ly, Iz) instead of the density of 
charges into the final expressions. In this way the energy of 
a system of magnets is found to he 

Ti- ^ l i /Vr dil j dOi ^ dfl\ 7 , , / , 

" 2 II I ^ 

the integral being taken throughout the magnetized matter. It 
follows from this expression, by a calculation similar to that carried 
out in the similar electrostatic case, that the energy per unit 
viduiue ot the fiekl in the fi'ee aether is 

; ( 6 ). 

lilt' points involvt'd here are discussed at length by Jeans, 

^ T ^ 4 ir\r\r\ 
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(7) The magnetic forces can be represented as arising fbjm 
the following system of Maxwell stresses in the aether: 

1 f/£n\“ /?a\- 




— %x 


qxz - qz 


d[i an 

dx By 

^ an 

dz dx 

an an 


q,z-qz,-^^ a^ / 

These are equivalent to a tension per unit area along the 
lines of force and an equal pressure at right angles. 

(8) The potential at a point, at distance r, due to a small 
magnet at a, b, c whose moment is fi — jx,j, fiz is 


47r a^ vr 


.1 f 1 /I' 

Itt ( ^ aa \ ?v 




(9) If I = Ix, ly, Iz is the intensity of magnetization (not 
magnetic intensity) the potential to which it gives rise at a p:)int 

at distance r = ■ (a* — a)- + (3/ — by -f (2; — c)-}- is 

- ft ///{"• 1 1 ') + s (t.) + i (;)} -(S'- 

I being the value at the point a, b, c. 

(10) The potential due to a uniformly magnetized shell at a 
point at which it subtends a solid angle &> is 


where is the strength, or magnetic moment per unit area, of the 
shell. 

(11) The potential energy of the shell in the magnetic field is 

( 11 ) 



8-2 
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^ I Tilt' licliiivioixr of tiiG mductjion cq^IIs for rAtlici' 

iiK.n- (iotiiiled consideration. From the electronic standpoint it i.s 
undesirable to define the induction as a vector flowing out in 
tuk-.s from the magnetic charges. The reason for this, as will be 
clearer later, is that the conception of a magnetic charge is. more 
artificial than that of an electric charge. We are on safer ^ouncl if 
we define the magnetic induction as the force in a flat cavity of the 
kind considered in Chapter iv, since we know that, when magnetized 
substances are fractured, opposite polarities develop on the new 
surfaces. It is clear from the reasoning in Chapter iv that the 
two iiHKles of defining the induction are consistent with each 
other. It would be unfortunate were it otherwise, as we have to 
make use of the conception of a magnetic pole as the foundation 
of all our magnetic measurements. 

It is clear that the whole of the theorems which we have 
grouped under the heading of Poisson’s Theory of polarized media 
may be transferred bodily to magnetism if we replace polarization 
by magnetization. In fact the theory was originally developed by 
Poisson as a theorj- of magnetostatics. It follows that when the 
magnetization is uniform there are surface charges but no volume 
charges, and that in any event the algebraic sum of all the charges 
of any distribution of magnetization is zero. Also if H, B and I 
are the magnetic force, the magnetic induction and the intensity 
of magnetization at any point of any medium, 


B = H + I = ^H ( 12 ), 

and I={ix-l)H ( 13 ). 


These are vector equations and are each equivalent to three 
equations between the corresponding components of the vectors. 

Let us now describe any closed surface iS intersecting the 
magnetic media B, C, etc. in D, E, etc. Let us cut away an 
infinitesimal layer of each of the magnetic media at both sides of 
the intersection. Then the surface lies entirely in the medium 
whose permeability is unity, so that if F^, F,„ F, are the com- 
ponents of the force on a unit magnetic pole at any point of 
the surface 

ffm + mF, + nF,)dS=0, 

T'V’k •'i T ^ * _ J_l_ r* • 
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surface, Fx, F,j, F^ are actually the conipjneni.s of the induction 
Bx, B,i, Bx- It follows that over any closed surface in spice 

j' I + viB,j -f iiB.) dS = 0 (14). 


It follows that 



and the magnetic induction B is solenoidal everywhere. The 
coiTesponding result only holds for the electric induction in regions 
which do not contain any electric charges. Where there are ‘‘true’’ 
charges of volume density p 


dx cy ^ 


Force on a Magnetic Shell. 

We have seen that the potential energ}’ of a uniform magnetic 
shell of strength (f) is — W</), where W is the number of lines of 
magnetic force threading it in the positive direction. This result 
enables us to calculate the force on the shell in the field, and we 
shall see that it may be represented as so much per unit length of 
the boundary of the shell. Let the shell be displaced so that W 
becomes N + SW. The diminution of the potential energ\‘ due to 
the displacement will be <f)SN, and this will be equal to the work 
done on the shell by the magnetic forces. The value of ST is 
easilv calculated. Consider the prismatic figure, bounded by the 
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ihf fiiij.- of thf shell (luring the disiMacenient. We shall suppose 
!he(iisplace!iient to be small and rectilinear ; let us denote it by Sx. 
Since there are no magnetic charges inside this figure the total 
flux <.f force over its boundary is zero. Hence 

.Y + - W + [(// cos )?E sin xsdsBx — 0, 


CX 



wht,“!v H is the magnetic tVirce at any point s of the boundary, 
j‘S is the angle between the direction of the displacement Sos and 
the element ds of the boundary, and 7iH is the angle between the 
direction of H and the normal to the element of area (Z^S^sina?^. 

f A , A 

H cos nH sin oosds. 

Blit if A" is the force acting on the whole shell in the direction 
XBx = (l>BN, 

f ^ 

and X = — <f> H cos nH sin xsds. 

Thus tile force A" is equivalent to a set of forces of amount 

A _ A 

— (j)H cos nH sin xs 

|K-r iiiiiT length of the edge of the shell. Since a: is arbitrary this 
gives the force in any direction. To find the direction of the 

re>ulTaiit force we notice that when x and s are in the same 
... . 

diivctiMii siiia’6* = 0, so that the resultant force is at right angles 

(is. It is also normal to H, since it vanishes when nH = 7 rj'l. 
It IS ilierefiire along the common normal to H and ds. To find 
I lie liiagTiiTude of this resultant let us suppose that the displace- 
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A A A , 

and nR = 7r/2 — Hs, where Hs is the angle between H and ds. 
Thus the force on a length ds of the edge ot' the shell is 

A 

— sin Hsds, 

and is at right angles both to H and ds. In vector notation this 
result may be witten more briefly as 

-^4>iH,ds\ 

If the force H arises from a single magnetic charge m placed 
at a point P distant r from ds, then H acts along r and is equal to 

Thus the force exerted bv m on an element ds of the 

4 * 77 ?'- 

(hf/i . ^ 

boundary of the shell is equal to — , sin rsds. This must be 

^ 47r?*^ 

equal and opposite to the force exerted by the element of the shell 
on ??i. Hence the force on the pole is equivalent to a series of forces of 

amount sin rsds arising fi'om each element ds of the boundary 

of the shell. The magnetic intensity at P due to each element ds 
of the boimdary is thus 

sin j'sds, 

47rr 

and is perpendicular to both and ds. 

These results have important applications in the theory of 
electromagnetism. 



CHAPTER VI 


ELECTROMAGNETISM 

The Magnetic Potential due to an Electric Current. 

In 1820 Oei-sted showed that an electric current gave rise to 
forces acting on the poles of a magnet placed in its neiglibour- 
IiihkI. Thus an electric current gives rise to a distribution of 
iiiagnetic intensity. Since the difference in the magnetic potential 
Ind ween two points is the work done in taking a unit pole from 
one jxunt to the other, it follows that the magnetic intensity is 
the sjxice derivative of the magnetic potential. The potential is 
essentially a scalar quantity. It is clear therefore that the mag- 
netic jx 3 tential at any point due to an electric current is a quantity 
which possesses magnitude but not direction, and which depends 
only on the position of the point relative to the circuit carrying 
the cun’ent and on the magnitude of the current. If we can deter- 
mine the potential at every point of space aiising from the electric 
cuiTent, we can deduce fiom it the distribution of magnetic 
intensity. We shall now consider how the magnetic potential may 
be calculated. 

We shall base our demonstration on two empirical generaliza- 
tions which are the result of experiment. They are : — 

(1) That the magnetic force arising from an electric current 
flowing round a given circuit is proportional to the magnitude 
of the ciiiTent. 

( 2 ) That any circuit carrying a given current can be replaced 
by one which carries the. same current and continually zig-zags 
across it to a small distance on each side, without altering the 
magnetic force to which it gives rise. 

The first generalization was established by the experiments of 
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that two equal and opposite currents flo'wdng in the same circuit 
or in the same branch of a circuit give rise to no magnetic force. 
This must be the case since the total ciiiTent is then zero. 

Let us take a large number of paii’s of points on the 
boundaiy of any circuit and join each pair by a line. Suppose 
that along each of the lines there are two opposite currents 
howing, each equal in magnitude to that flowing round the 
boundary. The lines we have drawn have di\dded the entire 
circuit into a series of small areas bounded by the lines. Round 
each small area there will be a cimrent flowdng equal in magni- 
tude to the original current and circulating in the same sense 
about the normal to the circuit. It follows that the magnetic 
effect of any circuit is the same as that of any number of small 
circuits, bounded by the same contour, into which it may be 
completely subdivided, provided each circuit cames the same 
current as the original circuit, and that all the currents flow in the 
same sense about the normal to the imaginary surface in which 
they lie. The potential due to the whole circuit must therefore 
be equal to the sum of the potentials due to the constituent 
circuits. 

We shall now show that the potential due to any circuit Ijdng 
in a plane is zero at every point 
in its ovm plane. First consider 
the potential at the point 0 due to 
the circuit A B CD (F ig- 1 8) bounded 
by arcs of circles whose centres are 
at 0, and by radii passing through 
U. Since all the forces in the 
held are reversed when all the 
currents are reversed, it follows 
that the potential at every point 
will reverse when all the currents 
reverse. The potential at the point 0 will therefore reverse if the 
current A BCD is reversed in direction. But the direction of the 
current can be reversed by simply rotating the circuit A BCD 
through the angle tt about the line of symmetry through 0 lying 
in the plane of the paper. But since potential has only magnitude 
and not direction, there is nothing which enables the potential at 
the point 0, as it were, to tell which wav uu the circuit A BOD 
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lir'H. lilt* piti'iitial iiiust therefore have the same value after it 
is as klhre. Its value must therefore be zero. 

Xmw if a BCD is replaced by a coplanar circuit of any shape, 
by tlrawiii^^ a large number of radii from 0 it can be replaced by 
t Ilf circuits bounded by radii and its original contour. The 

roiiiiHir e.iii K' ivplaeed b\' a series of concentric arcs since the 
original eiivuit will give rise to the same field if it is caused to 
zig-zag alioiit its original pith. Each of these constituent circuits 
giv« s rise to zero |x»tential at the p)int 0, so that the whole circuit 
gives rise to zero piteiitial at 0. 

Now i‘i aisider any cireuit.d J?6^i)(Fig. 19)lying in space. Describe 
tlio cone on which the circuit lies and whose apex is at 0. Also 
ih'scribe a s|>hert‘ of unit radius about 0. Let this cut the cone in 
thf* curve EFGH. Let f be the ciuTent round ABOD. From 0 
dniw a series of lines OEA, OFB, etc. intersecting the curves in 
E. F. A, B, etc. Imagine ec|ual and opposite currents i to flow 



aiong each ut the.se lines. Suppose also that a current i flows 
around the curve GFEH in the direction fi'om F to E. This is 
thf .ally new current that has been added; since the equal and 
.•!i|H.site currents al.mg FB, etc. cancel each other. The system 
n. 'W contemplated resolves itself into a series of currents i round 
cn-cna.s .such as ABFE. Since 0 lies in the plane of each of these 
arcnits the_ potential at 0 due to the system of currents is zero. 
I lie poienna! at 0 due to i round F-^EHG is thus equal and 
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A-^BCD is therefore the same as that due to the same current 
round E-^FGH. Now let us fill up the whole of the surface, cut 
otf from the sphere of unit radius b}" the curve EFGH, with equal 
contiguous and superposable small areas. Imagine a current 
equal to i to flow round the boundary of each area. This will 
leave the original current i flowing round the boundary, and two 
equal and opposite cuiTents along eveiy line inside it. The 
potential due to the original cii*cuit will therefore be equal to the 
potential due to the sum of the small circuits. Since all the 
small circuits are equal and have the same geometrical relation to 
0, the potential due to each one of them must be the same. It 
must be proportional to the cun'ent i since the force due to any 
system of currents changes in the same ratio as the currents when 
all the currents are changed in equal proportion. The argument 
is independent of the shape of the small circuits, and the only 
other condition to be satisfied is that the potential due to the 
whole circuit is the sum of those due to its parts. It follows that 
the geometrical factor to which the potential of each constituent 
circuit is proportional is Bo), the solid angle it subtends at 0, 
We therefore conclude that the potential due to each elementary 
circuit is AiBco, where A is a constant which depends neither on 
the magnitude of the current nor on the geometry of the circuit. 

It follows that when the current subtends a finite solid angle co 
the potential to which it gives rise is Aico. This is universallj^ 
true since we have proved that all circuits canying equal currents 
and lying on the same cone whose apex is at 0, give rise to equal 
potentials at 0. The magnitude of the constant A depends on 
the unit in which we measure the current. The usual electro- 
magnetic unit of current is defined by making ^ = 1. In the 
units used in this book A = (47rc)~b where c is the velocity of 
light. (See later, p. 112.) 

In our study of the properties of polarized shells we saw that 
the potential of a shell of strength (j> was equal to (f>col4^7r, where co 
was the solid angle subtended by the shell at the point where the 
potential was measured. An electric current is thus equivalent in 
its magnetic action to a magnetic shell whose strength is equal to 
47rJ. times the intensity of the current. 

There is an important difference between the field due to an 
electric current and that arisino* from the enniva.lent r)->>5.o’netir- 
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III ihv htii^r east- the w.»rk done in taking a unit pole 
iviiiiitl a riMM'd riirvf which passes once through the shell is zero, 
Hiiji'r' ill*'- Work doiio against tin.* forces outside the shell is just 
to ihi* work d«*n<* In’ the forces inside the shell. In the 
v;.i>v uf tlio electric cliiTent there is nothing which fixes the 
p«*«iri«»ii isf tile t‘«jiiivalent shell in space except the current wnich 
toriii*^ it> h«*Hiidar\*. It follows that there cannot be any region in 
vvliicli ilie force has the p/culiar distribution characteristic of the 
interior an actual magnetic shell. The torce due to a current 
uill there fore Ih* coin in nous everywhere, and the work done in 
ooiiig foiiiid anv close<l [Kith which eiii])races the current once will 
ht' »i|nal io 477^41. If the [Kith fallowed by the unit pole circulates 
round tlie cnrniit times in the positive sense and n times in 
the negative sense, the work done on it will be 4i7rA (m n)i. 
Thus the magnetic [Httential due \o a current is determined not 
N»l«*!y by the relative [losition of the current and the point, but 
also by the number of times the path of the point has previously 
«‘!icircli‘d the current circuit. It is what is knowui as a multiple- 
valued function of spice. The complete expression for the mag- 
netic ptteiitial at any piint due to a cuiTent may be written 

A i [477 (?n — (i)]. 

The force due to a current does not, of course, depend on m or ?i 
but only .sii o), so that it will be single- valued and will depend 
• tiilvuii the intensity and geometrical distribution of the current 
aii«! the [>osition of the circuit relative to the point. 

The Ibregoing result that the work done in taking a unit 
iiiagiietic |>oIe once nuind any closed path embracing a current is 
[»rop »rt ioiial to the current embraced is not confined to linear 
eiiiTt'iits. but is true if the cuiTents occupy a finite volume. This 
IS Mbvioiis it we divide up the whole current i into linear con- 
>iitriiU]ts Cl bounded by tubes of fiow. Then the work done in 
Taking a unit [H.»le ntuiid a path enclosing one of the constituents 
Will 477 and it the path encloses the w’hole current i it 
will ]»' 

477.4 S Si = 477.4 i 1 ). 

lix- oiiMilci-atioii cif ii(.n-liiK*ar currents enables us to express 
ilr.s r,>uli in rathei- diffeivnt analytical form. Consider any 

>iirlaCi* 111 sDaco. r-iivTa-n+c 
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contour s. If the current is flowing in any specified direction at 
any point, the amount of electricity transported across unit area 
perpendicular to that direction in unit tune is cailc^d the current 
density at that point. It is a vector quantity : let us denote it 
by j. Let H = Hy, H^) be the magnetic intensity at any 
point. Then the work done in taking a unit magnetic |x»!e around 
the boundary s vull be 

= I {Hxdoc + Hydy + H,dz). 

J S 

What is the total current i across the area S ? If 9 is the angle 
between the normal to an element dS of the surtace, and j the 
resultant current density at that element, the current Si across the 
element is j x dS cos 9. But j cos 9 the component of the 
cuiTent density normal to the element. The total current i thnuigh 

the entire area may therefore be written [| jndS. Hence 

j ( Hr^dx + Hydy + Hzdz) = 47ril j'J dS ( 2 ). 

Before discussing this equation further we shall prove an 
important geometrical theorem, due to Stokes, connecting the line 
and surface integrals of vector point functions. 


Stokes's Theoi'em. 

Let R be any vector point function which is continuous 
throughout the region considered. Consider the value of the 

C Q, A> 

line integml -^ = | R^o^Rsds taken along any path PTQ from P 

/V 

to Q, Rs is the angle bet\veen R and the tangent at a point of 
the path. Let us find the variation of the integral when the 
path of integration is changed by an infinitesimal amount, so as 
to lie along the curve PUQ, P?7Q is only slightly displaced 
from PTQ, and the terminal points P and Q are not varied. 



:i2 
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SI = S I ^ R cos Rsds 

. p 










+ ^ ds^ 


if X. y ami Z aiv the components of R, since 


^ € > = 4 Ki) = & ^ y = & 



fQ 0 

Lot us integrate j X ds by parts. The integi'ated part 

.YB.f anil the imintegi'ated part is j ( 8^; — ) ds. 


Jp 


^ cX cX cj‘ cX Cl/ 0A d2 , 

-f — ;;y _- ~ , SO that 

r.s CX cs cij cs cz cs 


Q rQ 


/dX dx 3 X dy dX 0 ^ 


i V ^ ^ fC^X. CX uij V^\ 7 

f X . jcj-)ds= Xdx - +_^ d5. 

. p .pjp \dx cs dy os cz csJ 


\\t" Mlitaiii procisoly similar expressions for 


r (Cy) ds and Z ^ (Bz) ds. 


n f".s‘ ■ 
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Now SA^ = ^ Sx + ^ Sv + ^ Sz, so that 
dx c?^ dz 

. dx dX dx ^ dX dx ^ cX dx ^ 

dX ^ Sx-^ — — By -i- — Sz, 

cs CX ds oy c$ ^ dz cs 

-r-Cll CZ 

and similar expressions are obtained for BY ^ and BZ X . 

cs cs 

Collecting together all the terms which contain Sx as a ikctur, and 
similarly those which contain By and Bz, we have 


BI = \XBx+YBy + ZBz\ 


I 00?-^^ 
J PL. 


SA"^ dx dX dy dX dz dX dx cYcy 
dx ds dy ds dz cs dx cs dx cs 


dZc^^ 
CX ds ] 


The terminal points P and Q are fixed, so that Bx, By and are 
zero at P and Q. Thus the integrated part vanishes, and aminging 
the terms rather difterently we get : 




+/!(f “i-) 


; CX cZ 


To find the value of Bxdy — Bydx cimsider the |Mrailelogi'am of 
which ds in its original and displaced positions forms two opposite 
sides. The angular points of this parallelogram are defined In’ 
s+ds, Si{=s^Bs) and Sji-dsT_( = s Bs + ds). Let ABDC 
(Fig. 21) be the projection of this parallelogi*am on the plane 
of xOy. AB corresponds to ds and CD to ds^^. Draw DK, BH 
parallel to 0^ and BK, AH parallel to Ox, CF parallel to AH, CG 
perpendicular to AH, and produce BB to meet AH in E. Then 

DK = By, BK = Bx, BH = dy and AH = dx. 

Als(_) the parallelogram 

ABDC = A EEC = AE x GG = CG x {AH - EH) 

= Bydx - GG . EH = Bydx - BK . BH = Bydx - Bxdy. 


•XT - 


Jd 1 




11 1 
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noni.a! t.j the eviginal parallelogram dS and the axis of the 
iiitriaal being drawn downwards. So that 

Stfdx -hxdy- - dS cos nz. 

Similarly Bzdy - Bydz = - dS cos n-x, and so on. Thus 

cos nx+(^-^-~) cos ny 

fdY dX\ ] 

dyj J 

D 




IK 


A” G EH 

Fig. 21. 

Xi‘xt cniisidor any cl<.>sed contour PRQS (Fig. 20) and let P and 
(J 1;k' any two pants «>n it. From P to Q draw an indefinitely large 
niiiiibta* of piths such as PTQ.PUQm infinitesimal distance apart. 
Tho tiitiorence between the value of the integral I taken along 
PSQ and along PRQ will be the sum of the differences along the 
iiifiiiitesiiiial piths. This is clear, since integration' from P to Q 
anti l«ifk again from Q to P along the same path adds nothing to 
lilt” integral The difference between the integi-al along PSQ and 
thiit along PRQ, starting at P and ending at Q in each case, is 
o»|iial to the same integi-al taken all round the circuit in the 
dineiioii PSQ: since the value of I from P to Q along PRQ is 
to — / taken from Q through R to P. 

Hraice i‘or the entire closed contour we have 

/= lYd.r+ Ydy-Zdz 



idZ aV 


= :sc/ 

_ rl 


tX 

,dz 




cos 71 y 


/BV BY\ 


1 
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wht-re the surface integral extends over any surface bounded by 
the contour, and where the cosines are the direction cosines ef the 
normal to the surface at the .point of integmtion. It will be 
observed that the positive direction of the normal is to^ainls that 
side of the surface from which a right-handed screw would move 
if it were turned in the same sense as that of the iategratioii 
round the contour. 


The First Laio of Electrodyanmics. 

Let us apply Stokes s Theorem to the case in which R is the 
magnetic intensity H whose components are Hy, Hz- We 
then have 

I (Hxd.v 4- Hydy 4- Hzdz) 

ff\/dHz dHy\ cHz\ 

= I I'll — ^ J cos no; 4- 1 — 1 cos 




Oz 


4- 


cos ny 




cy 


i cos nz^ dS. 


But we have seen that 

I H^dx + H,/!/ + H,Jz = 477.4 J j j CoS n j dS, 
where j is the current density at any point of iiny surface bounded 

A 

by the contour and nj is the angle between the resultant current 
density and the normal to the surface at the point. Xow 

A ^ 

j COS nj = jx cos nx 4- j,, cos ny jz cos nz, 

where cos nx, etc. are the direction co.sines of the normal. It 
follows that 

= Itt 4 / \ 

dy dz 

dHx dHz , J . ; , . 

= 

Ox ay 

everywhere. 

These differential equations are the most general expression 
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distribiitiuii uf electric currents. They are one form of the first of 
.^Ijixwel! s TWO fainoiis electromagnetic equations. To distinguish 
fnr.ii the st,i*ond e(|iiation we shall sometimes refer to them 
as the statement of the Fii^st Uiw of Electrod}mamics. 

Like iiiuiiv of the formulae with which we have already become 
faiiiiliar, thesi* three ecjuations represent relations between corn- 
jHiiieiits and derivatives of vectors. We shall frequently find it 
euiiveiiieiit to represent them by the abbreviated notation 

rot H = 4!'jrAj, 

wlwrv by rot i/ we mean the vector whose components are the 
•|ii*«itities oil the left hand side of equations (4), taken in succes- 
sion. Tliis equation is a vector equation, that is to say, it holds 
iii«ie|Kaidt*iitly for each of the components of rot H and j 
res|k*etivt*ly. 


'The Electric Current. 

The electron theory regards the electric current which flows 
along a wire as a c«uivection current. It supposes that in a con- 
ductor there are a number of charged particles which do not 
oxoeiite small displacements about a position of equilibrium, .as in 
tile easo those electrons which we considered when we were 
discussing the behaviour (.»f dielectric media, but which are able 
To iiiMVe freely from one part of the conductor to another. In a 
iiieiallic conductor these pirticles are believed to be electrons and 
are called “free electrons” to distinguish them from the bound 
elect r<»iis, which only undergo small displacements from their 
p^Nitinii ef eiiiiilibriiim tvhen an electric field is made to act on 
iheiji. The free electrons in a metal are believed to be in much 
tile siiiie condition as the molecules of a gas. When we come, 
later MIL tn consider the evidence for this belief, we shall see that 
1! Very strong and that the resemblance is a very close one. In 
ilie ca>e of liquid electrolytes the charged particles are of atomic 
er nieirciilar diiiieiisions, and in many cases of electric conduction 
tiiiongli gases this is the case also. 

In all iliesr cases the charged particles, of whatever nature, 
aav 1>1 iii-ved lu be moving ab(jiit irregularly in all directions, even 
a lit 1 1 iiii \ an* not subjected t<.> the action of an electric field. 

ilii> dnes lit etowti •inn’’ r-i'-inof-i. .-O* .-.1 * . 
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on the average, the pirticles are just as likely he univing in any 
one direction as in any other. The etteci of an exteiiiai electric 
field is to superpose on the iiTegiilar iin.aioii a detiiiite drift, 
that on the average the positively charged particles inove in the 
direction of the electric field, and the negatively eha!*ge<i pirticles 
move in the opposite direction. In general theiv may he diliereiit 
kinds of ions of one sign present. Supp»se that in the iiriit oi 
volume there are Xp positive ions of tyjx^ p, that their average 
velocity of drift under the applied field in the tliiveiioii of the 
field is Up, and that their charge is Ep. Let the corresp aiding 
quantities for the negatively charged carriers be denoted hy small 
letters. The cuiTent density at anv point will lx* the t«.»ial amount 
of positive electricity transported acioss unit area ixrpeiidicular to 
the direction of the field at that piint, in the positive <lirection, 
plus the total amount of negative electricity transp.aied in the 
opposite direction. This is clearly 

j ^l^XpEpUp+^UpepUp ( 5 ), 

since Up is the volume of a cylinder whose axis is parallel tc> the 
field, whose sectional area is unity and whose height is Lp, the 
velocity of drift of the particles under consideration. In the case 
of solid and liquid conductors the i\"’s and E's are independent of 
the electric intensity whilst the 27 s are propational to it, so that 
the current in these cases obeys Ohm’s Law. The same is true in 
the case of very small cim-ents in gases at iiuxlerate pressures. 
In general, however, in the case of gases both the and the L ’s 
may vary in a complicated wav with the applied electromotive 
force. It is for this reason that the relation between the electro- 
motive force and the cuiTent in gaseous conduction is, generally 
speaking, quite intricate. 

The current whose properties we have been discussing is often 
called the true current. There is another kind of electric current 
called the displacement cuiTent, for the conception of which we are 
indebted to the constructive imagination of Maxwell. 

The Displacement Current. 

Consider an electric circuit consisting of a battery A, a con- 
denser B and a one-way switch C. When the key C is depressed, 
a current flows throuofh the wires fiv.m tEp int., , 0 ..^.-..-^ 
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ut file ri,!i(|»‘!isi‘r li This ciinviit is not, however, continuous all 
ihr wa\’ loiiiiil thr circuit, in the siiiiie way that it would be if the 
were ivpiaced hy a wire, since there is no actual trans- 
|M*r!:i!i*»n ‘»f elecirieity across the dielectric between the plates of 
lilt* CHiiiltaiser. Maxwell put forward the hypothesis that the 
maitiielii* efthet nf such a circuit was identical with that arising 
when tilt* CHiidensiT is replaced by a suitable conductor, and there 
is the siuia^ current flowing along the wires in the circuit. This 
alHUit owing to tlu^ existence, tvhen the field is changing, of 
mhai Maxwell calliMi a displacement current in the dielectric. 

The displaceiiieiit current density at any point is equal to ~ , 
wheft' 1) is the electric induction. 

This value for the displacement current makes the ciiiTent round 
th<* circuit continuous. For if <r is the charge per unit area of the 
plati'S id* the condenser at any point, the current i in the wires is 
\idcr 


to integral being taken over a plate of the 


conileiiser. But, if D is the value of the induction, the displace- 

[dD 


rn 

iiieii! current close to the plates is 

JJ 


dt 


dS taken over the same 


surface. We have seen that D = a, so that the displacement 
current is eijual t(»fand the current is continuous all round the 

eireiiir. 

This result may be proved to be quite general as follows : 

Consider any closed surface in space. By Gauss’s Theorem 
tile charge e inside this surface is equal to 


jj(lI)^ + mD,+ vD,)dS, 


The current flowing into the suiface is 


de 

di'' 


' dB,. dB,\ _ 

But if J, are the components of the true current density 

=-[f (0* + wy'i/ + « h) dS. 


Hence 


dt 




xuujcjy^ X jfi AVjr-\ JLi x l O-U 




So that the vector i = / is solenoida! ewrvwhere. Like the 

tubes of magnetic induction, the tubes <»f tlow of the tiital current 
are always closed regitjns of space. They have ii«j free ends, unless 


at infinity. 


It would be very difficult to devise a direct exfieriiiieiiial proof 
of the magnetic effect of displacement curreiiTs. The best pro«jf 
of it is an inductive one. The hy^xahesis rff displacement currents 
forms the basis of the electromagnetic the4>r\’ of light, and the 
extraordinary way in which the requirements of this theory have 
been fulfilled by experiment shows that it is built iipjii a .sulid 
foundation. 


It is often desiralile to consider the displacement current 

dD 


<lensitv 


dt 


as made up of two parts, {!) the aethereal displace- 

Since 


dE . u 1 - • dP 

meiit current and (2) the polarization current 


dt 


1) = E + P, - 7 " is alwavs equal to the sum of the aethereal ciirreiit 
dt 

and the polarization current. On the electron theor}’, as is obvious 
from the discussion in Chapter v, the polarization current coiTe- 
sponds to an actual displacement of charged electrons, and is to 
that extent very similar to the true current. 


Convectiori Currents. 

The kinds of electric currents which fiow in wires, electrolytic 
ctdls and so forth, and which are carried by extremely minute 
particles, are not the only ones whose magnetic effects can be 
detected. Rowland* showed in 1ST6 that an electrostatically 
charged disc when made to revolve at a sufficiently high speed 
affected a suspended magnet in the same way as a cuiTent flowing 
round the disc. Effects of this kind, that is to say, effects 
depending on the movement of electricity on a large scale, may 
easily be summarized by means of a veiy simple formula. Let p 
be the net volume density of the electrification at any point, and 
let its velocity be given in magnitude and direction by V. Then 
pV is the current density of the electricity at the point in 


Ann. der Phijs. vol. clviii. p. 87 il876’. 
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t|!iestioii. This expression may be made to include not only cases 
whert* the motion of a single charge or a small number of charges 
is eiiiiteiiiplated, but also those like the flow of electricity along a 
wire in which the number of carriers is enormous. In such cases 
we have to take the average value of p V, and it is quite clear that 
this is equal to the magnitude of the true electric current as 
s|.«ified on p. 97. 

When it is necessary or advisable to distinguish between the 
different kinds of electric current which may occur, we may write 
et|oations (4) in the form 

rot H = i^pV + (7). 

Where we are dealing with material systems we shall require the 
average, not the actual, values of these vectors just as in the 
theorv’ of the behaviour of dielectric media. 


hiduction of Currents. 

In an electrostatic field the work done in taking a unit charge 
round any closed path, to the point from which it started, vanishes. 
The electrostatic potential is a single-valued function of the space 
coordinates, and the electromotive force round any closed circuit is 
zero. This is no longer true in a region in which the magnetic 
induction is changing. Faraday* showed that when the magnetic 
field inside a closed conducting circuit was made to change, a 
current was caused to flow round the circuit. He also showed that 
the electromotive force round the circuit was equal to the rate of 
diminution of the flux of induction through the circuit in the 
pjsitive direction, multiplied by a universal constant. This state- 
ment is very similar in form to that in which we expressed the 
First Law. If we put it into analytical form we shall see that the 
resemblance is very close indeed. 

The electromotive force round any closed circuit is equal to the 
work done in taking a unit positive charge round the circuit. If s- 
denotes lengt.h measured along the circuit this is 

I E cos Es ds = J {E^dx -h Eydy -h E^dz), 


* Rfs sna 
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where E {= Ez) is the electric intensity. Let B be the 

magnetic induction at any p^int of any suriace biunded by the 
circuit. The flux of induction through an element of area dS of 

this surface will be B cos nBdS\ where }iB is the angle between the 
resultant induction B and the norinai to the surface at dS. But 

B cos nB = Bx cos nx -j- B,j cos ay -e 5, cos nz^ 

where cos nx, cos ny and cos nz are the directiuii cosines of the 
normal. The total flux of induction through the surface is therefore 

COS ? 2 X + B,, Cos ay -i- Bz cos nz ) dS, 

and the rate of diminution of this is pn>p*>rti«jiial lo the electro- 
motive force round the circuit, so that 


I i^E^dx -f- E^fdy + E^dz) 


= — xl 1 I' I (Bjc cos 71 X + By cos liy + B, cos nz) dS. 


But bv Stokes’s Theorem 


(^Exdx + Eydy 4“ E^dz) 


f[{/dEz dEy\ , 


cEx cE,\ 


c«>s n y 


(cE„ dEx\ ) 

, ^ _ eos nz> dS. 
\ cx cy J J 


Since these relations are true for any surface bounded by the 
Contour, the surface integi*als must be identically e<|ual ; so that 


dy cz ^ ' ct ' 


dy cz 
dEx cE, 


CX ^ ' ct ' 


dE„ cEx 


^ 7Z A 

rot B = - xii -;:r7 
Ct 


The value of the constant Ai is determined by the units in 
which E and B are measured (see p. 111). These three equations 
renresent the second STOUp of Maxwell’s equations. When it is 
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to give them a name we shall refer to them as the ex- 
the Second Liw of Electrod^mamics. Comparing them 

with the Fii-st Liiw, 

rot H = iiTrA (pT^+ j j 

we that, since B is proportional to H and D to E, there is a 
kind reciprocal relation between them. Also they are not quite 

tile sjime in form on account of the negative sign in front of 

Not <»nlv do these equations enable us to deduce the whole of 
tlie |)heriomena of electromagnetism, but, as we shall see, they are 
the kisis of the science of optics as well. 


The Dynamical Theory of Electi'omognetism. 

The Second Law of Electromagnetism may be looked upon 
from two different standpoints according to the attitude we take 
towards electrical science. If we regard electrodynamics as more 
fundamental than dynamics proper, then we must regard the 
Second Liw as a fundamental law of nature empirically given. 
We may however take the standpoint that the aether, which we 
postulate as a medium in which all electrical actions occur, will in 
the last analysis prove to be a mechanical system subject to the 
basjil laws of d\namics. Provided we make this assumption, even 
t Ik High we know nothing of the nature of the mechanism, we Ccxn 
j^how that the Second Law is a consequence of the First Law. 
The view that electrical actions are ultimately dynamical is one 
whose development in the hands of Maxwell led to notable 
advance.s in the science, and it is the view towards which, 
at any rate until quite recently, most authorities have leaned. 
Nevertheless it is equally logical to accept the Second Law as an 
liltimaTe fact and then, later on, to consider what we can make of 
the laws of dynamics from the standpoint thus adopted. 

shall now proceed to consider some of the consequences 
which follow from the assumption that every electrodynamical 
system is a dtnamical sj^stem subject to the operation of the first 
law and ot the fundamental laws of electrostatics and magneto- 
staiics. The energy of the field is equal to 

I a: f 7? 2 4- 2 -l- 7?? 2\ J_ 1 / 77 - 2 I Z7 2 I TT ‘2\ 
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per unit volume. Since a change in the electric intensity is 
accompanied by a corresponding change in the magnetic fi*ix‘e, it is 
natural to assume that one of the.se terms represents piteiitial and 
the other kinetic energte Moreover the presence of inagiietic 
energtms always associated with charges in motion whereas electro- 
static energ}” is present when all the charges are at rest. The 
obvi(jus conclusion therefore is that magnetic energy shtaild be 
identified with kinetic energt’ and electrostatic with pjteiitial 
energy. A more rigorous proof of the necessity f>r identifying 
magnetic with kinetic energt’ will be tVamd in Jeans s Electricifjj 
and Magnetism, p. 483. 

Assuming that the magnetic energy of the elecrrodpiamic 
field represents the kinetic energt' of a dynamical system, let us 
CM.msider the behaviour of a system <jf n circuits 1, 2, 3, etc. caiTving 
currents d, r., etc. In this case the magnetic energ}' can be 
written as a quadratic function of the n variables d, tj, etc. For 
the number of tubes of magnetic induction which flow through 
any one, let us say the mth, circuit, is the sum (»f n terms each 
representing a contribution from one circuit. This fbllrovs since 
the magnetic force at any point due to a current depends only on 
the relative geometry of the point and the current, the nature of the 
intervening medium, and the magnitude of the cuiTent, to which 
it is proportional. Thus if is the number of tubes of magnetic 
induction which traverse the 7?ith circuit in the positive direction 

m ~ "p -f- ... 4“ -r ... 4" ...(10). 

The coofficieiits etc. depend only on the geometry of the 
circuits and the nature of the material in which they lie. They 
are called coefficients of self-induction when the suffixes are like, 
and of mutual induction when they are unlike. 

The magnetic energy of any system, including that <:>f a system 
of currents, is equal to \ \j\ taken throiigh»>iit the volume 

of the system. Let us suppose that the space is mapped out by 
means of unit tubes of induction. These are closed tubes which 
completely fill the space and never intei*seci. If SS' is the nt»rma! 
sectional area ()f a unit tube at any point, the element of vtJiime 
dr may be replaced by hS ds, where ds is an element of length < >f 
the tube and is normal to BS. But SS is the area over which the 
flux of induction is unity, so that 

fiHBS = l. 
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Tin- ictrt <.f the vehiuie integinl which belongs to any one tube is 

^jlxH-BSds=:^jE[ds. 

Thus if wt‘ iiitlicate by S a summation over all the unit tubes, 
thr iiKigiii“tif energy T of the system becomes 

T=i[ jj/i£f~dr = ISJ Bds. 

Now by the fii-st law of electrod}Tiamics / Eds = 47r^2'f, where 
is algebraic sum of the cuiTents which are embraced by 
the tulx* along which the integiution is taken. Thus in the case 
of a system of linear cuiTents T is equal to the sum, over all the 
of 27rA times the algebraic sum of the cuiTents with which 
they are linked. This is equal to the sum, over all the current 
circuits, of 27 rA times the number of tubes which are linked 
with each circuit. Hence 

2'irAlimEm 

= 27r.4 + 2 Zi2^*i4 + • • * + Lnnhi^} (H)’ 

where is the algebraic sum of the number of tubes which 
thread the ;/tth circuit in the positive direction. 

At first sight this result appears to be inconsistent with the 
conclusions which we formerly reached as to the equivalence of 
currents and magnetic shells. We see from equation (11), Chap, v, 
that the eiieigy of the shell \vhich is equivalent to the nith circuit 
X 

is — <hm “ 5 where Xm is the number of tubes of induction, 

supposed invariable, which thread it, (j)^ is its strength, and //, is 
the permeability of the medium. For a medium of unit per- 
meability <f>.n = 47r J-brt ; so that for a medium of permeability fx, 
= 47rA fiiiii . This result follows since the magnetic force which 
a given ciiiTent produces is independent of the medium, while it 
is the induction due to a shell tvhich is independent of the 
permeability of the medium. Thus for a single equivalent shell 
in a fixed field the energy is - 4}TrA To find the total 

energy of the system of equivalent shells we have to imagine 
them created in infinitesimal steps, so that each increment 
is proportional to the final magnitude of the corresponding 
circuit. The calculation is precisely similar to that followed in 
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Chap. II, p. 38, in obtaining the tcjtal energy’ of a systeni of eleerr^- 
static charges, except for the ditterence in the fomi of the expression 
for the potential energy’ of the system. This eaieiilatioii iiitn Hiiiees 
a factor so that the energy of the sy.steiii of shells which pr«xiiices 
the same magnetic field as the system of cuiTents is 

— 2'7rA'^{mX,n = — (inV + + ... -r 

The difference between this expres.siun and (11) arises fnaii the 
energ}’ which lies within the volume of the shell itself*. This 
quantity, which is equal to —2T in the case of the equivalent shells, 
is zero in the case of the cuiTcnts. 


The method of Lagrange s equations'^ enables us to find out a 
gi*eat deal about the behaviour of a mechanical system even when 
we have no means of discovering the precise nature of the 
mechanism. We shall therefore apply that method to the problem 
tmder consideration. As a preliminary we have to express the 
kinetic energy T and the potential energy- TF as functions of the 
generalized coordinates Xi, etc. and the corresponding velocities 
Xj, Xo, etc. We have seen that if we identify T with the magnetic- 
energy in the field we get 

y = -j- 27rA (iiiti' -f LiAii^ + Lisb + . . . ), 


and this will be a quadratic function of the velocity coordinates 
Xi, Xo, etc. if we make ii — x., 22 = — etc. Thus the 

generalized displacement Xg becomes Jigdt and is equal to tlie 
quantity of electricity which has flowed round the circuit after 
some fixed instant. In the present case TI" = 0 since the system 
does not possess electrostatic energv', the capicity being regarded 
as neorlimble. We also notice that the Ls are fimctions onlv of 
the geometrical arrangement of the circuits and of the nature of 
the intervening medium. They do not involve the generalized 
displacements x. 


If Xs is the component of generalized external force corre- 
sponding to the generalized displacement we have 


d fdT^^ dT 

ct - CXg 


(12 K 


" Cf. Jeans, Electricity and Magnetism, p. 433. 

t For an account of the part of generalized d^’namies which is germane to the 
present discussion the reader may be referred to Jeans's Electricity and Magnetism, 
Chap. XVI. 
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lilt- liiotiMii hring iiiicniKstraiiitMl. An equation of this type holds 
tUr each generalized coordinate Xg whether the system is a 

t*ii!ist-rvat!vt^ niie or inM. 

[It ?iiav |M‘rha|is he worth while pointing out for the benefit 
Ilf those !vade!‘s who are unfamiliar with this branch of d}mamics 
that the .Y's are not actually forces nor the xs actually displace- 
liii'iHs, Tlu‘ condition that they have to satisfy is that the work 
ir done during a small change in the state of the system due to a 
eliaiige, let us siiy of the value of the generalized coordinate 
j‘, is = X^Sx^. Thus in the present case, since means a change 
ill the (|iiantity (»f electricity which has flowed round the circuit, 
X, will he tin* effective electromotive force in the circuit.] 

8inct‘ J = + 27rA [L^Xf + +*••]’ 

5, ( ^ + 47rA r- {LigXi + + LssX's + . . . + J-^ssXs + . . .) 

ft cxj dt 


= + 47rA 


dt 


(13), 


%vhere Xf, is the number of tubes of induction which thread the 

dT 

circuit. As T does not contain the a;s, = 0, so that 

dXs 

Suppose that in this circuit there is an intrinsic electromotive 
f >ree E , : the W(.>rk done during a small change dxs in the quantity 
of* eleciricity which has flowed round the circuit wdll be 

XsKv,. = EgBx^ - Rsis^dt, 

where is the resistance of the circuit and % is the current 
round IT. The last term represents the reaction of the matter in the 
eireiiit on account of the Joule heating effect. Since = 

Xs = Es ~ Rsh- 

= (14). 

If there is no intrinsic electromotive force, in the circuit, the 
cum-nt is all due to the electromagnetic induction. From Ohm’s 
Law We See that the electromotivp fni 
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dX 

electromagnetic induction is RJ^ = — ^ttA . Thus reverting 
to our former iKjtation 

I {Ejrdx +EyCly -rE::dz) = — ^ttA j j ( + mB,, -f i dS, 

It follows that the Second Liiw is a consequence « »f the Fii*st 
Liiw provided we admit that the magnetic energy in the field 
can be identified with the kinetic eiiergv'’ of a mechanical system : 
and provided also that A^ = 47rjl. 

The following investigation which leads directly t<j the sec^jiid 
of Maxwells equations is instructive. We shall suppose that 
there are both electrostatic and magnetic forces in the field, so 
that if T is the kinetic energy, and W the potential energ}', per 
unit volume of the system, we have 

and Tf = 4 /c {E^- 4- E,f + £’/). 

We shall restrict our proof to eases in which there are n«:> free 
charges. Our system has to satisfy the first law oi electrodynamics, 
so that 

^ , .dD , cE 

rot H = 47rJ. = -^itAk — , 

ct Cl 

and we also have div D = 0. 

Now the changes occurring in every dynamical system are 
subject to the principle of Least Action, which may be put in 
the form 

sf\r-in* = 0 (15). 

This means that in any natural motion of the system, from a 
given configuration at time U to another given configuration at 
time to, the actual motion is such as to make the time integral of 
T — ir a minimum, and that any slight variation fin an the actual 
motion of the system, subject to the conditions being unchanged 
for the initial and final configurations (t = b and t = to respectively), 
must be such that the variation of the integTal is zenj. We shall 
see that this is sufficient to establish the Second Law. 

Since T is the kinetic energ}% the i? s will be velocity co- 
ordinates. Let us put H~6 that Hx=^6x, R„ = dy, Hy=d-, 
where the ^’s are generalized coordinates. We may now write the 
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I-iu in thr r./'^ = 47 r .4 an.l we shall extend this 

>•' a> !" liiak.' it true uf any change of the dependent 
l anai-i. - d and D wlieihei' ill fesfx-ct to the time or not. ^ Thus if 
d i.irii ' hv cO We sliall supjiose the variation to be conditioned by 
v.,i ia!i..n SD nf }> acc.nling to the formula rot Sd = 47ril SD. 
\Vi haw, ifd- i> an element of volume, 

f \ ,h ! ■ T<lt = I dr f'‘ jj. ( + 6„Wi, + 

= j I yii ( dj-Sdj- + d,,Sd,, + drSdj) I X dr 
. ' '^1 

-jf { (0xS&x + 6ySd,j + dzSdz) • drdt, 

and Sjj Jf'drdf = j dr j k {EJhEx-^- dt 

" 4^.4 (|/ “ Iz ^ (£ ~ ^ 

+ E, [I- (Be,,) - (Sd*))1 dt 

\ca: ' 

= (nE„- mE,) + Be.,(lEx - nE^) 

4 tr--l., . L ■ ■ ^ 

•}“ BO 2 {ihiEx — 

~\oy Ox J 

Thus 

c i' r/T ! '■ ( r - Ti' ) rff = 0 = I dr (4sd, + d,sd„ + dzSd,) | 

S' -f)}* 

- I ^ Sex{//Ey- niE,) + B9,J (lE^ - nEx) 

■j- B9x (}hEx — Z.^y)'j dt. 
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The present analysis is restricted to the case where the iiiedia 
are at rest and where there are no free charges. Mc»reu^’er the 
actual and the varied system are to be identical at t = ti and t = 4. 
This makes the first volume integi'al vanish, since at butii time 
limits = 0. The surface integi'al will vanish if we 

suppose the surface to be a closed surface at an infinite distance freni 
the region in which the actions are going on. For although dS is 

proportional to both E and 6 are of the order p at most. It 

follows that the second volume integral must vanish. And since 
the S^’s are perfectly arbitrary both for each element of \<diiiiie 
and for each element of time (except for the limits of time) the 
coefficients of each of them must alwavs be zero. \Ye theref av find 


or 


cy cz 

cz cx 
rEy 

dx cy 
rot E = 


4'7rA/4^x = 
47rAyaP,, = 

• 47r A Oy = 

?_£ 
dt ’ 


-^irA 

ct 


■ 47rA 


Thus the Second Law follows if we assume the truth «:)f the 
First Law, and make the further assumption that the electro- 
dynamic field is a mechanical system. 

The foregoing deduction is practically identical with one given 
by Larmor (Aether and Matter, Chapter vi), who has shown that 
the laws of electrodtmamics can be built up by giving the aether 
a mechanical constitution. For the further development of this 
theory, including the natural extension to the case where the 
presence in the field of electric charges is contemplated, the reader 
may be referred to Larmor’s Aether and Matter, Chaps, vi, vir, 
and X. 


Electrical U nits. 

We have seen that the work done in taking a unit magiituic 
pole round a path situated in free space which encircles a cuiTeiit 
of strength i once, is given by 

j' Eds = 47rA{. 
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I'lif laluf »4 th»‘ o’listuiit *1 will ck*arly tlcpond on the 

!iui^inui4*‘ sif ill*- units in wliieh Hand i aiv measured. It also 
u. pud- Mil iliM iiiiils of length and time. 

\\V liavM aln/aslv defined oiir units of magnetic pjle strength 
aii.i t-krtrie eliarg»'. Fmm either t»f these units, although not 
fioiii liMiii. thr iinifs nf all other electric and magnetic quantities 
!>»■ rlrii\ed iiiH'qui voeallv provided we keep to the same 
m! iii,t>s, liiigih and time. Thus, to determine our unit 
Mf iiiagiauii* iiiltiisiiv H we only need to remember that inH 
jN ila* time in dviit's on a ]x»le of strength m, s(» that the unit of 
li I- »le|oriiiiiied hy the unit of m and of force. It is evident 
tlia! the dimensions of tin* pnMliict inH are independent of the 
dniieii'-ioiiN whieli, since they are unknown, may arbitrarily be 
assigned to the pr<Kluct must always have the dimensions 
of a niectianical force. The dimensions <,>f many other combina- 
tion> of tiectric and magnetic quantities are predetermined in the 
siine way: for instance, Ee has the dimensions of force and /jlH- 
and kE- ha\e the dimensions of energy per unit volume, and so 
oil. Tile unit of ciiiTeiit i clearly only involves the units of electric 
rliargi* and time, and is therefore determined in our case since we 
lia\ e Jiln'atiy fixed the units of electric charge and time. 


\V!u*!i H and i are m»*asured in this way, the value of the 
CMiixmiu iaetMi- is 477.1 = 1 c. where c-S x 10"' cins. per see. The 
qiiaiiiiry r, which has tlie dimensions of a velocity, and thus has a 
mmiorieal \alue which depends only on the units of length and 
tiiiio, is Him of the most inqxmtant physical quantities. As Ave 
shall seta it is equal among other things, to the velocity of light 
and other forms of electnuiiagnetic radiation in empty space. 

\\ ht'ii the stipulation above as to the character of the derived 
imii> is understood we can write equation (T) in the form 


rot E = 


1 

c \ct 



lx reiiiaiiis to consider the value of the constant A, which 
eriiers into the expression for the second lawu This may. be 
discMVered ly making use of the principle of the conservation of 
oiimgv, am! f u* this purpose the simplest possible example of the 
iiiductioii of eiirrents will suffice as well as another. Consider a 
>iiigle eirciiit earning a current V, the self-induction of the circuit 
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being L, Then the magnetic er kinetic energy «if this circuit is 

277-4 Xt- = If the ciirrent i changes, the aiiiuiiiit of this 

energy wiil alter and it is a kiiuw'n physical fact that there will be 
in c<jnsequence a self-induced electromotive force acting round the 
circuit. In general the circuit may lose energy by radiation or in 
other ways, but under suitable conditions these losses are negligible. 
In such cases the rate of loss of magnetic eiierg\’ will be equal to 
the work done against the resistance of the circuit less the wi»rk 
supplierl by tin* battery (.4* electromotive force E. Thus 


2c ct 




~% = E-Ri 

c ct 

The electromotive force due to induction is therefore 

£r'=_- — =--^' 
c ct c cf ’ 


where N is the number of tubes of induction, measured in our 
system of units, which thread the circuit in the positive direc- 
tion. It follows by comparison with the equations on p. 101 that 

A^ = i = 477-4, when the electrostatic quantities are measured in 

the modified electrostatic units and the magnetic quantities in the 
modified electromagnetic units. 

The following example is also instructive, since it brings out 
quite clearly that it must be the magnetic induction and not the 
magnetic intensity whose rate of change determines the magnitude 
of the induced currents. Consider the behaviour of a bar of 
magnetizable material encircled by a solenoid having n turns of 
wire per unit length. The bar is of uniform cross section a, and 
of indefinite length 1. A current i Mows in the solenoid and 
maintains a magnetic field of intensity H in the bar. The 
relation between H and i is 

H = 477-4 uf = ~i (16 ). 

c 

The work done in establishing the magnetic field in the bar 
consists of two parts, (1) lajHdl, which, if I is the intensity of 
magnetization, represents the actual work in magnetizing the bar, 
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a,„l (2) latHdIl which represents the energy of the magnetic 
Md in ih«' nether of the sp:ice occupied by the bar. In a small 
im.-nal of time dt the increment in the magnetic energj' in the 
ktr is thus 




fdl dH\ 

UT dt) 


dt. 


This must l>e ecpial to the work done against the back electro- 
iu.uite force of induction. This work is 

A.nloL^l^.idt^hH.A.c.^dt. 

d ,r TT^ A dJB 

.Suthat + dr 

Thus B-H + I in accordance with Chap. VI and = ^ = 47rd. 

c 


It is well to Iimlei-stand clearly the difference between the 
svsteiii of units we are using and the two systems, the electrostatic 
systeiii and the electromagnetic system respectively, which are 
most freijiieiitly used in books dealing wdth the theory of electricity, 
llie unit of electric charge in the electrostatic system is V47r 
times oiir unit of electric charge; but it is not this difference so 
much as the difference in the units in which the magnetic 
•|uantities are measured which it is desirable to emphasize at the 
moment. On the electrostatic system the unit of current is 
obtained from the unit of electric charge, and the magnetic 
«|iiantities are then obtained by giving A the arbitrary value 
unity in the equation 

Jjlds = 4f7rAi. 

This fixes the unit of magnetic force and so determines the unit 
«*f magnetic charge. In our units the measure of ^ is V 47 r times 
greater and A is 47rc times less than in the electrostatic system, so 
that our unit of magnetic force is c\/47r times gi'eater than the 
electrostatic unit. Since 7nH has the same value on all systems 
which ha\’e the same unit of mechanical force our unit of pole 
.strength is c^'47r times smaller than the electrostatic unit. 

The electromagnetic system of units also makes J. = 1, but it 
sets out by defining the unit magnetic pole as that which repels 
an equal ]x»le at unit distance with a force of one dvne. On this 


ELECTROM AGX ETIS.M 


m 


system the unit of p.>le strength is theivfuv \ -lir limes «Jiir iiiiil 
and 1 c times the electrostatic unit. The elect rostatie unit t-*f p»de 
strength is thus greater than the electromagiielic unit by the 
factor 3 x 10^** ciiis. jxu* sec. It fulh^ws that the measure <jf H iUi 
the electromagnetic system is 1 c* times its measure «.»ii the electro- 
static system. Whence, by considering the equation = 

which is true on b<.>th these systems, it follows that the measure of 
e on the electrostatic system is c times greater than on the electro- 
magnetic system. Thus the electromagnetic unit <»f electric cliiirge 
is c times the electrostatic unit, ami c \ Jtt times «jur unit of 
electric charge. 

It follows that when the unit of electric charge is detiiied as 
that which re}X.ds an equal and similar charge at unit distance 
with a force equal to 1 '477 dxTies, and the quantities which can be 
derived from it without making use of the two laws of electro- 
magnetism are measured in terms of units which are based on 
this unit of electric charge : and when in addition the unit of 
magnetic pole strength is defined as the strength of that ]^x>le 
which rej>els an equal and similar pole at unit distance with a 
force of 1/477 dynes, and when the quantities which can be derived 
from this without making use of the two laws of electromagnetism 
are measured in units which are based on this unit of magnetic 
pole strength: then the two laws of electromagnetic induction 


become : 



( 1 ) 



.....(17 ), 

( 2 ) 

rut E = 

c ct 

(ISi. 


In the sequel we shciil always use (17) and (18) rather than (7) 
and (8). 


Magnetic Force due to an Element of Electric Current. 

We have seen (Chap, v, p. 85) that the force due to a magnetic 
shell of strength (f> at a distant point P can be represented as 
arising from each element of the boundary of the shell. Since a 
current of strength i placed in a medium whose permeability is jjl 
causes the same distribution of magnetic intensity as a shell «:>f 
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^ = 477*4/11 = fLi t\ it tnil«»ws tliut eiicli fleiueiit ids of an 
vkrirw liiiTf'iil t-aii hv rfganlrd as giving rist* at every point in 
i*> a iiiai(iietic intensity of aiianmt 


{ sin rs ds 
47rc f' 


(19), 


wfuTi- r i> I ho ratlius fnaa the jx)int P to ds and 7 's is the angle 
Ik nvt t II r and civ. The direetikHi of the intensity is normal to ?• 
and fiv. dlii> result is true whether the space is empty or filled 
wiili lioiiioo,*iu*Hiis matter, and is independent of the per- 

liiealdlity /i. 


Ft/rce m (Ui Element of Current in a Magnetic Field. 

We lia\e stvii that the force on a magnetic shell of strength ^ 
when lilaenl in a laagnetic field where the intensit}’’ is H can be 
repn*sentKl jis the resultant of forces equal to — acting 

(»ii each element ds td* the boundary of the shell. It follows that 
tile force exerted on an element ids of electric current i by a field 
H i> 

— H 

c 




.( 20 ). 


Where the current is due to the m<»tion of an electric charo'e 

o 

vf \Hlu!iie density p with velocity v, the current per unit area 
is pi\ and the three on unit volume due to the field H is 




.( 21 ). 


If tile eharo:e is carried bv a particle whose volume is r the charo-e 
e will be given by e= j j j pdr, and the force acting on it is 


B. 


ev 


•(22). 


The eMiiipniieiiis Fy, F. of this force are 
-ft = ^ {B,v„ - B„vk 


(B^v, - V (^ 23 ). 
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ELECTROMAGNETIC WAVES 


The Equations of Propagation. 


Let us for the moment confine our attention to the applicaticm 
of Maxwell’s equations to regions in which there are neither electric 
nor magnetic charges. Strictly speaking, from the point of view 
of the electron theory, this should restrict us to the case of the 
free aether, since all matter is supposed to be made up of electrically 
charged particles. In material media, however, the mean density 
of the charge at any point, if we average over a volume containing 
an enormous number of particles, is in most cases zero; so that we 
shall examine the consequences, incidentally, of supposing that 
with material media the peculiarities of the individual electrons 
can be left out of consideration. We shall soon see that the results 
at which we arrive, while exact for the free aether, are the 
crudest kind of approximation when applied to material media. 

The equations to w'hich tve have been led in the preceding 
chapter in the case in which p = 0 are 


rot 


c ct 


K cE 


rot ^ — 


1 CjB 
c ct 


p cH 
c ct 


We have seen that the two foregoing equations are really an 
abbreviation for six equations bettveen the six components of H 
and E, These equations can therefore be solved for each one of 
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ill.- .k-piiilini v:iri:ibk-s Hx, Hx, Ex> E,j and Ex. 
ilit-iii ..tn iL lull, ha\ t* 

cH^ ^ ^ 

Cl/ cs c dt 

- 1 

^ dx c dt 

dx dy c dt 

d^_dj^ 

dz 9.» c dt 


dE„ /i dHx 


^ ^ ; 

dz c dt 


BE,, 


^ 

d^ 

From (1 ), (5) and (6) we have 


IxdH, 
c dt 


Writing 

••••(iX 

....( 2 ), 

...(3), 

-...(4X 

•..(5X 

...(6X 


c cf 


c 


idHx\ 

9, 

(dHy\ 

\ dt j 

dz^ 

\ dt J 


d ( dEx __ BEy\ ^ f dEz __ BE^ 

l^y V % dx ) dz\dx dz j 


8 - 0 - 
^X' dz 


Now 


= /) = 0, 


dx dx dy dz / J 


dEx . dEy . dE, 


4 . 

cx dy dz 


i^inct* there are no charges in the medium. Thus 

d^^E^. 


c- 0^- 


In the same manner we may show that each of the variables 
Ex. Ey, Ez, Hx, Hy, Hz satisfies the same equation. 

We shall now investigate the solution of the equation 


,r-o 


•( 0 . 


ant! show thcit it is the general equation of propagation of waves 
with velocity a. Let us take the integi'al of both sides of equation 
1 7) throughout a closed volume, then 




• a- 


— dS.. 


( 8 ) 
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by Greens Theorem (Chap, ii, p. 24), where the surface integral 
extends over the surface enclosing the volume. Let S be the 
surface of a sphere of radius r whose centre is at the ])oiut P, and 
let dco be the solid angle subtendeti by dS at the jxtint P, then 

~Il til j/S = '-"I-. 

and /j f If ^ I ^ i^dcodr = j j dco r-u,dr. 

Differentiating both sides of (8) by the upper limit r, 


I hirdo} = ~ 

G-d.f| 

J. cr 

. crJJ 


Xow ff u^d(£t is 477 times the mean value of n over the surface 
ot the sphere whose centre is P and radius ?*. Let us denote this 
by then 

f " - - . C '' .^C U r \ 


c- - - , C ' ^CU/ 

«,• = «*' 

at cr y cr 

p.2 

^ — „r" — 

:^{rar) = a- [ruA 

Cl c)" 


Xow let rur = v and introduce new independent variables 
p = at + r and q = at — r, then 


cv __ av dp cv aq ___ 
dt dp dt dq ct 


^av , cr 
r-v\ 


dpcq ‘ cq-r 


dr _ dv dp cv cq _ cr cr 
dr dp dr ‘ dq cr cp dq ' 

ch' ^d-r ^ d-r , ch' 
cr- dp- “ dpcq ' cq-' 

so that = 0. 

cpcq 

The general solution of this c-qiiation is cit-arly 

= t\{at~\-r) -\- t\{at— r)^ra,. 
where fi and are arbitrary functions. 

Since Uj. is never infinite, v = 0 when r = 0, so that 
j\ {at) = — t\ {at) for ail values of t. 
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Tht refore /] and fniiK not entirely arbitrary, but one is opposite 
in sign t<> the other. Thus 

r'ui.=f,(at + r)-fi(at-r) (9). 

Differentiating by r 

^ + »• ^ =// (“^ + '■) + f^' ~ 

When r = 0, Uq = 2// (at). 

Blit is the mean value of over a sphere of infinitesimal 
Kwiius about the point P; it is therefore equal to the value ^ip at 
F itself. So that 

Up = 2// (at). 

Again we have from (9) 

^ 0'»r) =// {at + r) +// {at - r), 
and S ^ ~ 


Thus ~ (?'«,.) = 2// (ai + r) 


and for t = 0 




d / r 
dr l-iTT, 




Suppose that for a certain instant, which we shall take as the 
origin of time, the values of Uy and are given for every point 
in space. Let 

(«>=« = F {x, y, z) and = F' {x, y, z). 

But when )‘=at, 2f’(r) = uj., so that 


Thus the value of up at any time t subsequent to the time 
f - 0, at w hich the values of F and F' are given throughout space, 
3s obtained by describing a sphere of radius at about the point P. 
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The value of up will then be determined, provided we know the 
» Bii 

average value of g- over the surface of this sphere at f = 0, as well 

as the rate at which the average value of k over this sphere at time 
f = 0 changes as the radius is increased. 

The meaning of this solution is perhaps seen nitjre clearly if we 
consider a case in which the value t»f a at f = 0 is zero everywhere 
except in a certain limited region of spice r. Consider the value 
of ii at some external p>mt P. Let the shortest line from P t* t r be 
d and the longest line c. Then until f = b fi, the value of up will 
be zero since the sphere of radius ai will not intei'sect the region 
for which u was not equal to zero at ^ = 0. F«jr similar roas^jiis 
when t is greater than c a the value of Up will again be zero. 
Thus H represents a disturbance which is propigated in all direc- 
tions with the velocity a. The tVjreg«»ing solution, which is due to 
Poisson, shows that electromagnetic etfects are propigated with 
finite velocity, like waves. In fact the equation 


is the general equation of wave motion and contains the mathe- 
matics underlying all the different kinds of wave motion contem- 
plated in physics. 


Before leaving Poisson's solution it may be well to consider a 
very simple concrete example to which 
it may be applied. Suppose that by < 
means of two cuiTent sheets AB and : 

CD perpendicular to the plane <jf 
the paper, we produce a unifbnn i 
magnetic held H in the direction of 1 

the arrow. Suppose that at a certain j 

time t = 0 the currents are .stopped. ! ^ 



What will be the value of the magnetic 

intensity at the point P afcenvards ? 

Clearly there will be no held at P imtil 

PR b , . , , . 

t = = - , where a is the velocity of 

a a 

propagation ; that is to say, until the 
sphere of radius at cuts the plane CD. 
To hnd the value after the sphere has 
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flit ih.- likiif CD but not the plane AB, let the points of inter- 
with CD be .S' and T. Then at t — 0,-^ = 0 everpvhere 
. xeeid ill a eireiilar strip of infinitesimal width of which ST is the 

dH 

iliimivM'. Evi‘n in this infinitesimal strip is finite, so that the 

mu^i:rd in 1 10) which involves F' is zero when ^ = 0. Also 

i/ = CMiistant = at ewry point of the spherical cap of which 

. -n ■ • 1 1 /Yz;r. HxQB j^at-PR 

tSijf IS a sK*nt»n, and ^ j JFdco = 9 pQ” = ^ ^ — • Thus 

H 

fr^iii *>»|uatiun (10) = and is independent of the position of 

Q s»> ]«aig as it lies between the planes. When the sphere of 
nidins at intei-sects both planes ^ I'fFdco = ~ where d is the 
distance bt‘tween the planes, and 


It is clear that the slab of thickness d in which the magnetic 
intensity is H splits into two slabs of equal thickness in which the 
magmetic intensity is if/2, and these are propagated in opposite 
directions normal to the faces of the slab with the velocity a. 

The moving slabs of magnetic force form only part of the 
solution of the problem. This is clear because the energy of the 
magnetic field in the two moving slabs taken together is only half 
of the energ}- of the original magnetic field. It is necessary 
to con.sider the electric intensity B as well. 

dE 

At t = 0, £■ = 0 eveiyxx-here, but is not zero. Consider any 

rectangle B.r, By in the plane of the paper such that Bx crosses CD 
to whK-h By is parallel. Then, by the first law of electrodjmamics, 
confining ourselves to the case of propagation in fi-ee space for 
which K = l, fi = l and a = c, 
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since everything is indej)enclent of y and the work H hj vanishi*> 
along the right-hand side of the rectangle where H = 0. But if 
the angle SPQ = 9, 



dE ^TTCit sin OtitcW 
at a-t- 


2'7r^rf{eusf^): 

ct 


'ITT 

at 


cE 




Thus 


fi 


dE 

dt 


dcD ■■ 


' 1 anti, from ( 10 1, 

at J ct 


t f fcE 




1 ic£ 


a J ct 


dj- 


H 
•2 • 


When the sphere of riidius PQ cuts both planes we see that 
fdE 

the value of J Sx contributed by the sec« »nd plane is eqiail 

and opposite to that frma the first, so that Ep again bectuiies 
zero. Thus the slab of imo'ing magnetic force H is accoinpinied 
by an equal electric force at right angles to and of equal raagnitude 
with H, The electric force in the slab which moves to the right 
is in the opposite direction to that in the slab which nioves to the 
left, whereas the magnetic force is in the same direcriuii in both 
cases. 


Velocity of Propayaiion. 

^Ye have seen that the components of the electric and magnetic 

intensities satisfv the equation ^ = a-Y-?/ so that their changes 

ct' 

in time and space are such as would arise if they were p*opigateti 
fiv»m every point with velocity F=c \ p/c. For a vacuous space 
p = l and K = l, so that it follows that elect romagTie tic distiirbaiices 
are propagated in \'aciio with a velocity which is equal to c. the 
ratio of the electromagnetic unit of charge to the elecirosiatic 
unit. At the time that this conclusion was first reached (by 
Maxwell) it had not been shown that electromag-netic disrurbaiiees 
were propagated with finite velocity, so that there was no experi- 
mental material available, by means of which the concliisiuii c« uiid 
be quantitatively tested. Maxwell however pin forward the view, 
which Faraday's instinct had previously led him to express 
although his mathematical limitations had probably preventeii 
him from being able to deduce adequate experimental evidence 
in favour of it, that light itself was really an elecrrmnagnetic 
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phi III that rVfiii, Maxwvll pmiieted, its velocity ot 

I >11 i<.> the ratio c of the two kinds ot 

carried out a dereriiiination of the value 
m! 1 ' Miid iMfiiid it io be equal t«» the velocity of light through 
within the liiuits .»f his ex{>eriniental error. At a much 
Lifri* tlaie ilSKHi Max\vt*irs Theory was put in a much stronger 
In fli»" researcht's ef Hertz ^ who showed that vibrating 
f it elrieal systt-iiis >neh as could be set up in the laboratory 
niii!!, d rlrefivaiiagiietic wave.s. Hertz investigated the principal 
piMpiiiif'S *»f iliese waves and showed that they were analogous 
!.» waves of light, from which they differed principally in the 
p*s>essiMii .»f iiiucli longer wave-lengths. 

M«*n/ recent di'terminati<jns have shown a continually increasing 
agrt'eiiieiit btuween the values of (1) the ratio of the two units 
of ehetric charge, {2) the velocity of electric waves and (3) the 
vel«»eity of light in space. The agreement of the results of 
diffenau observers is well exhibited by the following numbers 
wliich are taken from Jeans s Electricity and Magnetism, p. 506. 

jpor the value of c, the ratio of the two units, the following 
results have been collected by H. Abrahamf as likely to be mo.st 
accurate : 

Hiiiistedt 3’0057 x 10^'^ Abraham 2*9913 x 10^'^ 

Kosa 3*0000 X 10^'‘ Pellat 3*0092 x 10^^’ 

J. J. TIuuiisuii 2*9960 x 10^'* Hurmiizescu 3*0010 x 10^- 

Perot and Fctbry 2*9973 x 10^'^ 

The liiean of these quantities is 

c = 3*0001 X 10^® cms./sec. 

For the velocity of propagation of electromagnetic waves in 
air the following values are collected by Blondlot and Gutton:J: : 

Blondlot 3*022 x lO'*", 2*964 x 10'^ 2*980 x lO'"’ 

Trowbridge and Duane 3*003 x lO^'^ 

MacLean 2*9911 x 10'" 

Saunders 2*982 x 10'", 2*997 x 10'" 

The nieaii of these quantities is 

2*991 X 10'" cms./sec. 

Ann. der Piujsi. vol. xsxiv. p. 551 (1888). 
r Rapports du Congres de Physique, Paris, 1900, vol. ii. p. 267. 
t Rannorts' du CVinni-r,! da PJn/cfyvw^ tqaa 
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For the velocity of light in fi'ee aether Gomii* gives as the 
most probable value 3*0013 + *0027 x 10^^ cins./sec. Dividing by 
1*000294 the refractive index of air refeiTed to a vacuum, this 
gives for the velocity of light in air 

3*0004 ± *0027 X 10^® cms./sec. 

The velocity of electric waves is knowm with much less ac- 
curacy than the other two quantities but they are undoubtedly 
all three identical in value wdthin the limits of experimental 
error involved in each case. 

Since the velocity of propagation is c V/4a:, the velocity of 
light in magnetic and dielectric media should be inversely 
proportional to the square root of the product of the magnetic 
permeability and the dielectric constant. Since it follows from the 
wave theoiy of light that the refractive index n of a medium is 
invei-sely as the velocity of propagation of the light through it, 
it follows that for different media of the same magnetic per- 
meability 

71- OC K. 

This law has not been found to be even approximately verified 
for the waves which constitute light. In fact, a moment’s con- 
sideration shows that it must be vTong, since it would make ?i 
constant, whereas the phenomenon of dispersion shows that n is 
a function of the wave-length. The tact that ii- is not proportional 
to K is not to be regarded as an objection to the electromagnetic 
theory of light. The theory on which it has been deduced is 
exact when applied to the free aether but its scope is not wide 
enough properly to account for the optical behaviour of material 
media. The reason for this is that material media contain 
electrically charged particles which are set into motion by the 
electric and magnetic forces of the light waves, and it is necessary 
to consider the dynamics of these particles to account satisfactorily 
for the optical behaviour of such media. 

If we turn from light waves to the electrical vibrations of 
much lower frequency emitted by the Hertzian oscillator the state 
of affairs is very different. The period of these vibrations is, as a 
rule, gi’eat compared with the natural periods of the electrons 
in the molecules of the substance, so that the motion of the 


Xoc. cif. p. *246. 
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rirrir'oii,. i> iiiiieh the siwue as it would be under a steady field 
.if ihi' .siiiii* iiiai(i!itu(ie as the instantaneous value of that 
*lii» fH I hr liKht wave. Under these circumstances the material 
rail lit‘ nvafed as a continuous medium of definite dielectric 

rfin.'ii! jc, and f .r waves of this character the velocity of propa- 
-.iiioii in ditlenuit media should be inversely as the square roots 
,*f‘ ihr dirleetric cnrfiicieiits. This conclusion is substantiated by 
ihi - ivsiilis of exjK.u-iiiients. Thus A. U. Cole* found the refi*active 
iiidrx water to be 811 whereas its dielectric coefficient a: = 80. 
Willi Ollier substances the agreement appears to be satisfactory 
the rather considerable limits of error of the determinations 
(♦f liie dielectric coefficients f. 

\\\/ shall defer to the next chapter the consideration of the 
caust'S which make the behaviour of bodies towards light different 
from that predicted by the simple form of the electromagnetic 
theory which we have been discussing. There are, however, a 
iiiuiiku* (d' phenomena exhibited by electromagnetic waves in 
their relation to matter which are partly true for light waves 
and strictly true for very long waves. The rest of this chapter 
will be occupied with an account of some of these. 


Pnqyerties of a Plane-Polarized Electromagnetic Wave. 


A solution of the equation 


dhi 

dt^ 


arVhi is 


u = lue 


^ {at— lx- my— nc) 


( 11 ) 


pn o'ided -f W" -{- a- = 1. The expression on the right-hand side 
is a complex quantity, being equal to 

r 277 277 1 

~ i sin ~ {at - Iw — my ~ nz) . 

Ihe real part of a therefore represents a disturbance of \vave- 
lengtli \ and amplitude wffiich is propagated along the straight 
line x!^y’m = z'n with constant amplitude iio and constant 
vekicity a. It is thus the appropriate specification of a mono- 
chromatic train of plane waves of wave-length If we take 
the direction of propagation to be along the axis of ^ we shall 

* Wied. Ann. vol. lvii. p. 290 (1896). 

Fleming, Principles of Electric Wave Telegraphy , jd. 820. 
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have n = l and u will be equal to ii^^e a and its real 
part to 

2‘7r 

UqCO^ — {at — z) ( 12 ). 

A 

Let the real part of u represent Ex,t]ie x component of the 
electric intensity in the wave front, and consider the train of 
waves for which Eij = Ez= 0. The electric intensity in this train 
will be completely specified by the equations 

Ex = real part of E^e 

or Ex — E^ {at — z) (13). 

A 

It is clear that any equation between functions of complex vari- 
ables such as, for example, 

jPi («, iv) = F..{x, it/) 

involves the separate truth of the two equations 
Real part of Fi = Real part of Fn 
and Imaginary part- of Fi = Imaginary part of F. 2 , 

otherwise t = V— I would be equal to a real quantity, which is 
absurd. This principle effects considerable simplification in the 
working out of problems arising in connection with the propa- 
gation of waves, as it enables us to work with the complex solution 
and then pick out the real parts at the end of our calculations. 
The advantage of this lies in the fact that the complex equations 
are usually simpler than their real equivalents. 

Suppose that we are dealing with the train of plane waves 
propagated along the axis of Each of the vectois Ex, E„, Er, 
Hx, H,j, Hz which serve to specify the state of the medium at any 

point at any instant must be of the form "a The values 

however are not independent but have to satisfy the six equations 
on p. 116, viz. 

cy cz G ct ' 
dHx cHz __ K cE„ 
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^Ey_ 


dH, 


dz 

c 

ct '■ 

r^_ 

ti:-- 


dHy 

cz 

cx 

c 

dt ’ 

rEy 

dE^_ 


dH, 

n 


c 

dt • 


As each the dependent variables is of the form 



, i f {at-zf 

const, xe ^ 

we have 

r . ^TT 

= i a, 

ct X 

d 

d.r 

II 

II 

p 

s«j that 

- hjc — liy, 


lia rr 


p o 

- M/y — x2x, 


fia pr 

c ^ 


II 

o 




_a _ 

dz 


X 


(14), 


.(15). 


The ei|Ucitiens above may all have a constant of integration 
added them, but this would mean merely the superposition 
of a state of things independent of the time. This can have 
iiM relation to wave motion, so that ’we may leave the constants 
vf integration out of account. We observe that both and 
are equal to zero, so that there is no component either of electric 
vT magnetic intensity in the direction of propagation of the w^ave. 
The resultant electric intensity and also the resultant magnetic 
intensity lie in the wave front Also E^H^ + EyHy = 0 so that 
the resultant electric intensity is at right angles to the resultant 
magnetic intensity. In addition /x + E^) = k (E/ + ^/) so 
that the electric energy in the wave is equal to the magnetic 
energy. In the free aether g and k are each equal to unity in our 
units so that the electric and magnetic intensities are equal. 

If we choose the axis of x so that the electric intensity lies 
along it, then the vectors wdiich specify the wave are 


— E, Ey — 0 , E. = 0, Ex = 0, Ey = ~E=^E, E^^O. 

fia c 

The electric intensity will always remain along the axis of x and 
the iiiagiietic intensity along the axis of y. The wave is thus 
plane polarized ; since its properties are not the same in reference 
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to two planes at right angles to each other pissing through the 
direction of propagation. We shall see that the plane which 
is usually called the plane of polarization in optics is that which 
contains the direction of the magnetic vector and is perpendicular 
to the direction of the electric vector. (See p. 132.) 

It is evident that as the wave moves pist any fixed pant 
0, the electric and magnetic intensities always remain propor- 
tional to one another and both vanish and also both have their 
maximum values simultaneously. 

In the case of waves of sound the kinetic energy is measured 
by the squares of the time rate of change of the displacement of 
the particles constituting the medium, and the pjtential energy by 
the squares of the strains which depend upon the rate of change 
of the same displacements in spice. Both the velocities and the 
strains travel together or are in phase just as the magnetic energ}’ 
and the electric energy in electromagnetic waves are in phase. 
This may be regarded as another reason for identitying magnetic 
and electric energy with kinetic and potential energv’ respectively. 

The following elementaiw method of deducing the velocitv of 
an electromagnetic wave is instructive. Let the wave be pro- 
pagated along the line Oz and let be the x component of the 
electric intensity in the wave fi-ont. Consider the state of things 
when the wave fi-ont lies in the plane perpendicular to Oz which 
passes through the point 0. Then the lines OQ and OU (Fig. 23) are 
in the wave front. Describe the rectangles TOPE US and TOP FQ IF, 
TP being small compared with PR and PV. TP, SR and IFF 
are perpendicular to the wave front, PR and ST are parallel lo 
OU, the axis of x, and P F and TW are parallel to OQ, the axis of y. 
Consider the work done in taking a unit magnetic pjle round 
the rectangle PTWV, The work along the part QFPO of the 
path vanishes ; for the electrical disturbance which constitutes the 
wave has not yet reached this part of the path. The work along 
or is equal and opposite to the work along IFQ by symmetry. 
The net amount of work is equal to TW x H,j, But this is equal 
to l/c times the total current embraced by the path. In the 
present case the current is all of the displacement variety, so that 
it must be equal to the rate of increase of the flux of induction 
through the circuit, in the units tve have been using. The 


vis 
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.-iiaimv in th>' auK.nnt of induction through the circuit arises 
. liiireiy friiin the i<>rwaixl inotii.ui of the wave so that, it a is the 
velecity ..f i.rupagatieii, it will be equal to kE:c x a x TW per unit 
tinii-. Thus 

TWxH.,= TWx''^E,, 

c 



! 



W Q V 



Fig. 23. 


By Citiisidering the work done in taking a unit electric charge 
miiiid the circuit TPRS we find 


C 


It fulltAvs that a = c \ jjL/c. We also see that if the electric force 
at any instant is along any particular direction, let us say the axis 
j\ it will always remain parallel to the axis of a), and the 
ij>agnt‘tic furce will also always he parallel to the axis of y. 
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Rejiejtfjii and Hefravtion. 

We shall n«.»w eonsi<ier the Viehaviuur ef a train uf plane waves 
incident uii the Ixanidary TFU between twu iiiMilatiiig ineilia 
whose dielectric ceiistaiits and magnetic |>er!iii-abiiities aiv 
and respectively. The conditions which have to be satisfied 

by the ci.anponents Ey, £*, of the electric intensity ami the 
eoniponents i/x, Hy^ H. of the magnetic intensity at the surface of 
.separatifjii are : 

(1) The tangential coin|)uneiit of the electric intensity iniist 
be continuous in the two media. 

(2) The norniai Ci»mponent of the electric imliietitai iniist l>e 
continuous in the two media. 

The tangential compjiient of the magnetic force must be 
continuous in the two media. 

(•i) The normal component of the magnetic induction must l>e 
continuous in the two media. 

Let tis take the bounding surface to be perpendicular to the 
axis of then these conditions trill be satisfied if, at every instant 
of time, 

Ex, = Ex^ , E,j. = E,,^ , ATj = k.,Ex.\ j ^ 

Hx=Hx„ 

Vi 



Kn P-* 
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wliiiv ihv .siifiixt‘s 1, 2 ivfer to the two media. These six 
are !Ih| i!ide|)endent. For if the first two are satisfied 
lilt;’ sixfii fhlluws since the ec|uation 

r/if/ d/sjf ^ cHz 

Tv c dt 

iiiiiM always hold in each medium. The third equation follows 
siiiiilarlv tWaii the fourth and the fifth by means of the relation 

dr c\j c dt ' 

Thus laiiv four of the six boundary equations of condition are 

n-ally indo|>taident. 

Ware polarized in the Plane of Incidence. 

We shall now consider a wave propagated along OP and such 
that the resultant electric force in the wave front is per- 
jx'iidicular to the plane of the paper. If the angle OPV is 6^, 
i^l’^ being the normal to the boundary, the vectors which define 
this wave will all be proportional to 

(uif-if sin^i-c cos^i) 

'2,7r 

whore ill die velocity and /3i = . — . They may therefore be 
rejiixsi'iitod by 

Ey = 0, E^ = 0; 

= Hy= — cos^,Z]e‘^'(«/-?/sin9.-®cos9,)^ 

aifii 

H.= - sin OiX.e^^^ {a,t-y^me,-z(^o%ed 

aifxi 

since these expressions satisfy equations (T) — (6). 

The simplest way in which we can hope to satisfy the boundary 
conditions that the tangential electric intensity and the normal 
electric induction should be continuous is to make the y and ^ 
components of the electric intensity vanish for the refracted and 
reflected as w'eil as the incident wave. The refracted wave will 
therefore be given by 

— X., e ~ y Sins-- - cos ft,) ^ _ Q _ Q . 
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= 0 . H: = - CMS 

n^f^j. 

and the reflected wave hy 


E^'' = e,^‘ = 0 . 0 ; 

h;^ = 0, H,r = --- e« »s e, ^ ^ 

G,/Z, ' ' 

HJ’= sin ^ 

^hH-i 


Since the beiiiidary cenditioiis have tu be satisfied at all values 
«:»f the time, tile time facter in these expiv^sirai^ iimst be the same 
for all of them. Thu> SiUi- — A1s«j the velucity (t is 

determined by the me<iiuiii, s«.» that a. = a„. Hence ^. = 3^ and 


8o = — Si. The boiiiidarv conditions must be satisfied alse for all 
* ' «2 

values of if, so that the exponential factor in u must be coriiiiion 
to each of the vectors. Thus f3i sin 6i = /d., sin 0.^=^- sin 6.^= sin dg. 
Therefore sin ^3 = siii^i, .so that the angle of refiexion must be 
equal in magnitude to the angle of inchlence. Also 


s in _ A _ ^ 
sin ^2 /Si 


\17). 


Thus the refractive index or the ratio of the sine of the angle 
of incidence to the sine of the angle of reflexion is equal to the 
ratio of the velocities of propagation of the light in the two 
media. Also with the convention as to the signs of and and 
of sin 0j and sin 0.^ which is here adopted, in ctjiiformiry with 
general usage, cos ^ cos ^i. 

The boundary conditions ^\’ill now be satisfied if 

Ah -r A's = Ah {18 1 


cos 6i (Ah — Ah.) = — ^ cos d.. A’^.. 

(fiUi ' ‘ a.fJLy 


c 

1 


sin (Ah -f Ah') = - sin 6. Ah 

Uo 




t20). 


a 


i:e 
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.siiR-.- sin 8: sin e, = a, a,, equations (18) and (20) are identical. 
Suhin^ (■ijuatioiis ( l''s,) anti (10) "6 find 
Y 2 sin 0.2 c os 0i 




.Y,= 


siii 0.^ cos 0i -i- ^ sin cos O .2 

cm ( 9 , sin 6.. - - sin 6^ cos 6. 

Y 


.(21). 


.( 22 ). 


CIS sin 0., + ^' sin 6^ cos 0. 

fi. 

Fill- all media on which e.xperiments have been made which 
u.ndd serve to test these equations we may put /ij =//.., so that 


.( 23 ). 


_ sin ( 6>3 - 0,) y 
sin (0,+ 00 ' 

Since the intensity of the waves is equal to the energy per unit 
voinnie multiplied by the velocity of propagation, and since the 
magnetic energt’ in a wave is always equal to the electric energy, 
the ratio of the intensity of the reflected to that of the incident 
wave will be 


©- 


^sin {O2 + ^i)_ 

where sin ^y sin 0. = (hi cu- The values given by these expressions 
fur the intensities of the reflected and the refracted ray in terms 
of the intensity of the incident ra}’ agree satisfactorily \vith those 
fi.miid experimentally when the light is pohirized in the plane of 
incidence. This shows that the plane of polarization is the plane 
which contains the magnetic force and not that which contains the 
electric intensity. 

Hare polarized in a Plane perpendicular to the Plane of 
Incidence, 

In this case the magnetic force is to be perpendicular to the 
plane of incidence (the plane of yPz). We may therefore repre- 
sent the incident wave by 

= H, ^ , Hy = 0 , H^ = 0; 


= P\ = - 


/Cl ai 


cos $1 ~ 1 
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The expressions for the refracted and reflected waves are obtained 
by replacing the suffix 1 by the suffixes 2 and :] reSfiecti vely. 
As before, the exponential factoi*s must be identical when j = 0 
since the boundary CMiiiditions are to hold for all values bf»th 
of ^ and If. It follows that 

= rti . sin = sin and a., = A = ‘^i« 

From the condition that the tangential iiiagnetie force is con- 
tiniioiis, We have 


The continuity of the tangential electric force gives 

'-2 H„ 

Kidj KM. 2 

and the continuity of the normal electric induction 

ill a. 


As before, the first and last of these equations are identical. For 
= = 1 we have u./'af- so that the second equation may 

be written 

sin $1 cos dj {Hi — ify) =sin d.. cos . H.. 


S<:>lving fin* H,. and H^ we find 


£r. 


2 sin 20i 
sin 26 j + sill 26.2 


Hi 


i24| 


1 - 


ana 


H, 


sin 6i cos 6i 

sin 6.. cos do 

7 ii • 


1 


sin 6^ 


. d- 


sin d, cos d... 

1 -e tan- 6 1 — tan d; icot d.j 
1 -f tan- 6i -r tan d; «cot do 


_ tan (do — dll jj 
- tan ( dT^d 


ran do| 
1, 25 1 


When di 4- do = 77 2. tan ( di 4- d./) = oc ; so that fijr the particular 
value of dj = di, = 77 2 — do, the intensity of the reiiocied wave is 
zero. This angle is known as the polarizing angle. When d; 
exceeds d_^,, H^, becomes negative so that there is a sudden change 
of phase at the polarizing angle. 
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These formulae are found to be obeyed by light waves polarized 
perpendicularly to the plane of incidence for all angles except those 
in the immediate neighbourhood of the polarizing angle. It has 
been shown by Airy and Jaminf that although the amount of 
reflected light becomes very small in the neighbourhood of the 
polarizing angle it never actually vanishes, and the change of 
phase which takes place in that neighbourhood is gradual and 
not sudden. DrudeJ has pointed out that these differences 
between theory and experiment disappear if we suppose that 
the transition from the one medium to the other is gradual and 
not discontinuous. If there is a layer of very small but finite 
thickness in which the properties of the medium gradually change 
from those of the first to those of the second substance, the amount 
of reflected light never quite vanishes and the change of phase 
becomes a gradual one. The layer of transition may be small 
compared with the wave-length of light. It is probable from 
the existence of other physical phenomena, such as surface tension 
and the tenacious retention of surface films of gas by solid 
substances, that such transition layers do occui'. 


Conducting Media, 

In those cases in which the medium affected l)y an cdectro- 
magnetic disturbance possesses electrical conductivity, the dis- 
placement current will not be the only current wliich is set up. 
There will also be the true current of density }. Thus tln^ 
Maxwellian equations suitable for this case an^ 

(I, 

(2) rot 7^=-- ‘■ft 
^ ^ c dt 

Now if the medium in isotropic .-ukI a is i(,s sjiccitic conduc- 
tivity, or i; so that the first 0 (pi:iti<m may he \vritl,cii 

rot + (Ody 

* Camb. Phil. 'Praiif^. vol. iv. p. 219 {1S:12). 

t Ann. Cliem. Phys. (3), vol. x.xi.v. p. -ilW (ISoO) ; ihid. vol. .xx.vi. p. 1(13 (1H30) 

t Lehrbuch der Optik, LemvALr. imn n ‘Jir.r ^ 


Let us suppose that waves of frequency p impinge on the 
boundary of such a medium. We shall see that the boundary 
conditions of the problem can be satisfied by means of a trans- 
mitted and a reflected wave both of which have the same frequency 
p. The time variation of all the vectors can therefore be appro- 
priately represented by the common factor 

Let us first consider the propagation of a wave of this frequency 
inside the conducting medium. The electric and magnetic forces 
have to satisfy the equations 

and rot J^ = — . 

c dt 


Since — = tp for the waves under consideration, these equations 
ut 

are equivalent to 

rot H =- f— + /c 
c \cp 


and 


\i^p 

„ p dH 
rot E = 

c dt 


dt c dt ' 


Thus the results which we have obtained for a non-conducting 
medium will still hold if we replace the dielectric constant of 
the medium k by the complex quantity /Ci = /c + (rltp. The com- 
ponents of the electric and magnetic vectors still satisfy the 
equation 


dt^ 




but the constant is now complex and equal to cr/f-p). 

Confining ourselves to the case in which the waves are propagated 
along the axis of since everything is proportional to the 
equation of propagation for this case reduces to 

P'/ ox 


The solution of this, appropriate to plane waves, is 


(a + (tpcr — p-fc), 

0 "' 


where 
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SO that 






2a/3 = fipcrlc^ j 


,(27). 


Eestoring the time factor the complete expression for u 
is This will represent two waves, one propagated 

in the positive and the other in the negative direction along 
the axis of Confining ourselves to the one propagated in 
the positive direction we see that the vectors which determine 
it are given by « = This shows that the wave is 

periodic in time and distance z = Thus if X is the 

wave-length in the conductor /8=27r/X. The occurrence of the 
real exponential term shows that the amplitude diminishes 
as the wave progresses, the law of diminution, or “absorption,” 
being that the amplitude falls off in equal ratios whilst the 
distance covered suffers equal increments. The quantity a is 
usually called the coefficient of absorption, but sometimes also the 
coefficient of extinction. 1/a is the distance in which the amplitude 
falls off to 1/e of its initial value. 

Solving (27) for a and we have 


a = - \/y<z- + K-p- - tc}-)] 


and 




!PPP 

2ac- 


.( 2 «). 


The formula for a shows that the coeftici(‘iit of al)S()r|)tion is 
higher the higher the conductivity a of the material. In other 
words, the higher the conductivity of the medium tin* mon^ rapidly 
is it able to transform the energy of the electroma,gn(‘(iic wavcfs 
traversing it into energy of other forms. If in (2S) we j)ut. for 
cr the value of the electrical conductivity deduced from im^asun'- 
ments with direct currents, the values of a which i‘(bsull; ar(‘ higher 
than those which would be obtained from m(‘;isiir(*ments of tin* 
transparency of metals for light in the visible sp(‘ei,rum. Thus 
in the case of copper, and sodium light, we hav(‘ a,j)proxim;it,(dy : 
c — 3 X 10^^, ya = 1, = 3 X 10^"’, a = 47rc“ X 6 x 1 0“ \ a'- [ and 

a = 3*3 X 10^‘ cms.”\ whereas the value of a (l(;du('(*(l from optical 
measurements^ is 2*8 x 10® cms.“'. The particular valu(‘ assigm^d 


* Cf. Drude, Lehrbuch der Optih, Lst od., p. .'i.HH. 


to K in calculating a from (28) does not exert any important 
influence on the result. The formula also does not suggest the 
observed difference in colour between the incident and transmitted 
light. These discrepancies arise from the fact that the current 
is carried by discrete electrons, with the consequence that both 
<j and K are functions of The reason for this will be made 
clearer in the sequel ; we shall now consider the phenomena which 
attend the reflexion of light at a conducting surface. 


Metallic Reflexion. 

The problem of metallic reflexion is very similar to that 
furnished by the case of reflexion at the boundary between two 
insulating media. The same conditions as to continuity of the 
tangential electric and magnetic forces and of the normal electric 
and magnetic inductions have to be satisfied in both cases. The 
difference arises from the conducting power of the metallic medium, 
and we have seen that the type of theory proper to an insulating 
medium accounts for the propagation of waves in a conducting 
medium if we replace the dielectric constant by the complex 
quantity — Lcxojp, where o-g is the conductivity of the medium, 
kJ its dielectric coefficient and p the frequency of the waves. It is 
natural therefore to see if the boundary conditions cannot be fitted 
by the method previously adopted, the only change made being 
that the real quantity /Co in the former problem is replaced by 
the complex quantity fco — ^cr^/p, where is the real dielectric 
coefficient. We shall consider here only the case of waves polarized 
in the plane of incidence. A more complete discussion may be 
found in Drude’s Lehrbuch der Optik, p. 334. 

The incident wave being 

a; = X,e^^^ Oa^-//sm0i>ccos0.)^ _ 0^ A, = 0; 

= 0, JTy = -- COR («L<-»sin0i-seos9,), 

Ui fj,i 

H2 = sill di 9.-^cosei)^ 

the refracted and reflected waves will be given by similar ex- 
pressions with the suffix 1 replaced by the suffixes 2 and 3 
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respectively. We have = a^— c^lfXiKi and a.-r ~ d^jfji.2K2. Thus 
since is complex so also is a^. Since 

= A A = Z^-’ ^ 2 . 

A and sin are also complex. The factors involving y and t being 
common, the two independent equations yielded by the boundary 
conditions become 


and 


cos ^ ^ . cos ^2 v 

-(Ai — uAgj— A 2 


Thus 


(Xj/Mj 

X,= 


a.2/xo^ 


2X, 


^ , Oifii cos 0-2 

1 i ^ 

0/2 1^2 OOS cZj 


.( 29 ), 


1 - 


and 


Z 3 = 


Oifii cos 02 
02112 cos 01 


1 + 


Oi/Xi cos 02 




.( 30 ). 


Now 


O2/J/2 cos 01 

Oi fJLl cos 62 _ /jJLi ATs cos 02 


— A 


021X2 cos 01 V /tg/Ci cos 01 

is complex, and may be put in the form a + iji, where a and ^ are 
real. Then 

^3 _ 1 - (« + L^) 

Zj 1 -l- oc -f- ijS 

_ I A- 2^/3 

(l + ay + A 

The complex fraction may be put into the form 
=: p (cos e + t sin e), 

-w 


where 


p sin 6 = 

p cos € 


(l-)-a)^ + A’ 
= ^ A . 


so that 

+ , 4 a 

(l+aj^ + yS^ (l + a )2 + ^. •••• 

( 31 ), 

and 

tane-, 

l-a--/ 9 = 

( 32 ). 


Thus Z/' will be the real 


part of 



where pX^, /3i , ai, and e are all real quantities. There will there- 
fore be a difference of phase e between the incident and reflected 
waves. 

Experimental measurements of the ratio of the intensity of the 
reflected to the intensity of the incident radiation for infra-red 
radiation, in the case of normal incidence, have been made by 
Hagen and Eubens"*^. In this case 0^— ^2 = 0, so that 

yLij cos 0^ / 2 

6^2 /^2 OOS 0 \ /^2 


and 


Hence 


/^2 V/Cl i)Ki/ 

H «i 


Even in the visible part of the spectrum o-g/p is a large quantity, 
although p is of the order 10^® and /^i, ati and are all com- 
parable with unity. Thus a/3 is much larger than — /S‘^. To a 
first approximation we may therefore put 

"-'’-yn, 

and, from (31), p 2 = i 

^ a 


= 1 - 


P '1 ^2 


(35). 


The results of Hagen and Rubens are expressed in terms of 
the reflecting power R of a metal. This is defined as the per- 
centage of the incident intensity which is found in the reflected 
beam. Thus in terms of our notation 


R = lOOp-, 

and 100 - A = 200 x a (86). 

V a . 

The following table exhibits a series of values of (100 — R) x s/cto 
found l)y Hagen and Rubens for a number of metals. We observe 


* Sitz. der Koti. Akud. dcr HAsseiisch. Berlin, p. ‘269 and p. 210 (1903) ; Aim. der 
Fhys. vol. XT. p. H73 (1903); Phil. Mag. [0] vol. vii. p. 157 (1904). 
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that for all the metals investigated, although there is a consider- 
able range in the value of 100 - R, the product (100 is 

veiy nearly constant for each particular wave-length. The con- 
stancy is, on the whole, more marked the longer the wave-length 


Metals 

Jco 

\=4x 10-^cm. 
(100 -R) V<r2 

X=8x 10~*em. 
(100 -J2) Vv2 

1 

o 

o 

X = 12xl0-4cm. 
{100 ~E) 

Silver 

7-85 

14-9 

9-8 

1-15 

9-0 

Copper 

7-56 

20-6 

10-6 

1-6 

12-1 

Gold 

6-43 

21*9 

17-4 

2-15 

13-8 

Platinum 

3*04 

25*8 

14-0 

3-5 

10 6 

Nickel 

2-92 

23-9 

13*6 

4-1 

12*0 

Steel 

2*24 

27*3 

15-7 

4-9 

11-0 

Bismuth 

0-916 

(22-7) 

(16*9) 

{17-8) 

(16-3) 

Patent Nickel P 

l-9c 

15*4 

14-6 

0-7 

11*1 

Patent Nickel M 

1-71 

14*8 

11-1 

7-0 

12-0 

Constantan 

1-43 

16-7 

10-6 

6-0 

8*6 

Rosse’s Alloy 

1-44 

16*6 

13-0 

74 ! 

10*2 

Brandes and Schii-) 
nemann’s Alloy... j 

1-22 

15-7 

12-3 

9-1 1 

11*1 


The values of 0*2 are those at 18° C., which was approximately the temperature 
at which the experiments were carried out. 


The numbers in the preceding table were obtained by a direct 
comparison of the reflected and the incident radiation. This was 
furnished by a Nernst filament and the different wave-lengths 
were obtained by dispersion through a fluorite prism for the 
range from 10“" cm. to 8 x lO-^* cm. and a sylvite prism for the 
range 8 x 10“‘ cm. to 14 x 10~^em. For longer wave-lengths this 
method was unsatisfactory owing to the small intensity of the 
radiation thus obtained. An indirect method was therefore used 
instead. This consisted in comparing the radiation, emitted 
normally, from surfaces of the different substances with the radi- 
ation from a “perfectly black body” at the same temperature (set; 
Chap. XV). The theory of the emission of radiation from liot 
bodies shows that the radiation emitted by any surface is to the 
radiation emitted by a similar surface of a perfectly black body 
at the same temperature as the radiation absorbed by the sanu; 
body IS to the radiation incident upon it. Since the reflected 
ladiation is equal to the incident radiation less the railiation 
absorbed, this method enables the reflecting power of metals to 
be determined with accuracy. 
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1^1 


The following table gives the values of the product (100 — R)a^, 
obtained by this method for the residual rays of wave-length 
25*5 X 10“^^ cm. which remain after successive reflexions from sur- 
faces of fluorite. Considering the smallness of 100 — the agree- 
ment of the experimental and computed values is remarkably good. 



Emission-power 1= (100 - R) 




for\=25-5 X 10~^cm.andl70° 

Product 

Metals 



(100-i<)V(ri70 




taken 

from 


Computed by 
Formula (36) 

Observed 

column 2 

Silver 

1-15 

M3 

7-07> 

Copper 

1-27 

M7 

6*67 


Gold 

1-39 

1-56 

8*10 


Aluminium 

1-60 

1-97 

8-91 


Zinc 

2-27 

2*27 

7-24 

. Mean 
7*33 

Cadmium 

2-53 

2-55 

7'29 

Platinum 

2*96 

2*82 

6-88 

Nickel 

3-16 

3'20 

7-33 


Tin 

3-23 

3*27 

7*32 


Steel 

3-99 

3-66 

6-62 


Mercury 

7*55 

7-66 

7*33; 


Bismuth 

10*09 

(25*6) 

(18-3) 


“Eotgiss ” 

2*73 

2*70 

7-16^ 


Manganiru... 

4*69 

4-63 

7-16 


Constantan 

Patent Nickel P 

5-05 

3-77 

5*20 

4-05 

7-43 

7-77 

I' 7-41 

Patent Nickel M 

4*28 

4-45 

7-53 j 



There are two results of this investigation which are of special 
interest. In the visible part of the spectrum it is known 
that the reflecting power of metals does not agree with the 
predictions of Maxwell's Theory in its simple form, so that the 
present experiments determine the boundary of the region where 
other considerations have to be taken into account. The experi- 
mental results are in accordance with the simple theory when the 
wave-lengfch of the radiation is equal to 25*5 x 10“^ cm. 

The other point relates to the magnetic qualities of metals. 
The computed values in the tables have been obtained by putting 
= 1 and k ^ = h :.! = 1 for all the metals. We see that the 
agreement in the case of the magnetic metals and alloys such as 
nickel, steel and so on is just as good as in the case of the non- 
magnetic metals. It follows that for oscillations of the frequency 
of those experimented with, the magnetic metals behave as though 
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DISPERSION, ABSORPTION AND SELECTIVE REFLEXION 
Medium containmg Electrons. 

In the last chapter we have seen that there are a number of 
consequences of Maxwell’s Electromagnetic Theory which are 
satisfied by electromagnetic waves of very long period, but which 
are far from being borne out by the waves of much higher fre- 
quency which constitute the visible and ultra-violet regions of the 
spectrum. We shall now show that the reason for this is that we 
have neglected the part played by the inertia of the electrons. 
When that is taken into account we shall see that the results of 
the experiments, even on waves of very high frequency, are in 
very satisfactory agreement with the consequences of electro- 
magnetic theory. 

We shall suppose the matter under consideration to be made 
up of a large number of similar units which we shall call 
molecules. Each molecule contains a considerable number of 
electrons. In the absence of external electric force the electrons 
are to be regarded as establishing themselves in fixed positions of 
stable equilibrium, or in configurations of stable orbital motion. 
In the presence of an external electric field the electrons will be 
drawn away from the positions of undisturbed equilibrium in a 
manner similar to that discussed in Chap. iv. Owing to the 
inertia of the electrons their behaviour in a field which varies 
with the time is not so simple as that in the case of a steady field, 
which we have already considered. 

Our first concern will be with the behaviour of an ideal 
substance which in all probability is somewhat simpler in its con- 
stitution than any real substance occurring in nature. We shall 



suppose that under the action of an electric intensity E the 
different electrons in the molecule denoted hy the suffixes 1 , 2 , ... w, 
undergo displacements from the equilibrium configura- 

tion. These displacements are supposed to he all in the same 
direction, which is that of the applied intensity E. We shall 
suppose that when a displacement x^, for example, takes place, 
there is a force of restitution called into play which is proportional 
and parallel to x^, and independent of x.,, This assump- 

tion that the force of restitution, which we shall denote by 
is independent of x^^ x^,...x^, can only be justified as a rough 
approximation, since it is clear that each of the displacements 
^ 2 j is equivalent to a doublet of moment 62 ^ 2 , ^ 3 ^ 3 , ••• 
where the e s are the charges of the respective electrons, and it is 
evident that each of these doublets will give rise to a force on the 
electron e-^ proportional to its moment. The case in which this 
approximation is not made will be considered later (p. 169). 

In addition to the forces of restitution each of the displaced 
electrons may, in general, be acted on by one or more forces of 
each of the following types: 

( 1 ) The external impressed force. This arises from the 

external electric intensity E, and it might be thought at first 
sight that its magnitude would be given by ... Ee^^ The 

case here is, however, identical with that discussed at the end of 
Chapter iv, and the argument pursued there shows that the value 
of the actual force of external origin acting on the electrons is 
given by (E -h aP) e^...{E -k- aP) where P is the polarization of 
the medium, and a is a constant, which, if the medium is suffi- 
ciently symmetrical, is equal to one-third. 

( 2 ) There will also be forces of frictional type tending to 
oppose the motion. These forces may be represented by a term 
proportional to the velocity, which in the case of the 5 th electron 
for example we may denote by — where /3g is a constant. 

The precise mechanism of these forces is not yet properly 
understood. We shall see later that when an electrified particle 
is accelerated it emits radiation, and the emission of this radiation 

gives rise to a reaction 0 ~~ 3 ^ P* 266). For a simple 

harmonic vibration proportional to this is equivalent to a force 
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__ X and may therefore be represented as a frictional teiin 
Gttc^ ' 

provided /3s = . It is likely enough that forces of this character 

will always be present in the case of vibrating electrons. In most 
cases however they seem to be incapable of accounting' for more 
than a minute part of the term - as the observed absorption 
is, in general, much greater than that to which the frictional force 

_ X would give rise. 

OTTC^ 

Lorentz* has suggested that the frictional term arises through 
the disturbance of the motion of the oscillating particles caused 
by the impacts of the molecules. At each collision the molecule 
is regarded as so profoundly shaken up that the regular forced 
oscillations are converted into irregular motions. The average 
result will clearly be of the nature of an absorption of energy. 
In fact Lorentz finds (loc. cit) that if r is the average in- 
terval between two collisions, the average result is the same as 

2 ^ 72 - 

if there were a fiictional force equal to — — x acting on the 

electrons, where m is their mass. Unfortunately this cause does 
not seem to be large enough to account for the observed efiects. 
It is found that the values of r calculated fironi absorption phe- 
nomena are much smaller than those deduced from the kinetic 
theory of gases. 


It seems to the writer that the following view of the mechanism 
of the absorption of light has much to recommend it. In tlie 
majority of cases it is probable that the resistance to the motion 
due to radiation, and to the effect of intermolecular collisions is 
small and comparatively unimportant. It is probable that in thc^ 
neighbourhood of one of the principal periods of the substances 
the absorption of energy by the electrons continues until the? 
equilibrium of the vibrating system becomes unstable. If the 
energy absorbed is sufficiently great, the electron wil] be einittc'd 
from the molecule and photo-electric phenomena will be exhibited. 
Nevertheless this need not necessarily be the case. All that is 
necessary is that there should be a temporary rearrange'! nc^nt 
among the electrons inside 'the molecule. In eithei* c'.vc'iit the 


* Theory of Electrons^ p. 141 . 
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energy of the resonating system will he converted into energy of 
other types, and that particular degree of freedom will possess 
comparatively little energy when the original system is reformed. 
The general results of this view are in qualitative agreement with 
those which follow from the assumption of a retarding force pro- 
portional to X, They show the same gradual change in phase in 
passing through an absorption band, and indicate a maximum 
absorption and a refractive index equal to unity, when the period 
of the light is approximately coincident with the natural period 
of the substance. 

In view of the facts that absorption does occur, and that its 
mode of occurrence is still doubtful, we shall for the present 
content ourselves with the assumption of a term, in the expression 
for the force, proportional to — x. This term is to be regarded, not 
as the expression of a fundamental truth, but as a simple and 
convenient mathematical approximation whose consequences simu- 
late the observed effects. 

(3) In general we shall have to take account of the effect of 
the presence of a magnetic field. We have seen (Chap, vi, p. 68) 
that a magnetic field of intensity B. acting on a moving electron, 
charge gives rise to a force whose components are 

c 

c 

c 

e 

The total force acting on the electron will be compounded of 
all the forces mentioned, and, in the most general case, its equations 
of motion will be 




a + ?! 
c 


- e (E + aP') — ---/3 — - if — ^ 




_ dz, e,(rr TT dy, 


1 
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There will be three equations similar to these, but with different 
coefficients, for each of the n classes of electrons. The solution 
of these equations under the most general conditions leads to 
very complicated expressions, and does not lead to any results of 
physical importance which cannot be obtained more simply other- 
wise. We shall therefore consider the operation of the different 
forces separately, in so far as they can be separated physically, 
and thus find out the kind of effect which arises from each cause. 
In particular the effect of the last two terms, which depend on 
the presence of a magnetic field, will be deferred to a later 
chapter, which deals with magneto-optical and spectroscopic 
phenomena. We shall also confine ourselves to the case in which 
plane waves, polarized in the plane of yOz, are propagated along 
the axis of since all other cases may be made to depend on this, 
if necessary. 

No Friction. 

It seems desirable to treat this case separately, although of 
course the same results are obtained if we include friction and 
then in the final expressions put the coefficients /? equal to zero. 
The chief advantage of thus lengthening the treatment is tliat 
effects due to resonance are then sharply marked off from those 
due to absorption and are brought out more simply than when 
the two effects are considered together. In the case under con- 
sideration the equation of motion of the ,9th type of electron is 

= ( 2 ), 

or, dropping the subscripts for the present, 

= {E + aP) 

if the frequency of the electric waves is p and D = A’ and P ;m-. 

constants which represent the maximum electric intensity and 
electric polarization in the wave. Our (^piation i.s a linear 
differential equation of the second order and tlie complementary 
function is 




x/xoi X QJiiXJii.v^ ix v Jii xvjCiX xjm^iv/x^ 


I 


where Ai and A 2 are arbitrary constants and ;po = (^^)~^is the 
frequency of the natural vibrations of this electron. The particular 
integral is 

e {E aP) ... 

= ^ (^ )• 

7n po“ — p 

The complete solution is the sum of the expressions (3) and 
(4). The arbitrary constants Ai and ^2 be determined, in 

any particular case, by the given initial conditions. If x and x 
are zero when the waves begin to fall on the electron the natural 
vibrations + have the same initial amplitude as the 

forced vibrations of frequency p, and in any event the amplitudes 
of the vibrations of frequencies po and p are initially comparable. 
There is however a very marked difference in the behaviour of 
the two vibrations as time progresses. The energy of the vibra- 
tions of frequency po will gradually disappear owing to radiation 
and after a time their amplitude will become negligible. On the 
other hand any loss of energy from the vibrations of frequency p 
is continually made good by the action of the waves which have 
the same period and the same or opposite phase. These con- 
clusions can be established quite strictly if a small coefficient /3 
of frictional type is introduced into the equations. It is then found 
that the complementary function contains a factor where a is 
a positive constant, whereas there is no such term in the particular 
integral. This shows that after the lapse of a sufficient interval 
the vibrations will be represented by this particular integral only. 
The student is recommended to work out in detail the case in 
which there is a small frictional term and the initial conditions 
are, let us say, x = 0 and x = 0. 

It follows that when sufficient time has elapsed for the system 
to have got into a steady condition, the value of is given by 

eg {E aP) 

ms p/ - p' 

E^^aP^ 


X, 


Let Vs represent the number of particles of type s per unit 
volume. Then the polarization 


P„ = S vsegXs - {Ex + a 2 


Vses- 


Therefore 


S=1 


P. = - 


Vs^s 


1 ms(ps^-p^) 


1 - aS 


T^S^S 


1 ms(ps^-p-y 


■Ex, 


1 msipi-p^) 


and Ex — Ex + Px — 


VsBs- 


1 + 


T ms{ps^-pP) 

, y Vs^s" 


Ex. 


From the symmetry of equations (1) it is clear that in general 

Ex~ Ey~Es E • 

Now the equations which determine the propagation of the waves 
are 

^ „ IdD KdE 

rot iz = - wr = - 

c dt cdt 


and 


„ IdB fidH 
rot E = — ^ = -^- 
c dt c at 


The velocity of propagation is cj^ jxK and the refractive index 
w=yfj.K. Since we may put /*=! for practically all dispersive 
media, we have 


= 1 + - 


1 ms{ps--p-) 


or 


m® — 1 
oTTi 


= aX 


VsCs 




1 TOs(p/-p“) 


• (h). 


For substances which are sufficiently i.sotmpic (.see ]>. 72, 
Chap. IV) the value of a is one-third. Formula (.'5) then becemes 
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As the density of the medium is made to change, by compressing 
it for example, the only quantities on the right-hand side which 
are altered are the z/ s, each of which is proportional to the density. 
The right-hand side may therefore be written in the form Cp, 
where p is the density and G is a quantity which is constant for 
any given substance and wave-length, but which varies from one 
substance and wave-length to another. The formula 


m^— 1 
- 1 - 2 


= Cp 



was first deduced empirically by L. Lorenz* and was subsequently 
shown to be a consequence of the electromagnetic theory by 
H. A. Lorentzf. The most exacting test to which the formula 
has been put is that of calculating the refractive index of vapours 
from that of the corresponding liquids. The following figures, 
given by Lorentz, show the extent of the agreement which may be 
obtained in some cases : — 


Material 

Liquid 

Vapour 

Density 

Refractive 

Index 

Density 

Refractive Index 

Observed 

Calculated 
from (6) 

Water 

•9991 

1-3337 

-000809 

1-000250 

1-000250 

Carbon Bi-sulphide 

1-2709 

1-6320 

-00341 

1-00148 

1-00144 

Ethyl Ether 

•7200 

1-3558 

•00332 ! 

i 

1-00152 

1-00151 

1 


It is to be borne in mind that comparisons of the kind here 
discussed are always to be made with light of the same wave- 
length. 

It will be observed that in the deduction of formula (5) 
there is nothing which compels us to consider the medium as 
a chemically simple substance. Provided a has the same value 

* Ann. Phys. Chem. vol. ii. p. 70 (1880). A rather similar formula (see p. 155) 
had been derived from theoretical considerations much earlier by Maxwell, 
Cambridge Calendar (1869). Cf. Lord Rayleigh, Phil. Mag. vol. xlviii. p. 151 
(1899), and Sellmeier, Ann. der Plugs, vol. cxlv. pp. 399, 520 (1872). 
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for the electrons in all the different kinds of molecules present 
the value of 

1 



a 


Avill consist of the sum of a series of terms each of which consists 
of the product of two factors. The first factor is the number of 
particles of given type per unit volume and the second is a 
function of the frequency which has a definite value for each 
type of particle. Thus the value of 





for a mixture may be calculated by multiplying the value of this 
fraction which is characteristic of each of the substances present, 
by the proportion of the substance present in the mixture. Putting 
a = J this result may be written • 

m^ — 1 1 _ — \ 1 . — 1 . 

p 2)p2‘ ^ + 2) p./ 

where m^, ps denote the values of m and p for the sth constituent 
present and/^ is the mass of it in unit mass of the mixture. This 
formula has been found to be fairly satisfactory for mixtures of 
different liquids. 

It is found that this additive law of refractivity is not confined 
to merely physical mixtures. Something of the same kind holds 
for the individual atoms of which different bodies are composed. 
Supposing that a has the same value (-J^) for every electron no 
matter in what atom it may happen to be, expression (5) may be 
written 

ases^ he,? ' 

4- 2 3 LT 772, (p/ -p2) + 7 ' J ’ 

where etc. represent, for each atom A, if, etc., the number 

of electrons of given type per unit volume, and the separates 
summations are for each distinct kind of atom present. Thus 

f m, (p/ — p-) taken over all the electrons in an atom of 
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A (supposed liquid) then, if the refractive power is independent of 
the state of chemical combination. 


+ 2 3 1 mg (ps^-p^) ' 

where as' is now the number of electrons of type s present in unit 
volume of the liquid element. If M is the molecular weight of the 
compound, A, B, G ... are the atomic weights of the elements, and 
if a molecule of M contains q atoms of A, r of B, s ot 0 and so on, 

then M=qA -\-rB + sC+ 


If the density of the compound is and the densities of the 
elements are pa, pb, pc, then 


Pm A 

ar^M p. 


h 

h' 


etc 

M pi’ 


So that 


1’^ 1 gg'e/ 

3 1 ni, (pj’-p-) ^ M pa^ ms - p-) ’ 


etc. 


Thus 


— 1 if nia^ — 1 A — 1 5 

— — q j. /p h • • • 

m"- + 2 p^a ^ nia^ + 2 Pa rtib^ + 2 p^ 


The quantity 


Ti\r 4 “ 2 P'^Yi 


is called the molecular refractivity of the 


mg' “1 A mb‘ - 


compound and the quantities ^ ^ 

^ ^ ma^ + 2 Pa' m&2H-2 pb 

called the atomic refractivities of the elements. 


1 ^ . 

— , etc., are 


The fact that the molecular refractivity of different substances 
can be calculated from the atomic refractivities is quite important. 
It shows that the mechanism which gives rise to refraction is an 
atomic property and is so deep-seated in the atom that it is almost 
uninfluenced by the changes of configuration of the atomic con- 
stituents which take place during chemical combination. This 
certainly seems to be fairly true in a large number of cases 
of chemical combination. It is not, however, universally true. 
Thus in the case of the compounds of carbon, the carbon atom 
is found to have a sufficiently constant atomic refractivity in 
all the so-called saturated compounds. If, however, two of the 
carbon atoms are united by a '‘double bond” it is necessary to 
assign to them a quite different atomic refractivity. Again, the 
value of the atomic refractivity of oxygen is quite different for 


LU^ 




are so distinctive that the magnitude of the molecular refractivity 
is regarded as a valuable aid in determining the constitution of 
organic compounds. On the whole, the general constancy of the 
atomic refractivities, and the definiteness of the changes when 
changes do take place, supply us with striking evidence that 
the structure of the atoms is not very profoundly disturbed by 
chemical combination. 


Dispersion. 

We shall now consider the way in which, according to our 
formulae, the refractive' index depends upon the frequency or wave- 
length of the incident vibrations. Formula (5) may be written 
somewhat more simply, in the form 

1 I vses^ 

where Now since the incident vibrations vary as 

a 

and the natural vibrations as etc., they are respectively 

periodic in times 27r/p, ^'rrjpiy ^ttIp 2 , etc. If X, Xj, Xg, etc., denote 
the corresponding wave-lengths measured in the free aetlier (not 
in the substance traversed by the waves) 

X = 27 rc/p, Xi= 27 rc/pi, X2 = 27 rc/j 9 . 2 , etc. 

^ 1 I 

-1- a 477^0- (1 -t- a) i (X- — \f) ' 


But 


so that 


^ 2 I 

X^-X^ " X2~X>’ 


m 




1 


m^ + a 47r2c^(l -j- a) 


Ms Tw.,.(x--x;“)j ‘ 


Now when \ is infinite 2 — At~' \ every term in the 

summation vanishes. But when the wave-length i.s infinitely long 
and the period is infinitely slow, the Ciise under con.sideration 
approaches continuously to that of an electro.static field. Tin* 
quantity k, which enters into the equations of propagation, must 
therefore become identical with the dielectric coefficient as measured 
by electrostatic methods. Hence for infinitely long wavers ?/<,'- = k, 
the dielectric coefficient of the medium. We therefore have 


«-l ^ 1 I VjB/X.r 

K-\-a i-n^c^{l + a) , nig 


(n 
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and 




Vg Og^'Ks 


.( 8 ). 


+ a K-ha 47rV- (1 + a) 7 'i>h (^‘ — V) 

Vs, es, X5 and mg are constants characteristic of the material under 
consideration, so that (8) may be witten in the form 


m ^-1 / c -1 0 , a On 

m^ + a K + a X"-Xn“ 

where C^, Gg, ...Cn are constant quantities characteristic of the 
substance. There will be one of the terms (7i, Og, etc., correspond- 
ing to each of the natural periods. 

In the case of transparent colourless substances the natural 
periods must be either in the infra-red or in the ultra-violet part of 
the spectrum. If they are in the infra-red the synchronous wave- 
lengths \r will be large compared with X, and if they are in the 
ultra-violet the X-y’s will be small compared with X. Thus, as an 
approximation, we may write (9) in the form 


77^^ — 1 _ a : ~ 1 ^Gr Gy 
m--f n K + a ^ X^ 


: Constant -h 2 — ! , approx., 
X" 


.(9 a). 


In these formulae we have neglected the fractions ^ and 

X" X,." 

compared with unity. Since the refractive index m changes 


roughly in the same way as follows from (9 a) that for 

these substances the refractive index will increase continuously 
as X diminishes, in this region. Since the transparent colourless 
substances were the first to have their dispersion investigated, 
this type of dispei’sion is said to be normal. As we shall see, it 
can only be said to be normal provided we are a long way from 
the natural frequencies of the substances. 


The behaviour of formulae (8) and (9) in the case of light 
whose frequency is close to that of the natural vibrations of the 
substance is most interesting. When p — ps for example, then 
\ = and the corresponding term in (9) becomes infinite. If X 
is slightly less than X^,, then Cy(X- — X/) has a large negative 
value; and if X is slightly greater than X^, then Cs/(X“ — X/) has a 
large positive value. As X approaches X^ from smaller values of 
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X — 1 approaches - oo . and as A approaches from larger 

’ + a 

values of X, approaches + oo . There is thus a sudden 

+ a 

chanee in the value of from - oo to + oo at each of the 

synchronous frequencies. If we plot ~ as ordinates against X 

as abscissae the curve will have two branches, one extending to 
minus infinity, and the other returning from plus infinity at each 
of the values X = Xi, X = X 2 , etc. Thus in crossing an absorption 
band in the direction of increasing wave-length, the refractive 
index will suddenly increase, and the rays close to the band on 
the red side will be more deviated than those on the violet. 
This kind of dispersion is said to be anomalous. It was dis- 
covered by Leroux* in experimenting with a prism filled with 
iodine vapour. The later investigations of Kundtf showed that 
it was related to the presence of absorption bands in the way 
indicated by the type of theory now under consideration. We 
also observe that if X is less than every one of the values 
Xi, Xo, ...X,i, all of the terms C'i/(X' — Xi^), etc., are of the same 
sign. Moreover in all the cases known at present 1 + a is 
positive, and all the other quantities which make up the (7 s are 
essentially positive, so that each of the terms Ci/(X^ — Xf), etc. 
is negative when X is less than each of the values Xp, Xa, etc. 
Also if X is greater than each of the quantities Xi, Xu, ... X^^, all 
of the quantities CJ{\^ Gn/(X - are positive. It 
follows that for sufficiently short waves is always less than /c, 
and for sufficiently long waves m- is always greater than k. In 
the case of the latter assertion it is necessary to make one reserva- 
tion, since clearly approaches the value 711 ^ = k when X becomes 
infinite. On the other hand, it follows from equation (5) that 
as X becomes zero and p becomes infinite approaches the value 
unity. This is in accordance with experimental results, since 
the Roentgen Rays, which, as we shall see, may be looked upon as 
electromagnetic waves of very high frequency, are not deviated 
in passing through a prism. 

A great many dispersion formulae, that is to say, formulae 

* G. R. vol. Lv. p. 126 ( 1862 ). 
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which connect the refractive index with the wave-length or 
frequency of the transmitted light, have been in vogue from time 
to time. Cauchy’s formula 

= -d. 1 -j- “h “1" . . . 

was the first to have a theoretical justification. Cauchy developed 
it from general considerations of wave theory on the hypothesis 
that the distance between the vibrating particles of the medium 
could not be regarded as completely negligible when compared 
with the wave-length. The formula thus obtained gives a fairly 
satisfactory representation, when three terms are used, of the 
dispersion of a number of substances. As it makes the refractive 
index increase continuously with diminishing wave-lengths (the 
constants are all positive), it fails absolutely to account for 
anomalous dispersion. 

The idea that time rather than length was the determining 
common factor of the light and the matter which gave rise to 
dispersion, appears to have occurred first to Maxwell*. Maxwell 
supposed that when the atoms (we should now say electrons) were 
displaced, forces of restitution were called into play, and that 
there was also a resistance to their motion. A similar idea 
occurred somewhat later to Sellmeier, after whom the formula to 
which this theory gives rise is usually named. In the case of a 
single mode of vibration and in the absence of friction, the case 
contemplated by Sellmeier, the formula is 


where X is the wave-length of the light, and X^ that corresponding 
to the natural vibration of the substance. In the case in which 
a (p. 73) = 0, formula (5) becomes 


= 1 -h S , 
1 


vgei 


-p^) 


= 1 - 1-1 ^ y 

T 47r^c'^m/ I 47r^c‘'‘TOs-(V - 


-X/) 


.( 10 ), 


so that Sellmeier’s formula can be regarded as the particular case 
of formula (5) which arises when we put a = 0 and w = 1. 

It is still an open question whether the best dispersion formula 



iOD JJlSr 


is the Lorentz formula (5), or a generalized Sellmeier formula 
(see p. 176). It is however pretty clear that formula (10) is 
unsatisfactory, since, other things being equal, it makes m^-1 
vary as the density of the medium, and this is a great deal further 

from the truth than == p. Both (5) and (10) give the same 

vv + a 

general kind of behaviour of when any one of the zeros X, = , 

\ = X 2 , etc., is crossed. The infinities of are however in different 
positions in the two cases. Thus in a formula of type (10), viz. 

. Ai A2 

in the neighbourhood of, let us say X = X 5 , we may put 


the rate of variation of the terms not involving X^ being com- 
paratively negligible. We observe that is negative from X = Xg 

to X = X/ - = Xs approx. Thus there is a range 

of wave-length 8Xg = for which m is imaginary. In the 

case of a formula of type (5) we may write in the neighbourhood 
of an absorption band 


or 


m^ + a ^ X-~X/’ 

„,2 = (l + ag)(^-^-V) + Aa 
(l-?)(^^-V)-4 


where 


1 + ag 


+1 



X/-^ = X/+4/(l-g). 


,( 11 ), 


It is clear from (11) that m- changes from -h oc to — 00 as X 
crosses fi:om X>X/ to X<X/. then becomes continuously 
smaller numerically, but remains negative as to sign until it 
reaches the value zero, which is determined by 


1 + aqi- 


A(l + a) 


= 0 , 


or X- — Xs'' — Aa/(1 + aq). Thus m is imaginary from 

X = {X/ -f A /(I —q)Y to X = (X/ — -4a/(l 4- aq)\-. 


Except in the immediate neighbourhood of an absorption band 
the value of the refractive index is practically the same whether 
we assume a dissipation term or not. Moreover the general 
character of the behaviour in the neighbourhood of an absorption 
band, as outlined above, is the same in both cases. It is import- 
ant to bear in mind that the quantitative results are not the same, 
and many of the foregoing formulae are therefore to be taken as 
illustrative rather than representative. The same caution is to 
be observed in regard to the following treatment of residual rays, 
which neglects absorption. The more complete theory will be 
considered later. 


The Residual Rays. 

It is now necessary to interpret the imaginary value of m 
which, as we have seen, arises in a certain range of wave-lengths. 
If m is the refractive index of the material, the vectors in a plane 
wave propagated along the axis of may be represented by 

27r 

t — (cc - 77iz) 

€ ^ 

If m is imaginary, let us suppose it to be equal to -f where /3 is 
a real quantity. The expression now becomes 


If /3 is positive this represents a disturbance periodic in time 
which falls off indefinitely in amplitude as ^ increases. If /S is 
negative it increases indefinitely. As the latter case would 
require infinite energy to maintain it, it may be left out of con- 
sideration. As ^ varies from oo to zero and \ is small, l3/\ will 
be large over most of the range, so that the obvious interpretation 
of our result is that light of the wave-lengths for ivhich the value 
of m is imaginary is incapable of entering the medium. It is not 
merely that the light is absorbed by the medium when it gets 
inside, as is the case for example in most coloured liquids which 
show body colour. It is almost unable to enter the surface. 
In fact all the light of the wave-length under consideration is 
totally reflected from the surface of the substance, even when the 
incidence is normal. For light of this particular range of wave- 
length the body behaves like a perfect reflector. 



Many of the aniline dyes exhibit phenomena of this character 
in the visible spectrum. In fact something similar arises when- 
ever the medium possesses intense absorption ; so that it will be 
more convenient to consider the case of the aniline dyes when the 
theory of absorbing media has been discussed. It is clear from 
the considerations which have been urged that it is not necessary 
to have absorption of the type which is accompanied by degrada- 
tion of energy for the rays to be unable to traverse the medium. 
It is only necessary that the period of the light vibrations should 
agree with one of the natural periods of the medium. 

The best examples of this type of phenomenon have been 
found in the behaviour, in the infra-red region of the spectrum, 
of a number of insulators which are quite transparent to light in 
the visible spectrum. The most conspicuous examples are quartz, 
rock-salt, sylvite and fluorite. If the reflecting power of quartz, for 
example, is examined, it is found to be small, for normal inci- 
dence, for all wave-lengths from the visible spectrum up to about 
7*6 /X (1/i = 10“^ cm.). 

It then begins to increase rapidly as X increases, until at a wave- 
length in the neighbourhood of 8*1 quartz is almost as good a 
reflector of radiation as a metal. This state of things continues 
up to about 9 yu, when the reflecting power begins to diminish. 
The transparency varies in the opposite way to the reflecting 
power. In fact between 81 and 9/x quartz is so opaque that 
Nichols^ was unable to detect any radiation through a layer of it 
only 2*5 wave-lengths in thickness. The relation between tlie 
reflecting power and the transparency of quartz is exhibited in the 
accompanying diagram (Fig. 25), which represents the results of 
Nichols’s experiments. 

Since the rays which correspond to the natural periods of 
substances are incapable of entering them, and so are always 
almost totally reflected, we are furnished with a new means of 
investigating the optical periods of substances. This method, due 
to Rubens, consists in submitting a beam of radiation from some 
source, such as a Nernst glower, to a series of successive reflexions, 
at incidences as nearly normal as possible, from surfaces of thJ 
material under investigation. The rays which are obtained after 

* Ann. tier PInjs. vol. lx. p. 401 (1897). 



a sufficient number of reflexions will consist only of those which 
correspond to the natural periods of the substance. These rays 
have been named by Eubens, Reststrahlen or Residual Rays. 



The wave-lengths of the residual rays for a number of substances 
are given in the following table : 

Wave-length of 

Substance Eesidual Rays Authority 

in 10"^ cm. 

fNichols* 

Quartz (SiO^) 8-1-9, 20-75 jRabens and Nichols t 

Rluorite (CaF 2 ) 24*4 Rubens and Nichols t 

Sylvite (KCl) 62, 70 Rubens and Hollnagel f 

Rock-salt (NaCl) 45—48, 50—56 Rubens and Hollnagelf 

Wulfenite (PbMo 04 ) 10-8—14 Coblentzg 

Scheelite (CaWO^ 10-8— 13*2 Coblentz§ 

Corundum (AI 2 O 3 ) 10*6 — 15 Coblentz§ 

Potassium Bromide (KBr) 76, 87 Rubens and HollnagelJ 

We have seen that according to the theories of dispersion with 
which we are concerned, the refractive index between certain 

Loc. cit, 

t Ann. dev Phys. vol. lx. p. 418 (1897). 

X Sitz. Preuss. Akad. JFu'S. p. 26 (1910). 




limits of wave-length is an imaginary quantity. We shall con- 
sider the phenomenon of reflexion under these circumstances a 
little more fully, limiting ourselves to the comparatively simple 
case of normal incidence. Referring to Chapter Vii, p. 132, we see 
that if the electric intensities in the incident, reflected and 
refracted waves are respectively Xj, and Xo, then 

X - 2 sin ^2 cos ^ 

“ sin ^2 cos + sin 6 ^ cos ^2 ^ ' 


and 


cos sin ^2 — sin 0 ^ cos ^2 ^ 
cos sin 02 + sin 0i cos 02 


where 0i and 00 are the angles of incidence and refraction, and 
the magnetic permeabilities /ti, /Ag a,re taken as unity. In the 
case of normal incidence all the angles are vanishingly small, so 
that we may put sin 0i = 0i = m sin 02 = m02. Hence 


and 


Xo = 


m -h 1 


Xi 


Z., when 0 ^O\ 


( 12 ). 


When m is real the intensities of the light in the incident 
reflected and refracted waves are cXl^ 0X3^ and moXi respectively, 
nd we observe that mcXi cX^^ = cX-^, as is required by the 
principle of the conservation of energy. Calling the corresponding 
intensities Ji, J3 and we have 


4im 1 — 

/rU+iy * 


Let us consider the change in the ratio of the reflected to the 
incident light as m travels over the range we are considering. 
When m is real and of the order unity, as in most cases of refrac- 
tion in the laboratory, /g is of the same order as /, but is always 
less than Ii. As m increases to the value •+ co , becomes 
equal to unity. When m becomes zero, /g is still equal to I^. 
Now consider what happens when m has the imaginary values 
which it takes between ± 00 and zero. We may put m = f/3 
where ^ is real. Then 


X3 = - 


m — 1 


m + . 


1 Y _ 1 -*/3 y ^ 



Let us put this into the form p (cos 6 + i sin 0) = then 
will represent the ratio of the corresponding intensities, and 6 will 
measure the difference of phase of the two beams under com- 
parison. We have 


p cos 0 = + 


1-/92 


p sin 0 = — 


2/3 

14-/3^’ 


and 


(1-/32)2 + 4/32 

^ (l + /3y 


Thus the intensity of the reflected light is equal to that of the 
incident light for all the imaginary values of m which intervene 
between + oo and 0. It is clear that the intensity of the trans- 
mitted light must be zero throughout the same range of wave- 
length. This is at once evident for the limiting values + oo and 0, 
from the expression 

I 2 _ 4m 

/l ~ (1+ 7?^)2 * 


The width of these regions appears to be quite considerable 
and is different according to the type of dispersion formula used^. 
For a formula of the Sellmeier type, we have seen (p. 156) that m 

is imaginary from \ == Xg to X = /y/ Xg2 — ^ . Thus the residual 

rays range from Xg to Xg — ^g/2ggXg approximately. Using the 
Lorentz type of formula (p. 156), m is imaginary from 

^ = a/v + t^ to x = 

V 1 — ? ^ 1 + aq 

Thus the width of the residual rays is approximately 


8X = 


A (1 + a) 

2Xg(l-2)(l + ag)’ 


We shall illustrate these results by considering the example 
furnished by rock-salt f. Paschent has shown that the refractive 
index of rock-salt can be represented over the range from *18/^ to 
22 pu by the following dispersion formula of the Sellmeier type : 




M, M, M, 

X- - V - V ’ 


* Havelock, Roy. Soc. Proc. A. vol. lxxxiv. p. 515 (1911). 
t The numerical values are taken from the paper by Havelock (loc. cit.). 
J Ann. der Fhys. vol. xxvi. p. 130 (1908). 


where 6^=5*680137, 

M, = *01278685, V = *0148500/^^ 

#2 = -005343924, Xg" = *02547414 jj?, 

12059*95, 3600/^2. 

[In the expressions above, and in the remaining formulae of 
this section, the values of the constants which are given are such 
that the values of the wave-lengths X in terms of the unit 
fi = l X 10“^ cm. have to be substituted.] 

This gives two natural periods in the extreme ultra-violet and 
one in the infra-red at about X3 = 60 ft. In the immediate neighbour- 
hood of the latter we find 7^2 = 5*680142 -f I2059*95/(X2- 3600). 
This gives for the lower limit of X which corresponds to an 
imaginary value of the wave-length 38*4 /-t. Thus the residual 
rays from rock-salt should extend from 60yt6 to 38*4 since the 
value 60 ft corresponds to the natural vibrations of that substance, 
according to the dispersion formula given by Paschen. 

A dispersion formula of the Lorentz type has been given by 
Maclaurin* which shows an even better agreement with the 
experimental values of the dispersion from *48yw< to 22 fx. This is 

m?+a « + a‘^X.2- 
where a = 5-51, k = 5-9, 

Cl = -00191605, Xi = 0-12652/4, 

(72 = 683-816, X2 = 51-3/4. 

In the neighbourhood of 5' =0-169652, and the upi/er 
limit of X which gives an imaginary refractive index is 

V{V + C7i/(1 - q')] = 0-1353/4. 

The lower limit is V{V - a(7./(l + aq')] = 0-1027/4. Thus in this 
region the residual rays would cover a range of -0226/4. In the 
infra-red the value of g/ is 0-429449 and the upper limit is 

7^ = \/{V+ (73/(1 — gf/)} = 61-9/4. 

The lower limit is 

X = V{X./ - aG^j{\ + aq^)] = 38-9 

In this case total reflexion should occur over a range of 23/4. 

* Roy. Soc. Proc, A. vol. lxxxi. p. 367 (1908). 



The experimental results on the distribution of the energy 
among the different wave-lengths in the residual rays are not in 
accordance with the theoretical conclusions which we have just 
deduced. There is no evidence of the existence of finite stretches 
of spectrum in which the reflecting power is equal or nearly equal 
to unity. In every case the curves show a very sharp rise to 
a definite maximum, which is sometimes followed by a rather 
similar second maximum. The reflecting power at the maximum 
is generally comparable with 75 7o- There is no evidence of the 
existence of an extended region showing a reflecting power near 
to unity. It is probable, as we shall see, that this difference arises 
from the fact that we have omitted to consider the resistance 
term in the equations of motion, which corresponds to absorption. 

Absorbing Media. 

We have seen (p. 144) that absorption can be accounted for 
in a general way by the introduction of a fictitious retarding force 
proportional to the velocity of the vibrating particles. If the 
component, parallel to the axis of x, of the force of this type 
which acts on the 5th particle is — f h© equations of motion 

become 

= + (13), 

with similar equations for the displacements parallel to the axes 
of y and We shall suppose as before that the impressed electric 
intensity E is parallel to the axis of We shall leave out of 
account the displacements along the y and ^ axes, since in an 
isotropic medium, if Ey and E^ are equal to zero, the mean values, 
averaged in space, of y^, Zs and their time derivatives will also be 
zero. Dropping the suffixes for the moment the equation of 
motion may be written 

(^niD^ -j- 4- — ^ X = e {Ex + 

If Ex — Ee^^^ and Px = Pe'^^^ the forced vibrations (see p. 147) 
wall be given by 

X = (mD- 4 ySD 4 e(E + aP) 

1 1 


o 


( 14 ). 


Thus the displacement of the 5th electron is 
__ (xP^ 

n 

The polarization is equal to S v^s^Xg, where is the 

q£ glgctrons of type s per unit volumej and the summation 
is extended over all the electrons in the molecule. Proceeding in 
exactly the same way as before (p. 148), we find that the square 
of the refractive index is now given by 


m- = 1 + - 


T ms(pf-p-) + ‘^^sP 


l-aS 


(p/— P^) + 


ni^—1 


l + a()w2-l) 'im,s{ps^-p-) + ifisP 

_ ^ _Vs6fms{Ps^-f) _ . I Vs^S^sP 

” T 'nii {pi - P'‘f + Ay I mi {pi - p^f + ^ip^ ■ 


...(15). 


In all the important cases Ap is small compared with {pi-p^) 
except when p is very nearly equal to p^. So that except in the 
immediate neighbourhood of the natural frequencies of the 

substance we shall have ; — r — tt = 2 — ^ very nearly. 

I + a{m^-l) 1 Ills {pi -p^) ^ ^ 

This is the same formula as we obtained previously on the 

assumption that there was no damping. Thus the introduction 

of a dissipative force has practically no influence on the phenomena 

save in the immediate neighbourhood of an absorption band. 


In tracing the phenomena in the immediate neighbourhood of 
the natural frequencies, it is desirable to effect a simplification, 
otherwise the formulae become too cumbersome to manage. We 
shall suppose that in the immediate neighbourhood of p^ we can 
treat the contribution to the right-hand side of (15), which arises 
from electrons other than the 5th one, as a constant quantity q 
independent of the frequency p. This will be legitimate if p varies 
over only a small range in the neighbourhood of p,. It would 
probably lead to erroneous results if it were applied to a very 
broad absorption band. This difficulty, however, might be avoided 
if q were replaced by a few terms of an expansion in powers of 
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p, sufficient to take account of the normal dispersion caused by 
the more distant natural frequencies. 

With this restriction then, we shall have in the neighbour- 
hood of p^'Poy putting for the refractive index and dropping 
unnecessary suffixes 


mo“ — 1 ve^ 1 

m ^ o , • /3 


(16). 


, ve^(l-a) + m(po^--p^){l + q--aq) + i/3p(l + q-aq ) 

° m (po^ — _p-) (1 — aq) — 0 Lve~ + ^/3_p (1 — «2) 

and is complex. Let us put tiIq = (1 - ik), so that 

= n- (1 — /C-) — 2in-K. 

Both and k are real. The vectors which specify a plane wave 

^2Tr 

propagated along the axis of ^ will be proportional to e ^ 
where \ is the wave-length measured in vacuo, c is the velocity of 
light in the free aether, and 27rc/X = p. Thus the vectors will be 
proportional to 

tirriK .2it 

g-— ) (17). 

As in the previous cases in which it has occurred, the real ex- 
ponential represents a decay factor. The extinction coefficient 

is therefore equal to ^ UKy and the medium exhibits absorption. 

The second factor shows that the phenomena are periodic in a 
distance equal to \jn, so that the medium behaves otherwise as 
though its refractive index were equal to n. It is clearly of con- 
siderable importance to deduce the values of n and n/c from 
equation (16). 

After rationalizing the denominator in the expression for 
and then equating real and imaginary parts we find 

= ( 18 ), 

( 19 ), 

ry- q- 6- 

, 4 I +q-aq D \ 

1 aq (1 aqY ^ ^ (20) 

7 = m { pi - p'O - . S = /Sp [ 
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Thus 


/ ,. 5--+ 2^57^ ,, , % 

2n^ = jA^+ 


y^+ 8- 
By 


B^^^ABy , By 

2nH^ = V ^ + S- 


( 21 ), 

( 22 ). 


Feeble Absorption. 


There is one particular case, which is of importance in nature, 
in which a considerable simplification of these formulae may be 
effected. A large number of substances exhibit absorption in 
varying degree throughout their volume, and are said to possess 
body colour. This is the case with most coloured solutions and 
minerals, and in fact with most coloured substances which are 
transparent to a considerable proportion of the visible spectrum. 
In these cases the absorption is small in a distance comparable 
with the wave-length of light, although it may be considerable in 
a distance comparable with 1 centimetre. 

Consider the behaviour of waves for which p has a value such 
as to make 7 = 0. We see from p. 165 that the absorption causes 

2 z 

the intensity of the light to fall off as e ^ . In a distance 
5 = ^ it will therefore diminish in the proportion of e"”" to unity. 

Since the absorption in distances of this order is very small it 
follows that must be very nearly equal to unity ; so that 7ifc 
must be a very small quantity. Turning to formula (22) we see 
that iiK will only be small when 7 = 0, provided that J5/8 is a small 
quantity. It follows that 8 is a large quantity compared with B, 
and also that it is large compared with y within a reasonable 
distance of the value of p corresponding to 7 = 0. In this region 
we may use, as an approximation, the formula 


BS 

yifc 

2Ai(^ + S^) 


(23). 


At the frequency for which the absorption is a 


maximum 


^ (jifc) and therefore ~ (~ ^ 
dp^ ' dp \y 


8^. 


mpo- 


ape^ 

■ z mp^ 

I —otq ^ 


vanishes. Hence 
/3^p^ 


vipo- - 


oLve^ 

1 — 


4- 
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XU < 


By putting p=Po on the right-hand side as an approximation we 
see that the absorption maximum lies close to 




ave^ 


^Pl 


m 1 


aq 


/yn 


oLve^ 


.(24). 


ml — aq 


Near the natural frequencies of a gaseous substance we can 
put ^ = 1, a = 0 and O' = 0. In this case it may be shown ^ that 
satisfactory approximations for n and uk are 


and 


n = 1 4* 


By 

277TF) 




BS 

7^4- 


(24 a), 
.(24 6). 


If we neglect the variation of B compared with that of 7 in 
(24 b), we see that the maximum absorption is given by 7 = 0 or, 
to this order of approximation, by _p=po- These relations have 
been utilized in interpreting certain spectroscopic and magneto- 
optical experiments. (Cf. Chap, xx.) 


The Residual Rays from Absorbing Media. 

If we are to discuss the phenomena which characterize the 
residual rays it is evidently necessary to consider the behaviour of 
the formulae for n and k when B/B is not small. Solving for k 
we find 


K = 



/A (7" + S“) 4- By'f 

I 




and, treating B as constant 


(2x7+5)! 

(A (7^ + 82) +57 
V 58 

)Vi 


(A (7- + 80 + 57\0 
V 58 )\ 

BSy/\ 


X(7^+8^) + 57Y 
58 } 

] 


This vanishes when 7 — — Bj^A and when y — ± 00 . Treating 
n- and n^/c- similarly we find that the maximum and minimum 
values of both n“ and 7f/c- are roots of the cubic equation 
4^7^ 4- BBy- — 4.4 8“7 — ji5S“= 0. 


* Cf. H. A. Lorentz, Theory of Electrons, pp. 154, 310. 



Let us now turn our attention to the intensity of the light 
reflected at the surface of the medium under consideration. 
Confining ourselves to the case of normal incidence and following 
the method of Chapter vii, p. 138, we see that the ratio of the 
reflected to the incident electric intensity is 

JjTs 1 — € g fMi cos 02 

1 -f- € ^ CCifh. ^1 ^ 2/^2 

For all the reflecting media that we have to deal with = /xo = 1, 
and since <Xi = and = c/V we have 



^ , X3 m — 1 n — ixTi — 1 

so that = = ; -z: . 

Jl 1 m + 1 n- i/cn + 1 

Putting this into the form pe^ we get 



^ — 1 
(?i+l)2+nV^ 


and 

. 2nK 


so that 

2 — 1 )2 4. 

^ [{n + lf+n^Kf 

(26), 

and 

. '^n^K 

tan ^ = — 

+ n V — 1 

(2T). 


As before, 6 measures the change of phase on reflexion, and 
p^ is the ratio of the intensity of the reflected and incident rays. 
The expressions which result on substituting from equations (21) 
and (22) are very complicated, and there does not appear to be 
any suitable approximation of a general character. The value of 
p^ can only be obtained satisfactorily by numerical computation 
after the constants in the formulae have been determined. The 
character of the graph of p^ as a function of p will be discussed 
after the theory of dispersion has been considered from a rather 
more general standpoint. In the same place we shall also review 
a number of the preceding results for absorbing media, using a 
rather simpler dispersion formula. (See p. 178.) 



Generalized Theory of Dispersion. 

In order properly to realize the limitations and approximations 
to which the foregoing theory of dispersion is subject, it is desirable 
to consider it briefly from a somewhat wider standpoint. From 
what has been said it is clear ^ that dispersion is essentially a 
dynamical problem in which the machinery is determined by the 
fundamental structure of the atom. Unfortunately we know very 
little about this structure, so that the necessary data cannot be 
stated very explicitly. Fortunately the methods of generalized 
dynamics enable us to find out a good deal about the behaviour of 
such a system even when we do not know much about its exact 
constitution. 

In order to determine the motion it is necessary that certain 
functions of the state of the system should be known or, at least, 
be capable of definite specification. These are the Kinetic Energy, 
the Potential Energy, the Dissipation Function and the function 
which is equal to the work of the external forces. Let us consider 
these briefly in order. 

Regarded as a dynamical system the optical medium consists 
of a system of electrons which may be treated as point charges 
subject, when undisturbed, to unknown conditions of equilibrium. 
The equilibrium is not necessarily a static one but may involve 
motion in orbits. 

In any event the expression for the kinetic energy is quite 
simple, since it is equal to the sum of the energies of the individual 
electrons. If there are n electrons in any sufficiently large element 
of volume of the medium the kinetic energy hT which belongs to 
this element is 

87’=^ 2 (4.- + + i/) (28), 

where is the mass and ys and denote the components of 
the velocity of the 5th electron. 

To obtain an expression for the potential energy is much more 
complicated. If the equilibrium state involves steady motion, the 

'• This is only true provided dynamics is adequate completely to account for the 
behaviour of atoms in this respect. This point is now doubtful, but, at least, it is 
of interest to examine the results to which generalized dynamics leads. 


potential energy will involve the velocity as well as the space 
coordinates. This makes the analysis considerably more com- 
plicated. As the present discussion is intended to be purely 
illustrative we shall forgo generality to the extent of supposing 
the undisturbed equilibrium to be a static one or at least one 
which can be treated as though it were static on the average. 
The effect of orbital motions has been considered to some extent 
by Larmor*. 

Under these conditions the most important term in the 
expression for the potential energy of any particular electron 
(suffix s) will undoubtedly be of the form 

a («/ + y/ + Zs% 

where a is a constant and Xg, ys and are the components of the 
displacement of the electron from the equilibrium position. This 
term represents the work done by the force of restitution con- 
templated by the former theory. If all the electrons always 
moved similarly and preserved similar geometrical relations in all 
the motions contemplated, the whole of the potential energy could 
probably be represented by a single constitutive term of this kind. 
But even when forced oscillations alone are considered, the relative 
displacement of the different kinds of electrons is affected by the 
frequency of the vibrations, so that it is necessary to consider the 
influence of the separate electrons on each other. Now each 
electron Ues in the field of force of the doublets which are 
equivalent to the displacements of the other electrons, so that the 
complete expression for the potential energy of any particular 
electron will contain terms depending on the displacements of all 
the other electrons which lie within some considerable distance of 
it. Consider the part of the potential energy of the sth electron 
which arises from the displacement of some other specified electron 
which we may denote by the suffix a. Let the line joining to 
the undisplaced position of be r, where 

r- = x^ + y^ + z\ 

When eg is displaced an amount r will become 
r'=\{x + xsy‘->ry^ + !^f. 


* Phil. Trans. A. vol. cxo. p. 236 (1897). 
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The potential energy of in its undisplaced position, due to the 
doublet arising from Ca the moment of which is ea^a> is 


3 / 1 \ oc 


The corresponding quantity for the displaced position of eg is 





X + Xs 

— ^./3 • 


There will therefore be a term in the potential energy of eg, due to 
any other electron, which is of the form e^eaOOsOCaf{r, 6) where /(r, 6) 
depends upon the undisplaced positions of the electrons in space. 

Similar remarks apply to the y and ^ components of the 
displacements of the electrons, so that the complete expression for 
the potential energy of the element of volume may be written 


r=^n s=n 

3 IT = X ^ "b 

r~l 5=1 

+ F rs^rVs "b G’rs^r^s “I" Hrsyr^s] • • *(29), 

where the coefficients A, B, (7, F, G, H involve the fundamental 
structure of the medium, but are independent of the displacements 

Xyj yr z^. 

The nature of this expression for the potential energy calls for 
a little fuller consideration. The cross coefficients A^s ^tc. are 
proportional to the inverse cube of the mutual distance of the 
electrons involved, so that they are small except for pairs of 
electrons which are quite near one another. On the other hand 
the number of electrons at a distance between r and r + dr varies 
as r^dr ; but, on account of the periodic character of the phenomena, 
the distant electrons are in layers which exert opposite and 
approximately equal effects. Thus the contribution to the potential 
energy of a particular electron, which arises from the cross terms, 
will come almost entirely from other electrons in its immediate 
neighbourhood ; in other words the whole of this potential energy 
may be considered to arise from local causes. It is therefore 
legitimate to express it as a summation over the element of volume 
if this is taken fairly large. Unfortunately the size of the 
appropriate (dement will depend to some extent on the period of 
the vibrations, so this process can only be i*egarded as an approxi- 
mation after all. 



The summation in (29) can be split into two parts, one involving 
electrons in the same molecule and the other representing the 
influence of the electrons in the external molecules. The effect of 
the last named part is represented by the term aP in equations (1). 
This part of the summation will clearly vary with changes in the 
density of the medium. The effect of the part of the summation 
which depends on the other electrons in the same molecule is not 
considered in equations (1). It is not likely to be influenced much, 
if at all, by changes in the density of the medium. 

The discussion on p. 143 shows that we do not know much about 
the nature of the forces leading to dissipation of energy in systems 
of this kind. It is therefore desirable to make some fairly general 
assumption about it and we shall suppose that the dissipation 
function hF is a quadratic function of the velocities of the electrons. 
The consequences of such a supposition have not, as yet, been 
shown to be incompatible with the results of experiments. 

An expression for the work function hJI may be found by 
considering the energy of a dielectric medium in which an electric 
field resides. If the electric intensity is E the energy per unit 
volume i^\DE^\E{E^P). The term \E^ can be interpreted 
as the energy per unit volume of the space occupied by the 
dielectric, leaving ^EP as the work done by the field on the 
electrons. The work function is therefore 

r=n 

BU= 2 er {E^Xr + Byijr + E^z,] (80). 

r=l 

If we consider only plane polarized waves in which the electric 
intensity is parallel to the axis of x we can put 

Ex = X, Ey — Ez = 0 

r=n 

and BE =2 e^Xx,. (81). 

r=l 

The equations of motion become greatly simplified when the 
fiinctions T, W and F (dropping the 6’s) become sums of s(|uares. 
It IS well known that by means of a linear tran.sformation of 
coordinates any two of the functions T, W and F can be trans- 
formed into sums of squares of the new variables each multiplied 
by an appropriate coefficient. But we are unable to do thi.s 
simultaneously for all three even when two of them are already 



sums of squares, as is the case now with T and possibly also F, 
For instance suppose we replace the variables ... Zn by 3/? 

new variables, ... g'gn which are linear functions of zrj, j/i ... Zn* 
Let 


Xr = ar^qi -f ar^q^ + a/q^ + . . . + ctr'^qsn 
+ b/qo^-\- br^qs + ... + b/^^q^n ^ 
== Cr^qi + Cr^q^ + c/q^ + ... + c/^^qsn^ 


( 32 ), 


where the (3^^)^ coefficients a/ ... are constant quantities. The 
condition that this transformation should reduce the expression for 

T to a sum of squares is that the — / equations between 

the 9 ) 1 ^ quantities ad, etc., which arise when the coefficients of 
the cross terms in the new expression for T are equated to zero, 
should be satisfied. In a similar manner the functions W and F 

will lead to ^ ^ equations each. As soon as we have more 


than two functions to reduce, the number of equations exceeds the 
number of variables, and the transformations will only be reducible 
if a number of the equations happen, on account of relations 
inherent in the original coefficients, to become identical. In the 

9ti^ D?? 

present case where we have three functions, ^ of the 


equations would have to be alike. There is no reason to expect 
that this condition can be accurately satisfied with the kind of 
systems under discussion, so that we really ought to consider the 
general case in which T, W and F are any homogeneous quadratic 
functions. We shall do this very briefly later (p. 177). 


Nevertheless there is one case of vsimultaneous reduction which 
is well worth considering, — that in which the kinetic and potential 
energies are converted into sums of s(|uares by an appropriiitc^ 
linear transformation and F is assumed to be (‘(jual to a sum of 
s(|uares of the velocity coordinates so obtained. There ai-(‘ two 
reasons why this treatment maybe considered plausible. In the 
first place we are (]uit(i in the dark ab(nit the real nature^. oF F, a,nd 
in assuming it to be expressible as a sum of s(jiiar(\s of the 
coordinates which enter into the normal forms ol‘ T and W wc^ are 
really making the simplest possible assumption about it. S(‘condly 
there are a large nnndx'r of cases in which the dissipation is small, 



and in these cases the assumption outlined will probably give a 
close approximation to the truth. 

Introducing the variables q„ which satisfy equations 

like (32) the kinetic energy becomes 

r=i 2 /3w/ ..(SS), 

^ S=1 

n 

where /3s= 2 (a/ + 6/ + c/), 

r=l 

provided that for all values of I and m between 1 and 3n, excepting 
'when I = m, 

i m,. (a/a/^ + = 0. 

r=l 

There are — (3n — 1) such relations between the 97i- coefficients. 
Turning to W we see that since 

XrX, = + ar% + . . . + 3i + + • ■ • + a/”23«) 

and 

Xrys = + ar% + . . . + ar^^q^n) (bi^qi + + ■ • • + h^^q„) 

etc., we shall have 

1 3^^ 

w=.l 7.?/ (34), 

where 

n n 

47«= 2 2 {Arsa/a/ + Brsb/bs* + GrsC/cJ' 

+ Frsar%* + G-nUy^c/ + 

provided that for all values of t and u, except t = «, between 1 and 
3?2, 

2 2 { (a^*as“ + a/ a/) + {brbs‘ + b/bA) + (c/c/ + c/c,.'") 

?•=! s=l 

+ Frs (Ot + as%'^) 4- Grs + ct/c/) + -ET^- (E/c/'' + b/ c/)) = 0. 
3?i 

There will again be -y (3?^ — 1) of these equations. 

We also have 

n s=tiu 

?7= X XerXr— 2 (35), 

r=l s=l 

Sg = X ^ era/, 

r=l 


where 



2^ 'in 

and we assume ^==0 ^ 

^ S=1 

where the e’s are constant coefficients. 

The equations of motion are given for each q by the extended 
Lagrange’s equation* 

dt\^)qs) dqs dqs ^qs ^qs ^ ' 

They are therefore 

^sqs + ysqs -^esqs^Bs ( 38 ), 

and if X varies as the forced vibrations are given by 

+ 7« + ■ 

The natural vibrations will be obtained when the external 
electric intensity X is equal to zero. Those corresponding to the 
displacement qs will therefore be determined by the equation 

^s'is + ^sqs + €sqs =0 (40). 

They will be proportional to where 7r.s. is a root of 
— + ie^iT + iy§ = 0. 

Evidently tt^ is complex and if we put will be 

the frequency of the corresponding principal period and its 
decay factor. Since 

tt/ = p/ - 

we have - /3,. (p/ — ^*/) — ^sh + ys = 0, 

and 

(^1)- 

and 

Thus ^ . 

/3s (Ps- - P‘) + ^-0^ + ie.p 

‘4n 3?i .s'^ 

and Xr = S a/qs= 2 , (42). 

^ ‘ ” '/3s (p/ - p-) + ^ + iesp 


Lord Kayleigh, Theory of Soimd, vol. i. chap. v. 



The summations in Dxie 

over all the n electrons in any sufficiently large element of volume. 
If V is the number of such elements in unit volume the polarization 

will be 

^ verOCr 
r-l 


n 

Se. S' 




a/Bs 

p^+^+ie.p 


=(/c-l)X ...(43), 

ips- - P') ^ 

n 

where J5 l 8/ = 

r=i 

Thus for a medium of unit magnetic peraieability the complex 
refractive index m is given by 


Zn 

= 1 H- 2 ■ 
^=1 


s; 


/3s {ps “ + Ksp 


=. 1 , 

s=l ■^s' - p' + «'<#>sP 


.(44), 


where 


2 e^u./ 2 erUr^ ) 2 my (a/^ + &/“ + o,P) 

r=zi r-l J r-l 

=Ps^ + ("S ^ ^ + Cr ) 


> (45). 


(f>g = es-i- 2 nir (a/' + B/ + c/) 

r=l 


It is evident that the refractive index must be independent of 
n and v except in the combination nj/. The particular values of 
n and v are arbitrary except that n has to be a sufficiently large 
number. The product ni/ is equal to the number of electrons in 
unit volume of the substance and is therefore a characteristic 
constant. The requisite independence is secured by the fact that 
when n is large the constants which enter into (44) keep on 
repeating themselves for different values of s. Thus the summation 
in (44) is really a summation over the different principal modes of 


vibration in which each mode is multiplied by the number of times 
it occurs in unit volume. The total number of terms, coincident 
or otherwise, is equal to three times the number of electrons 
present in unit volume. 

Formula (44) is of the Sellmeier type except for the inclusion 
of the dissipation term. With energy functions of the type now 
under consideration, the relation between the refractive index 
and the density of the substance is not an obvious one, since 
the constants As, and will involve the density in virtue of 
the relations on pp. 173 — 175. A formula of the Lorentz type 
would, however, arise if we assume that the only part of the force 
on an electron which depends on the density of the medium is 
= ofP, where a is a constant and P is the polarization. Formula (44) 
then becomes 

1- a (771^^1) 

where the constants are now somewhat different. A/ is pro- 
portional to the density of the substance and and </>/ are nearly 
independent of it. 

In the general case in which the functions T, W and F are not 
simultaneously reducible to sums of squares the values of etc. 
are the solutions of simultaneous linear equations and can be 
written down in the form of determinants. Consequently these 
determinants enter into the expression for the refractive index and 
make it difficult to handle except by approximate methods. In 
general the symmetrical coefficients which lie along the axes of 
the determinants are large compared with the remaining unsym- 
metrical coefficients; so that the determinants can be expanded 
as a series of sums of products which decrease progressively in 
magnitude. In this way it can be shown that the Lorentz and 
Sellmeier types of formulae result in virtue of approximations 
which are equivalent to the physical assumptions which have 
already been made in deducing them. 

We shall now return to the behaviour in the neighbourhood of 
an absorption band and the residual rays, using the simpler formula 
(44) instead of (15). 


Absorption and Befiecdon near the Critical Frequencies. 

In the neighb jurhood of one of the natural periods, say p=p„ 
we shall have, as a sufficiently close approximation, 



Putting = - ik) where n and k are real and positive we 


find, as on p. 165, 


where 


2n' 




By 


7^ + 8^ , 

2n-K = Bhjiyf + S') J 

A=qs, B=A, 1 

7 = ^ = i>sP] 


.(4S), 

.(49), 




...(50). 


When the absorption is small in a distance compared witli one 
wave-length we get, as before, to a first approximation 

BB 


llK 


if 


2Ai{j^- + B^)' 

3 ( ?i/c') 

Substituting the values of A, B, 7 and B we find vanishes 


- p- - 


<t>;Y 


■ 0 . 


-h Sp- 
in the fraction we may put as a sufficient approxima- 

tion. Thus the value of p for which the absorption is a maximum 
is given by 






.(51). 


Thus the corresponding true natural frequency is the fre( jiieucy 
for which the absorption is a maximum. It is somewhat less than 
the constant 'v//'/ which enters into the dispersion formula. 

We shall now turn to the problem of the intensity of the 
radiation reflected from a surface of the substance under con- 
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sideration at normal incidence. Denoting this by /?% considerations 
already brought forward show that it is given by 

^ _ (n^~ + - ly + _ 7i^ (1 + a:^ “ 2?z + 1 

^ ~ ((n. + l)2+wV}^ ~ii®(l + «=)+2n+l‘ 

Substituting the values of n and nic found previously, we 
get 


VV " 




0-2+1-2 


{<T + l + 2^1(^<r+h+;p^,)}- 


where 




B^ + 2A By 

7^ 4* S- 


.( 52 ), 


.(53). 


We have seen that for substances which exhibit the pheno- 
menon of body colour n~K- is small compared with unity, and for 
this to be the case for the particular value 7 = 0 it is necessary 
that S should be large compared with B, There is no guarantee 
that this will be the case with substances which give rise to the 
residual rays, since Nichols has shown that in the case of quartz 
the amount of the residual rays which are transmitted through 
a slab of the substance only two to three wave-lengths thick is 
incapable of experimental detection. The value of the extinction 
coefficient, 7ifc, for such substances, may therefore be of the order 
unity or greater, and this corresponds to a value of B at least 
comparable with that of S. It does not seem likely that there 
is any approxiiucition of general application in the case of the 
residual rays which leads to any very marked simplification of 
the formulae. It is therefore necessary to evaluate the formulae 
in each particular case and this is a troublesome process. The 
constants A and B involved are obtainable from the correspond- 
ing constants in the usual Sellmeier dispersion formulae and so 
also is >/r /(=7 4 -jy-). Determinations of 8 from the experimental 
results do not seem to have been carried out as yet, but the value 
of S is the most important factor in determining the maximum 
proportion of the incident energy reflected. 
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The precise nature of the curves which express p- as a function 
of 7 or X depends upon the values of the various constants. 
Nevertheless they always possess certain common features which 
are exhibited by the example in the accompanying figure. The 
ordinates represent the percentage of the incident energy which 
is reflected, i.e. they are the values of 100 p^ ; and the abscissae 



Fig. 26. 


are the wave-lengths (X = 27rc/p) of the incident radiation. All 
the constants except (j)^ have the same value in each of the graph.s 
1, 2 and 3. The common constants are:— = 2-05, A* = 2-5G:3 x lO'-^ 
and -«|r/=4-53x 10^. In graph 1, ^^=0: in graph 2, (^s=l-42 x 10'-; 
and in graph 3, (^s= 1'42 x 10“. The vertical line at X= 8-855 
indicates the value X» of X. which corresponds t.o tVm 
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frequency yjrg. The points marked thus : x, are Nichols’s experi- 
mental measurements of 100 for quartz. If we call the 

wave-length corresponding to and to the value 7 = 0 , will 
be equal to the constant wave-length whose square enters into the 
denominator in the usual Sellmeier dispersion formula. It is 
usually assumed that Xg is identical with, or, at any rate, very 
close to the wave-length for which the energy is a maximum 
in the residual rays. It is evident from the figure that this 
assumption may be far from being justified. 


Starting with values of X which are less than Xg (7 negative) 
p^ has a small value which gradually decreases to a very small 
minimum. From this it rises very sharply to a maximum beyond 
which it again diminishes, but more slowly than it rose. Thus 
the curves are far from being symmetrical about the position for 
which p^ is a maximum. The maximum value corresponds to 
a value of X which is distinctly less than Xg. The positions of the 
maximum and minimum may of course be obtained by differen- 
tiating the expression for p^ with respect to 7 , but the equation 
which results is of too high an order to be of much practical use. 
It happens, however, that the position of the minimum is very 
easily obtained with sufficient approximation, since it is practically 
coincident with the minimum value of the numerator in p^ If 
we multiply the top and bottom by 7 ^ + S- the numerator re- 
maining is 

l(A ^ (A 


The minimum value of this is at 7 = — 


A-1' 


The corre- 


sponding minimum value of p- is given very approximately, 
provided S- is rather small, by 




il 

45-* 


Thus the position of this minimum and the corresponding 
value of p- should give an important check on the constants in the 
dispersion formulae. 



CHAPTER IX 


THE FUNDAMENTAL EQUATIONS 

The fundamental equations of the electron theory may be 
regarded as a generalization or abstraction from the results of 
Chaps. Ill, y and vi. The electron theory assumes that matter is 
nothing hit a distribution of electrified elements of volume in 
space. There are thus no magnetic charges in the sense in which 
there are ultimate electric charges or electrons. The magnetic 
fields which occur in nature arise entirely from the motion of the 
electrons. The simplest assumption which we can make as to the 
nature of the universal equations of the field is that they are 
identical with those which we have derived for the free aether 
containing electric charges. It is important to realize that this 
is an assumption, as it is sometimes regarded as self-evident. 
What we can be sure of is that the fundamental equations must 
degenerate into those for the free aether at points not in the 
immediate neighbourhood of material particles; but this is a 
very different thing from being sure that they are valid in the 
interior of an atom or an electron. The assumption of their 
universality is a hypothesis which will only be justified if the 
conclusions to which it leads are in agreement with deductions 
from experiments. 

We therefore assume for the universal equations : 


div^ = p (1), 

divir= 0 (2), 
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where the mechanical force on an electric charge whose velocity 
is V relative to the measuring system is, per unit charge, 

F = E + \iVH] (5). 

It is necessary to show that these equations, which are asso- 
ciated with the name of Lorentz, are not inconsistent with any 
of our previous results. Looked at superficially they do appear 
to be inconsistent; since, by simply writing average values in 
equations (1) to (5) we do not arrive at equations which are 
obviously identical with those which we found to comprise the 
behaviour of dielectric and magnetic media in Chaps, iii, v and vi. 
It is to be remembered, however, that the vectors defined as the 
electric and magnetic intensities and inductions respectively, in 
those chapters, were all average values of the true electric and 
magnetic intensities but formed in different ways. When this 
difference is taken into account the discrepancy will be seen to 
disappear. We shall now consider the equations in order from this 
point of view. 

Equation (1) is supposed to apply to any element of volume 
however small. The corresponding equation div D = p is an 
equation between average values, and only applies to an element 
of volume which contains a very large number of electrons. In 
order to compare them let us integrate (1) over any sufficiently 
large volume. We have 

jjj pdr = + ^ + dxdlli, . Ijji.dS. 

where represents the normal component of E at any point of 
the surface. But we have seen that the induction J),j, is the 
average value of the force in the flat cavity perpendicular to Bn, 
so that the normal induction is nothing else than the average 
value of the intensity E taken over a surface perpendicular to it. 
This identification is only strictly true provided the surface is so 
large that the excess of polarization charges of a given sign 
inside of it is negligible. In other words, of the doublets whose 
axes are cut in two by the surface the difference between the 
number which leave their positive and those which leave their 
negative ends inside must be negligible. On the other hand, if 
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the surface is not big enough to satisfy this condition, the meaning 
of the induction becomes indefinite. 

In any event we saw at the end of Chap, ill, that div^=p 
always, provided that p represents the total average density of the 
charge whether it arises from conduction or polarization electrons 
or both. The apparently inconsistent equation div D = p is only 
true provided the part of the volume density of the electrification 
which arises from the polarization electrons is left out of account. 

Equation (15) of Chap, v, viz. div S = 0, is an equation over 
average values, and is consistent with div H = 0 for precisely the 
same reasons as those which establish the consistency of (1) and 
div D = p. In this case we do not need to consider the possibility 
of an excess of magnetic poles of a given sign being situated 
inside the surface. For as the elementary magnets consist of 
electric charges in motion, it is impossible to cut them in two in 
such a way as to separate the equivalent charges. The detailed 
formulation of the magnetic properties of bodies from this point 
of view will be left to a later chapter. 

The equations obtained in Chapter vi also refer to average 
values of the dependent variables. The equation which is equi- 
valent to (3) is 

^ ^ IdB 

rotE= — (3 a). 

c dt ^ ^ 

In order to show that these equations are consistent it is necessary 
to consider their geometrical interpretation. Each of them is an 
analytical expression of the fact that the line integral of the 
component, parallel to the contour, of the vector on the left, round 
any contour, is equal to the integral of the normal component of 
the vector on the right over any surface bounded by the same 
contour. Thus the £ of (3 a) is the average value of the tan- 
gential component of the electric intensity taken round the 
contour. It is evidently equal to the average value of the E of 
(3) because E when derived from V as in Chapter iv is equal to 
the average value of ^ in a filamentous cavity. We have already 
seen that the average value of over any surface is equal to the 
averap value of over the same surface. The equations (3) 
and (3 a) are therefore consistent with one another. 
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Quite similar considerations apply to (4) and equation (IT) of 
Chap. VI, which we may Muite 



The average of the tangential component of H round a contour 
is evidently B, and the average of En over the corresponding 
surface is clearly so that these equations are also consistent. 
There is one point which is worth remarking in this case. In 
interpreting (4 a) it is desirable so to choose the surface bounded 
by the contour that none of the electrons cross it during the 
interval under consideration. Otherwise there is a contribution 
to the pV term owing to the motion of the electron. (4a) then 
becomes inconsistent with itself since the surface integral does 
not have the same value over all surfaces terminated by the same 
contour. This difficulty may be overcom,e either by choosing the 
surface so that the polarization electrons do not cross it, or by 
taking the element of time large enough to include the average 
value of effects arising from such translation. This is zero because 
the motion of an electron across the bounded surface is equivalent 
to the creation of a separate doublet with its like charge in the 
new position of the electron, and its unlike charge in the old 
position. The creation of this doublet introduces a local term 
in the force which just wipes out the effect of the motion of 
the charge across the boundary. These remarks are pertinent 
to equation (4a) only. Equation (4) is always consistent with 
itself, and is consistent with (4a) when the latter is self-consistent. 

In comparing equation (5) with the corresponding e(jiuition 

P = E+hv.B] 

c 

the agreement ot the first term on the I’ight is clear enough, but 
the second requires fuller consideration. Here we hav(‘. to deaJ 
with the average value of H taken along a liiu^ to which H is 
normal. It is difficult to see how this may be done diivctly, but 
an indirect method may be employed. Considering th(‘ 
where E=Q (at least so far as average values are eoncern(‘d) 1(‘(, 

us apply the universal ecpiation F =^[V . H\ to hnd th(‘ Ibr-ec' 

c 

‘Tr^-l-nYTri' /-.i n* a. .... .1 _ • , 111.. 


material medium. If the strength of the current is i, (5) gives 

for the resultant force on the circuit the value — j'[ids . H] taken 

round the circuit s. By an argument similar to that in Chap, v, 
p. 83, it follows that the force is equal to ijc times the rate of 

change of jjEndS over any surface having the same contour. 

The Hn in this integral is, of course, the normal component of the 
universal magnetic intensity. But, as we have seen, 

JlffndS = JjBndS. 


Thus it follows that (5) and (5a) are consistent and, incidentally, 
that the average value of IT taken along a line normal to the 
direction of If is fiH = B. From this the analogy between the 
electric and magnetic vectors would lead us to expect that 

= j j^nds = /cE = D, the suffix n denoting that the vector is 
perpendicular to the direction of integration. 

By dividing the space up by means of tubes of induction, it 
is clear that the average values of the universal expressions ^E- 
and for the electric and magnetic energy densities respec- 
tively are equal to ^kE^ and This is only true provided 

we neglect constant terms which may be regarded as representing 
the intrinsic energy of the electrons and of the molecular magnets. 


The Differential Equations satisfied by the Vectors luhen 
Charges are present. 

In Chapter vii we were concerned with the solution of equa- 
tions (1) to (4), and the extensions of them, which have just been 
considered, in the cases in which the density p of the charges was 
everywhere zero. The results thus obtained naturally applied to 
the propagation of electromagnetic effects in insulators, including 
the free aether as a particular case. We shall now consider the 
nature of the solutions in the more general case, when electric 
charges are present and contribute to the resulting phenomena by 
their motions and the forces they exert. 
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The new equations, analogous to y-^jE= ^ , which arc 

satisfied by E and H, may be obtained rather more easily than 
would otherwise be the case if we first prove the general theorem 

grad div A — V^A = rot rot A, 

which is true if A is any vector point function. The components 
of rot A are 

dAz dAy 
dy dz ' 

dAx dA.^ 

dz dx ^ 

dAy dA^ 

dx dy 

So that the x component, for example, of the rotation of the 
rotation of A is 


dy V 9^ dy J dz\ dz dx ) dx \dy dz ) dy" dz" 

= A (^A^ ^Aif 4. ^Ai] __ 4. 

dx \ 3^ dy dz J \ dx- dy" dz- J ‘ 

Since a similar result follows for the other two components we have 

grad div A — VM = rot rot A (()). 

In order to obtain the differential e(juation satisfied by E we 
differentiate equation (4) with respect to t and obtain 


dt'^ 


, 9 / 1 rx , dff 

+ ^^(pV)^crot-^-. 


Substituting the value of from (3) we get 


d‘^E 

dt- 



c" rot rot E, 


whence, from (6) and (1), 

V7.) ri Id E . 10. 

P + c-S*' 

In a similar manner, starting with (3) wo find 

1 9'^// 


.(7). 


1 


JLOU 


Each of these equations is a vector equation and is equivalent 
to three separate equations between each of the three components. 
Thus if the components of E, H and V are Ey, E^, Hx, Hy, 

Vx, Vy, respectively, the os components are given by the 
Cartesian equations 


V2P 

df ~da,-d^dt 




•( 9 ), 


and 




1^* 

dt^ 


l\ d(pV,) d(pV„)\ 

c\ dy dz j • 


There are four other similar equations for the other components. 

The nature of the solutions of equations (9) and (10) may be 
discovered by considering the equation 


r-o . 1 


( 11 ). 




where w is a function of x, y, z and t. In the electrical problems 
which we shall have to consider oa is a given function of these 
variables. The solutions of (11) have a certain degree of resem- 
blance to the potential in the theory of attractions. The potential 
V satisfies the equation V^F = p, where p is the density of the 
attracting matter, measured in suitable units. As is well known 
the integral of this equation is 



Thus the potential at any point P is obtained if we take the 
element, pdr, of mass at any point, divide by 47 r?- where r is the 
distance from P, and integrate throughout space. We shall see 
that a precisely similar result holds for the functions 'yfr which are 
the solutions of (11). The only difference lies in the fact that in 
calculating the values of a/t we replace p in (12), not by the 
instantaneous value of co, the function on the right-hand side of 
(11), but by the value which this function had at the point of 
integration at an instant rjc previously, where r is the distance 
from the point at which E or H is to be calculated. 

If in (11) we introduce a new independent variable u=^ict the 
equation becomes 

d^yjr d^ylr 
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The left-hand side would be the value of in rectangular 
coordinates in a four-dimensional space ; so that the problem of 
finding the solutions of (11) can be looked upon as the problem of 
finding the potential in a four-space. (11) is an example of a 
number of electromagnetic equations whose symmetry is improved 
when the time t is replaced by the imaginary variable ii = ict 


Kirchhoff's Solution. 


A very complete discussion of the solution of (11) was given 
in 1883 by Kirchhoff* in connection with the theory of the pro- 
pagation of light. As a preliminary to solving (11) let us introduce 
an auxiliary function ^ which satisfies the equation 


0 J .2 0 ^ ^.2 05^2 


(13). 


This is the equation to which (11) reduces when the right- 
hand side is put equal to zero and \jr is a function only of t 
and the distance r from a fixed point. If we put ^ = (13) 

becomes 


^^1 ^ 
c- df 


,(13 a). 


The most general solution of this equation is (see p. 117) 

^ = + rjc) — F(t — r/c), 

where F is any function whatever. The two terms correspond 
physically to disturbances propagated in opposite directions with 
velocity c. We shall only consider one of them and take 

(j) = F(t~{- rjc) 


giving 





where F is a perfectly arbitrary function. 
Next consider the integral 




( 15 ), 


7... T77- ....J 1 „ /I 000\ 


taken throughout a closed volume limited by an internal surface 
<7 and an external surface S. By Green’s Theorem 



Fig. 27. 


the normals being directed into the enclosed volume. We also 
have from (15), (11) and (13) 

J- = - /// + ^, /// ( t cir 

= -[11 dr (17). 


From (16) and (17) 



This is true for all values of t Let us integrate it with respect 
to dt between limits ti and We then get 




( 18 ). 



Let us now return to the consideration of the function F, 
This may be any function of the argument t'hrjc. We shall 
suppose that it is such a function that it takes the value zero 
for all values of the argument except those in the immediate 
neighbourhood of the particular value zero. We shall then have 
F (.^•) = 0 unless x lies between, let us say, ± e where e is a very 
small quantity. We shall also suppose that 

r'F(x)dx = l (19). 

J -€ 


Since F (x) is zero unless x is between ± e we evidently also 
have 

I F(x) dx = f F {x) dx — 1. 

J — oo — e 


If the value of ?• is fixed 

/ r\ f^-rrlc 

I F(t-h-)dt— F {x) dx —1 
J ti \ C/ J t, + r/c 

provided U + r/c > e and + r/c < — e. Moreover, if we make e in- 

r-i-e 

finitesimal but still suppose F to have the property I F (x) dx = 1 
we shall have, if co is any function of r and t, 

(oF (t + dt = 0,' J V (t + ~'jdt = (o' (20). 

where co' is the value of co at the instant t== — r/c. This follows 
since, except when t lies between ± e, F — 0, and throughout this 
infinitesimal interval co may be considered constant. 

Now let to have a definite positive value and a very large 
definite negative value, — being so large that for all points in the 
enclosed volume ti‘\- rjc < — e. Then the values of x which occur 
in the integrated part of (18) all vanish. So also do the values of 

since the derivatives of x zero except between + e. 

We may write the term containing co in (18) in the form 


coF lt + -]dt. 


-JIIH} 

This is equal to — j'jj^ dr where co' has the same meaning as 
in (20). In a similar way 


where denotes the value of ^ at the point of integration 


dll 


(distant r from P) at the instant t = — rlG. The corresponding 
integral with respect to da- may be similarly treated. 

We also have 


dn dn Ire 


Thus 




dn 


^2 


dS 


where yfr' is the value of at the point of integration at the 
r 

instant t = - The right-hand integral may be integrated by 
0 

parts, giving 




'9^ TT 


dt 


F t + -]dt 


__ rr 1 3r /9'^y 
rc d7i \dt ) 


since ^ 4- - ) vanishes at the limits. Here 

cj 


dt] 


dS, 
denotes the 


d'yl/' ... ?' 

value of at the point of integration at the instant t = ~ , in 

accordance with our former notation. 

The left-hand side of (18) may be treated similarly, giving 
rise to 


74 _ 1 A + 1 ^ 

J [r \ dn) dn \rj ^ cr dn \ dt 


dcr. 


Now let the surface a become coincident with a sphere of 

infinitesimal radius p about the point P. Then and the 

on dp 

left-hand side becomes 

If £ 0 + 7^ + c7 (0 } 
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When p is made to become very small the terms in - become 

yjr' 

infinitesimal compared with ■— . So that the left-hand side 

P 

becomes identical with 47r'5'', where is the value of 'yjr at the 
point P at the instant t—0. Hence, we have 


—i{j{ 


r ^ 4TrjJ {r\dn) d>i\rj'^ crdn\dt)) 


.( 21 ). 


Now let the surface S recede to an infinite distance and 

suppose that at infinitely distant points the functions and 

dyfr 

dt 


, all have the value zero until a definite time T, then when 


dn) 


, and 


dyfry 

Jt) 


r becomes infinite the time t= — , to which ylr', 

in the surface integral refer, is always less than T, so that every 
element of the integral is zero. This supposition is legitimate 
physically since we always presuppose that physical phenomena 
are independent of past or present occurrences at an infinite 
distance. We thus see that the value 'T' at the point P at the 
time t is equal to 

-c/Z/f* 


where the integral is taken throughout space, and the value of 
ft) for each element of volume is that which it possessed at 

T 

the instant t — . 

c 


The Propagated Potentials, 

The physical interpretation of the result we have just obtained 
is very simple. It means that the values of the electric and 
magnetic intensities at any particular point P at any instant are 
not, in general, determined by the state of the rest of the field at 
that particular instant, hut by its previous history. The effects 
at P, in so far as they are due to a particular element of volume 
distant r from P, depend upon the state of that element of volume 
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at a time r/c earlier than the instant considered. This time r/c is 
equal to the time which would be required for light to travel from 
the distant element to the point P. The nature of the field 
is therefore such as would arise if each portion of it were constantly 
emitting disturbances which were ‘propagated from it in all direc- 
tions 'with the velocity of light. 

When we come to the actual calculation of the values of E 
and E in particular cases it is found that equations (7) and (8) 
are unsuitable owing to the values of to, given by the right-hand 
sides of them, being somewhat complicated. The calculations may 
be simplified by the introduction of two new functions, the scalar 
potential </> and the vector potential P, from which E and E may 
afterwards be derived by appropriate operations. We shall now 


prove that 

E-rotU (23), 

and P=-l^-grad<^, (24) 


if <p and U satisfy the equations 


and 


V2C/-_1^ = . 
df 


■V 

c ^ 


(25) , 

(26) . 


We shall prove first of all that a function U always exists such 
that H = rot U. This function is in fact 

w- 

For if (27) is true we have 




-—fff 

47r jj. 


’ 47r 


r [ 



Now the values of If in the integral refer to the different 
points of integration and not to the point at which U is measured. 
Let £c, y, 21 be the coordinates of the point at which U is required 
and a, b, c the coordinates of the element of volume dr. Then 
= (^* - ay + (y — by + {z — cy and the equation above may be 
written more clearly as 



dO'dbdc 

) '^{cc — ay + (y — by -^{z — c)- ’ 
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and 


/ 4 . T7\ 9^2 

{votU), = ^ " 


dz 


477 [dy 


m 


dHa\ dr 9 
da db ) r dz 


///(' 


dJSg _ g-gA 
3c 3a J r 




= Surface Integrals 


1_ 

477 


[ ^ ^ JjJ A __ ^ 


J db\ da db J r 


dc\dc da J T 


after an integration by parts. The surface can always be chosen 
so that the surface integrals vanish, and thus 


rot U 


=-fff 

4i7rJJJ 


rot rot H 


dr 


— ^ J Ij dl — 

Now the divergence oi H is always zero so that 


rotU=-^lff~ dr. 
477 JJJ r 


.(28). 


By comparing this with the equation for the potential 


V 


-UP 


dr, 


we see that the right-hand side of (28) is equal to H. This 
proves the theorem, which is seen to be true for any vector whose 
divergence is always zero. 

Having proved that a vector U such that H = rot U can 
always be found, we substitute the new value of H in the equation 

10^ 


rot E — — 


G dt 




and obtain 
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This equation is satisfied if E + --^ is the gradient of some 
scalar quantity - <f>. So that we may put 

This is the same as equation (24). It will be observed, however, 
that U and ^ are not completely determined by the considerations 
which have been brought forward. The only condition we have 
imposed on JI except (24) is that it should satisfy the equation 
H = rot U, Also may be any scalar quantity. If and 
are particular values of V and 0 which satisfy the equations under 
consideration, they will also be satisfied by 


Uz= JJq — grad yjr and = 




.(29), 


where yjr is some scalar function. We shall determine yjr by making 
it satisfy the condition 

divU ; 

c dt 


.(SO). 


It is necessary to show that this condition can always be 
satisfied. Substituting the values (29) in equation (80) we ffet 

There is always some value yjr which will satisfy this equation, 
so that (30) can always be satisfied. 

We have 

1 0 

p = div (div TJ) — div grad (^, 

whence making use of (30) 

V2<^-l^ = _p 

rotH=-(~+pVy 


We also have 


c \dt 

Substituting fi-om (23) and (24) 

rot rot U = grad div U-V^U 

Id^U aA 1 
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and div 11= — ^ , 

c dt 

so that 

Thus (25) and (26) are the equations satisfied by the scalar and 
vector potentials respectively. Conversely if (j) and U satisfy (25) 
and (26) the vectors E and H will be given by (28) and (24). 

In the light of our discussion of equations (7) and (8) it is clear 
that the values of the potentials are 



where the dashes denote that in carr3dng out the integrations the 
values of p and pV, respectively, at the instant — previous 
to that for which the integrals are being evaluated, have to be 
substituted. 


Electron at Rest and in Uniform Motion, 

As an illustration of the results which we have just obtained 
we shall consider the case of a single electron. If the electron 
has always been at rest then V is always zero ; so that the vector 
potential U vanishes. Moreover p becomes identical with p for 
every point, since the position at any previous instant is the same 
as the instantaneous position. Thus the scalar potential is identical 
with the ordinary static potential, the electric intensity is identical 
with the usual value of electrostatics and the magnetic force 
vanishes. The solution in this case is identical with the results 
of the usual electrostatic theory. 

Next consider an electron which is moving and has always 
moved with a uniform velocity in a straight line parallel to the 
axis of z. Consider the values of the two potentials at any point 
Pi at an instant ^i. They will not be determined by the instan- 
taneous state of the electron, but by its state at some previous 
instant tf U will in fact be given by the equation 
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where r/ may be called the retarded radius. It is of course a 
definite function of the instantaneous radius n, the velocity w and 
the velocity of light c. It is not, however, necessary for our present 
purpose that we should evaluate r/ explicitly. Let us consider 
the potentials at a point such that PyP^ is parallel to the axis 
of z, and at a time such that PiPi-=w{ti — t^. Both the 
electron and the point P have moved forward in space a distance 
equal to w iU- ti), and nothing else in the problem has changed. 
The potentials will have the same values at at the instant as 
they had at Pi at the instant <i ; since they must be determined 
by the relative positions of P and the moving charge and cannot 
depend on their absolute positions in space. Thus the field due 
to a uniformly moving electron is carried along with it as though 
it were fixed to it by a rigid fiamework. 



Fig. 28. 

If Qt,0 represents the direction of motion it is clear from 
symmetry that the potentials will have identical values at all 
points such as P which lie on a circle of given radius about 
a point 0 on the line of motion. Let QiO = z and QiP = ri, 
Qi being the instantaneous position of the electron at the time t for 
which the potentials at P are being calculated. The potentials 
will be functions of z, and t only. Moreover the resultant 
velocity lies along the axis of z, so that the « and y components 
of the vector potential vanish. We may therefore put 

n, t), 

U^=Uy = 0, 

TT — TP { V n * +\ 
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where / and F are functions which it is not necessary for us to 
evaluate more explicitly at present. 

\dU 

We have grad 0, 


SO that 


„ 

® dx Ti dr I ’ 

^ cy Ti dr I ’ 


Ez — 


IdF 
c dt 

IdJ^ 

c dt 


d(j> 

dz 

^1. 

dz 


£ ^ 

Ti dri ' 


Thus the electric intensity may be regarded as made up of two 
components, the first parallel to the axis of (the direction of 

- ^ ~ and the second 

C Ot vZ 


9/ 


motion of the electron) and equal f ^ “ 

directed along the instantaneous radius Vi and equal to — ^ 
The components of the magnetic intensity are 

^ dy dz . Vj drj ’ 




dUx 

dz 


dx 


xdE 

r^d7\' 


and 


rr _dUy dUx_^ 

" dx dy 


Thus the magnetic intensity is tangential to circles whose 
centres lie on the axis of motion and whose planes are perpendi- 
cular to that direction. The distribution of magnetic force is to 
this extent similar to that arising from a straight current lying on 
the axis of motion. 


Accelerated Electron. 

We shall next take an illustration in which the nature of the 
motion alters during the interval under consideration. Let the 
particle be at rest at the point until the instant t ^ ; let it then 

X. ^ J - 1 1 J • 1 . • 7 • ; 


200 


the FaNDAMENTAL EQUATIONS 


infinitesimal interval of time; then let it move with uniform 
velocity in a straight line until it reaches the point Q^ ; at it is 
stopped as suddenly as it was started at Qj ; let the stoppage be 
complete at the instant After the instant the particle 
remains for ever at rest in the position Q^. Consider the fiield at 
P and let PQi = Ti and PQj = 

The field at P at any time t is not determined by the instan- 
taneous position of Q but by its position at the time 

t' — t — r'jc, 

where r' is the retarded radius. Up to the instant when Q began 
to move r' was fixed and equal to n, so that provided t satisfies 
the inequality 

or tKti + nlc, 

the field at P will be that due to a static charge at Qi. After 
the instant the radius r becomes permanently equal to so 
that if 

h<t-rjc, 

or t > fa + rjc, 

the field at P is that due to a static charge at Q.,. In the interval 
between f = fj -f rjc and f = f^ r^fc the field at P passes through 
three stages : (1) that due to a particle moving with a positive 
acceleration, (2) that due to a particle moving with uniform 
velocity, and (3) that due to a particle moving with a negative 
acceleration. 

We shall see in the sequel that the field due to an accelei'ated 
electric charge possesses novel features of great interest. 
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THE ACTIVITY OF THE FORCES 

We shall next consider the rate at which work is done by tlic^ 
forces in the field, or, if we prefer this mode of expression, by th(‘ 
aether, on the charges in any given enclosed volume r. 'flie 

mechanical force on a unit charge is where V is the 

c 

velocity of the charge relative to the instrument used in measur- 
ing The force acting on the electric charge in an (dcum^nt/ of 
volume dr is therefore 

and the rate at which work is being done by tliis force at. luiy 
instant is equal to the scalar product of the resultant v(^lo(u’t}' of 
the element by the resultant force acting on it. TIu^ rat{‘ of‘ 
working of the forces in the field on all the charges ])r(‘S(uit; in it 
is therefore 

Now the part of the electromotive intensity ' [ 17/ | is alw.-ivs 

perpendicular to the plane containing K and // and is thendoro 
always perpendicular to K Tims (V [17/ |) is aJways /«‘ro, so 
that the activity of the forces reduces t.o 

A = I’ll (pi: li)dr. 

But pV= c rot H - , so tliat 

at 

A = ff fL (rot //A’ ) - K dr. 


i[F//]) dr, 
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Eeplacing rot H by its Cartesian equivalents this becomes 
~ F — 'l + E 


+ E, 


(dJE 

\dy 


. dHy 


dx 


■E 


dE' 


dt 


dr. 


If we collect together the terms containing — , and — re- 


0 0 T 0 

dx’ By dz 

spectively and integrate each term by parts this becomes 

0 Ij dydz (EyJS^ — EzHy) + dzdx {EzH^ — E^Hz) 

■f dxdy {E^Hy - EyH^) 

'BE^ _ TT 
By " By 


■Ilf 




dx 


j. TT 

+ ^^-07' 


H, 


oEy 

Bz 


v,dE\ 


+ E'--^[dr. 


dt) 


If Z, m, n are the direction cosines of an element of surface dS 
of the boundary of the volume t we have dydz = IdS, dzdx=^mdS, 
dxdy^ndS, and E^H.^ — E^^Hy^ E^Hx — E^Hz, ExHy — EyHx are 
the X, y and components respectively of the vector [EH], Thus 
the integrated part is equal to 


c [Eff]ndS\ 


where [EB]n denotes the resolved part of the vector [EH'\ along 
the normal to the element dS, The volume integral, after re- 
arrangement, becomes 


s. - ^ 5 ^ + H„ 


By Bz 


Bz Bx J 


+ - 




Bx By ) 


-If 


dr, 


1 BJS 

and, since roti^ = --^ and H-^= H,f + H:^ this may be 


Witten 


-JJfliiiS’+m<ir^ 

Thus A^cff [Eff]„dS -- I ffQH-'‘ + dr (1). 
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Now is the magnetic energy per unit volume of the 

aether and is the electrostatic energy per unit volume. It is 
to be borne in mind that the E and H of this investigation are 
the universal values of the forces introduced in the last chapter 
and are not the same inside material media as either of the 
average values which we have previously defined as the intensities 
and inductions in such media. The mean value, over a region of 
the appropriate dimensions, of the present is identical with 
the former or or jB^/2/i, and the mean value of the 

present is identical with the former ^kE- or ^ED or D-j'lK. 
When E and H are the universal functions 

represents the rate at which energy is lost by the aether, or space, 
within the limited region r. Thus the whole of the work done by 
the forces of the field on the electric charges is not covered by 
the energy lost by the aether in the immediate neighbourhood. 
In general we have also to consider the quantity represented by 
the surface integral. Since the left-hand side of the activity 
equation is the rate at which work is done on the electric charges, 
and the volume integral repi’esents the rate of loss of energy by 
the electromagnetic field in the enclosed volume, the surfiice 
integral which is equal to their difference must represent the rat(.^ 
at which energy flows into the region r from outside. Any 
possible alternative to this conclusion would involve a denial of 
the principle of the Conservation of Energy. 

Poyntings Theorem. 

The occurrence of the surface integral cjj[KH\,(lS in th(‘ 
equation of activity of the forces was first remarked by Poynting*, 
who gave to it a very definite physical interpretation. He ])oint(‘(l 
out that the behaviour of the field could be explained by the 
that at every point there was a stream of cincirgy (Mpial 
per unit area to the direction of thc^ stream b(‘ing coin- 

cident with that of this vector, and therefore normal to th(‘ |)hine 
containing E and H. The Poynting Flow of Energy thus 
vanishes when E and H are coincident in direction, and ha,s a, 
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maximum value, other things being equal, when they are at right 
angles to one another. This interpretation is, of course, consistent 
with the equation of activity, and is, in fact, the most obvious 
interpretation of it. It is, however, not the only interpretation. 
For we may evidently add to c [£'. H ] any vector R which satisfies 
the condition that the surface integral of its normal component 
over any closed surface vanishes : and the equation of activity will 
still be satisfied. We know from Gauss s Theorem that this con- 
dition will hold if we have divjB = 0 everywhere; so that there 
are an infinite number of vectors in addition to Poynting’s which 
satisfy the equation of activity. 

It is interesting to consider to what picture of the flow of 
energy we are led in typical instances on the supposition that it 
coincides with Poynting s vector. In the case of a straight wire 
carrying a current, for example, the electric force is parallel to the 
length of the wire, and the magnetic force is in circles about its 
axis. Thus the electric and magnetic forces are at right angles to 
one another, and the flow of energy is at right angles to both. 
That is to say, it flows perpendicularly into the wire from the 
insulating medium which surrounds it. 

Probably the most convincing case of the flow of energy in 
accordance with Poynting’s vector is that furnished by the propa- 
gation of electromagnetic waves. Consider a parallel beam of 
plane polarized light. We have seen that in such a beam the 
electric and magnetic vectors may be represented by 

E — H — A 0,0^ {pt — x). 

It is important to notice that the two vectors are always in 
phase, and that they are equal in magnitude when expressed in 
the units used in this book. They are also at right angles to one 
another. Thus the resultant flow of energy is perpendicular to 
both E and H ; that is to say, it is along the direction of propa- 
gation of the light. It is equal at any instant to 

c cos^ {pt — x) 

per unit area. Its average value over a single period, or over any 
very large interval of time, is 

1 r 



the activity of the forces 

Now iA^ is the mean energy present in unit volume ot the 
wave, so that Poynting’s Theorem represents this energy ms flowing 
along with the velocity c. Since this is in accordance with tlu^ 
results of observation the application of Poynting’s Theorem to 
questions relating to radiation evidently rests on veiy solid 
grounds. 


Forces exerted oyi the Charges, 

In the last section but one we have considered the rate of working 
or '"activity’’ of the forces acting on an enclosed electrical systcan. 
We shall now consider the value of the resultant force acting on 
a similar system. On the electron theory of matter the results 
will be applicable to any material system since, on this theory, th(‘ 
force acting on a material system is the aggregate} c^fifect of 
electric and magnetic forces which act on the (^Iiictrons which 

constitute it. The force exerted on a unit charges is K 4- | 17/ j, 

where V is the velocity of the charge relative to tlu^ sysl.em oi’ 
instruments used to measure the forces. '^Hie r(‘ason foi- l.ln's 
particular specification of V will be clearer latcn* ( -haps, xiu 
and xiv). It will be observed that it is not inconsistmjt with 
the deduction from the magnetic propertitis of (}l(‘(d-ri(} (mrrenl-s 

which led us to include the term [V7f ] in the (‘xpr(‘ssion Ibr (.lie 

force on a charged body (p. 114). So far as a,ny cwidimcf^ whii^h 
has been considered up to the present is conccn-m^d, we mighl. as 
well have taken V to be the velocity of th(‘ charge^ n^lativi^ l.o the 
aether, which we might suppose to be absoluU^ly Fixcsl in spare. 
When we come to consider the electrical and optical jiropf^rties et 
bodies in veiy rapid motion, we shall sec^ tha,t th<‘ assumption 
that V refers to the velocity relative to tlu} nu^asuring syslem 
effects very important simplifications. 

The charge present in the element of volume dr Ixung pdr, 
the force exerted on this element of volume will h(‘ 
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and the force on the whole volume will be given by the vector 
equation 


= ljj^divE.E + ^[pV.H]^dT, 


since p = div E, But 




hence 

and 

But 


dE 


^7=0 rot if- — , 


H 


dT. 


'dE 


dt 


.H 




p 


= \^{EE-\^o\_E.x^%E\ 


and 

hence i" = — 


[^.rot E] = -[TotE,El 
diyH=0; 

c % J [f • E + [rot E . jB]} dr 


- 1 jj (div H.H + [rot H.H]}dT. ..(2). 


This is the total force on the volume t. Consider the x com- 
ponent of F due to the third term of (2). Call it Then 




'dH, dHA 


dz dx 1 


_ rj fiJl)! dEx 

" V 


dj^ 

dx 


d^ 

dx 


dx 


E. - * - E„ _ E, + E, -h * 


V dx 
d^ 
dy 


dy 

dE 

" dy 


dr 




dr 


= fflifx + I i (E^E^j dr 

= + ffdS (I [1 (EA - E/ - EM + rnE^E,, -f- >iE.m. 
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where I, 'ni, n are the direction cosines of the outwai'd drawn 
normal to tlie element of area dS of the enclosing surface. 

The tliird term of (2) will give rise to similar expressions for the 
components of force parallel to the y and ^ axes. If we treat the 
second term in (2) in the same way we shall get similar ex- 
pressions except that the components of the magnetic intensity 
are replaced by the corresponding components of the electric 
intensity. If we put 

Pxx = i {^cc ““ ^ ’ Puz ~ Pzjj “ d- //,/ H. , 

Pz% ~ h \^z ~ ~~ d" ““ J Pxy ~ Pi/a ; ~ ^xEy + II x H ^ y 

the components of the last tw'o terms of (2) may be written, 
selecting tlie x component as an example, in the form 

\\(ip OCX dS, 

The last two terms therefore reduce to surface integzals oven- the 
boundary and are, in fact, identical with the forces due to tln^ 
Maxwell stresses discussed in Chap, ii, except foi‘ the addition 
of the magnetic terms which were not then being considered 1. 

We now notice a very important difference betwenni our 
present problem and the static case considered in Chaj). n. Tlu^ 
resultant of the forces acting on the volume from without, as 
calculated from the Maxwell stresses across the boundary, is no 
longer equal to the force tending to accelerate tlu^ chargers en- 
closed by the boundary, the former being the greater by 

///; I 

Thus, ia the absence of electric cliar^res, the rosiiltjuit foi-ce 
due to the stresses over the boundary does not vanish imh'ss tlu^ 
value of this volume integral is zero. The most natural inku- 
pretation would seem to bo the following. In static cas(«, con- 
sidering the action between the charges enclosed and the r(!gioi) 
external to the bounding surfiice, the resultant forc(! on the 

external region, given by the Maxwell stix'ssos, is ecjual ami 

opposite to the resultant force on the clmrges enclosed. In 

general, however, the action and reaction between the chargcjs 


. 1 1 
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the reaction to the force exerted on the external region falls on 
the aether enclosed by the surface, the amount of this reaction 
1 d 

per unit volume being There are two other possibilities 

^ c ot 


which are deserving of consideration. We may either deny the 
applicability of the Newtonian law of action and reaction to 
electrodynamic systems or we may deny the physical reality 
of the Maxwell stresses. Of these two alternatives the latter is 
to be preferred, at any rate from the standpoint of the electron 
theory of matter. For if we are to regard material systems as 
electrodynamic systems (which is the electron theory in a nut- 
shell) it is essential that the Newtonian laws should be true 
for them to the extent that they are true for material systems. 
That is to say, they must be exceedingly close approximations to 
the truth in the case of systems the parts of which have velocities 
which are small compared with that of light. 


It happens that we can retain the law of action and reaction and 
also the physical existence of the Maxwell stresses if we interpret 
the vector [JSB]/c as momentum per unit volume of the medium. 
In that case equation (2) shows that the stresses acting across the 
boundary of the region are equal to the force tending to move the 
charges within the region plus the rate at which momentum is 
communicated to the enclosed medium. The idea of electro- 
magnetic momentum was first suggested by J. J. Thomson*. The 
momentum per unit volume is very closely related to Poynting’s 
vector, c [EH], being, in fact, equal to the latter divided by the 
square of the velocity of light. 


We shall see that this idea of electromagnetic momentum is 
extremely useful in enabling us to make calculations about the 
mechanical effects of light and of moving electrons. At the same 
time it suffers from a serious disadvantage in so far as we have no 
satisfactory conception of any mode of motion of the aether to 
which it corresponds. Thomson has suggested f that it represents 
the inertia of tubes of electric force. These are supposed by him 
to have a definite concrete physical existence. Each tube is 
supposed to be anchored at one end to the electron to which it 


* Beeent Researches in Electricity aiid Magnetism, p. 13 (1893). 
t Loc. cit 
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belongs, whilst the other end extends to an indefinite distance. 
In a recent paper Thomson has examined the consequences which 
would follow if the number of such tubes attached to each electron 
were quite small It will be observed that this theory attaches 
the inertia in reality to the electrons rather than to the medium 
in which they move. 

The most important application of the idea of electromagnetic 
momentum is to the dynamics of a moving electric charge. We 
shall, however, defer that question until the next chapter and 
occupy ourselves for the present with the question of the pressure 
exerted by light and other electromagnetic waves. This subject 
affords excellent illustrations of the application of the ideas both 
of electromagnetic momentum and of the aethereal stresses. 


The Pressure of Radiation. 

We shall consider the pressure of radiation first of all from the 
point of view of the Maxwell stresses. Let us apply equation (2) 
to any closed surface containing matter or electrons and consider 
the average value of the quantities occurring in the equation, 
taken over a considerable interval of time T. The average value 
of the left-hand side will be the average force exerted on the 
matter or electrons. There are important cases in which the 
average effect of the Maxwell stresses can be very easily calculated 
and in which the volume integral vanishes. Considering the last- 
named term first, its average value over an interval of time T is 


1 

T 


dt 




This expression is equal to zero when either of the following 
conditions holds : — 


(1) The volume integral has the same value at both the 
time limits. This will be the case when the electromagnetic 
actions are periodic and T is an integral multiple of the periodic 
time. 

(2) The volume integral fjj{EH]dT is finite throughout 


the time considered and T is an interval of time so great that it 
may be regarded as infinitely large. 

It is evident that the electromagnetic momentum is relatively 
unimportant except when rapid changes are taking place in the 
state of the electromagnetic field. 

Let us now apply our results to the case of a plane polarized 

wave of monochromatic light 
incident normally on a surface 
which absorbs it completely. 
Let A BCD represent the ab- 
sorbing substance, the light 
being incident on it in the di- 
rection of the arrow which is 
parallel to the axis. Let the 
electric intensity in the light 
wave lie along the axis of x and be equal to BJq cos pt Then the 
components of the electric and magnetic intensities are 

Ea^-E — EoQOBpt, Ey = 0,Ez = 0, 

Hx = 0, Hy~ Ex = Eq cob pt = H = E, Hz — 0. 

Applying equation (2) to the cylinder whose cross section by 
the plane of the paper is EFGH and integrating over a complete 
period, we see that the part coming from the volume integral on 
the right-hand side vanishes. The left-hand side is equal to the 
average force exerted by the light on the matter in A BCD by 
which it is absorbed. The components of the Maxwell stresses 
are : — 

Pvv==^{ - Ei - Ei + JJ/ - Hi -Hi]=^0, 

Pzz=^{Ei- Ei - Ei 4- Hi -Hi-Hi\^-E\ 

Pxy^Pyx — ExEy + HxHy^O. 

Similarly 

Thus there is no stress on the cylindrical surface of which EH 
and FC are sections, since this surface is everywhere parallel to 
the axis of z. The stress vanishes over QH since there is no 
light there. The only part of the surface over which the Maxwell 
stresses are effective is the end EF, and thev are here eoniva.lent 
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to a pressure per unit area. Thus the force exerted by the 
light on the opaque surface is a pressure which is equal per unit 
area to 

Ij Eo^cos-ptdt = ~. 


The energy per unit volume of the beam of light is 


so that the intensity of the light, which is equal to the average 
amount of energy transported across unit area in unit time, is 


If 

Tj(^ 


Zt 


Thus in the case of light incident normally on a perfectly 
absorbing surface the radiation pressure is equal to the intensity 
of the light divided by its velocity of propagation. 

It is clear that in the case of a perfectly reflecting surface 
the value of the radiation pressure will be doubled since the 
intensity of the light at EF will be twice as great as with a 
perfectly absorbing surface, when the incident intensity is the 
same. Since these results are independent of the plane of polari- 
zation of the light they will also be true, at normal incidence, 
when the light is unpolarized. It follows, on similar grounds, that 
they are also true for light of mixed frequencies. 


Isotropic Radiation. 

Next consider a perfectly reflecting enclosure filled with isotropic 
radiation. By isotropic radiation we mean radiation which is being 
propagated in all directions in such a manner that the probability 
of the direction of propagation of any ray, selected at random, being 
found within a given solid angle is proportional to that solid angle. 
The thermal radiation which would fill the enclosure in the final 
state of equilibrium which ensues when there are material bodies 
within it is of this character (see Chap. xv). Consider an in- 
finitesimal area dS of the reflecting enclosure and apply equation (2) 
to a cylinder, similarly situated to that in Fig. 29, but whose height 
is infinitesimal compared with the dimensions of its ends. As 
before, let dS be perpendicular to the axis oi z. We may now 

i/ii. 1* ii *1 , 1 1*1 ./I 
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the gmallriAss of their dimensions. The components of the force 
arising from the Maxwell stresses therefore vanish ever3rwhere 
except on the front face of the cylinder, and are there equal 
respectively to 

PzzdS = \ - E^^ - j&V + 

PxzdS = [ExEz + SxHz] dS, 

PyzdS^ [EyEz + HyH^ djS. 

Since by hypothesis the trains of waves which constitute the 
radiation are as likely to be travelling in any one direction as in 
any other, the electric and magnetic intensities are as likely to 
lie in any one direction as in any other and, incidentally, are as 
likely to be positive as negative. We therefore have the following 
relations among the average values of these quantities, taken over 
a long interval of time, for the radiation which crosses the end 
of the cylinder : — 

E} Ei + Ey^ + Ei 

ExEz = EyEz — ExEz = HyHz = 0 . 

Hence the mean values of the tractions are 

PxzdS = pyzdS = 0, 

and ^ {5“^ + 5^} dSf = ~ ^E^ dS. 

Here E^ (= H'^) is the mean square of the electric intensity in 
the radiation in the enclosure. Thus in the case of isotropic 
radiation the pressure is equal to one-third of the energy in unit 
volume of the radiation. This result has an important application 
to the Thermodynamics of radiation. 

Radiation Pressure and Momentum. 

Let us now consider the pressure of radiation from the point 
of view of the electromagnetic momentum. Confining our atten- 
tion first of all to a plane wave of plane-polarized monochromatic 
radiation, we observe that this consists of an alternating electric 
and magnetic field which travels forward with the uniform velocity 
of light. As we have seen, the electric and magnetic intensities 
are always at right angles to each other and to the direction 
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magnitude at any particular point at any instant, and for the same 
point in space they are harmonic functions of the time. If E and 
H are the values of the two intensities at any instant it follows 
that the electromagnetic momentum per unit volume is 

EH = cos^ ft. 

C C C C 

Thus a plane wave (whether polarized or not) of light of frequency 
pI^tt may be regarded as a stream of momentum which moves 
through the medium with the velocity of light. At a fixed point 

in the medium the momentum per unit volume is ^ Eq“ cos- pt. 

This momentum is always in the direction of propagation of the 
light, since E and H always have the same sign. 

Now suppose that a train of plane waves, such as we have been 
considering, falls normally on a perfectly absorbing surface. All 
of the radiation disappears so that there is a constant stream 
of momentum flowing into the absorbing surface. But interchange 
of momentum implies the existence of a stress. The radiation will 
therefore exert a pressure on the surface which will be equal to the 
rate of change of momentum per unit area per unit time. The 
average pressure is therefore 

cx^Eo^ cos^ ptdt - \Ei, 

in agreement with the value found previously. In the case where 
the surface is perfectly reflecting the forward momentum will not 
merely be destroyed but an equal and opposite momentum will be 
given bo the reflected wave. Thus in this case there is twice as 
great a rate of change of momentum ; so that the pressure will be 
twice as great as with a perfectly absorbing surface, for the same 
intensity in the incident light. 

In the case when a plane wave is incident in a direction 
making an angle ^ with the normal to a perfectly reflecting surface, 
it is convenient to resolve the momentum in the incident and 
reflected waves into two parts, one normal to the reflecting surface, 
and the other parallel to it. The momentum parallel to the 
normal which falls on unit area in unit time is ( 1 jc) S cos- 0, where S 
is Poynting’s vector c [EH~\. The momentum in the same direction, 
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- (l/c)Scos>^6. The factor cos 0 enters twice because, in the first 
place, the resultant momentum is along the direction of propaga- 
tion of the wave and we are dealing with the component at 
an angle 6 with this direction and, in the second place, on account 
of the radiation falling obliquely on the surface, unit area of the 
wave front will be spread over an area 1/cos 0 of the surface. The 
rate of change of momentum normal to the surface is evidently 
(2/c) S cos^ 6 per unit area. Thus there is a normal pressure whose 
average value is (2/c) cos^ 0 S = cos^ 0. 

The momentum parallel to the surface lies in the plane of 
incidence. The amount of it which is incident on unit area in unit 
time is clearly (1/c) S sin cos^. The amount leaving unit area 
in unit time is also equal to this, since the direction of this part of 
the momentum is unchanged on reflexion. The rate of change of 
the tangential component of the momentum is therefore zero, so 
that there is no tangential stress, even when the radiation is inci- 
dent obliquely, at the surface of a perfect reflector. It is evident 
that this conclusion is no longer true when part of the radiation is 
absorbed at the reflecting surface. There will then be a tangential 
stress which is proportional to the difference between the in- 
tensities of the incident and the reflected waves. 

When light is incident at a transparent surface, we have to deal 
with a refracted as well as a reflected beam. Let 0i denote the 
angles of incidence and reflexion and 0 . 2 , the angle of refraction. 
In this case we are no longer dealing with the free aether, so that 
we have to use the expression for the momentum per unit volume 
appropriate to a material substance. By making the changes in the 
argument on p. 205 which are necessary when dealing with media 
whose dielectric constant and magnetic permeability are not equal 
to unity, we see that the general expression for the momentum per 
unit volume is [DjB]/ c, where D is the electric and B the magnetic 
induction. Denoting the values of this quantity for the incident, 
refracted and reflected waves by Gi, G^ and G-^ respectively, it is 
clear that the instantaneous value of the normal pressure is 

{Gi + Gz) cos- ~ F 2 (t 2 cos“ 02 , 

where F and K are the velocities of radiation in the two media. 
The instantaneous value of the tangential stress is 

Fi (Gi - Gz) sin 01 cos 0i - V^G .2 sin 0o cos 0.. 
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Here sin OJsm 0^ — Vi/Vo and the values of Gi, G^ and G^ are pro- 
portional to the respective instantaneous intensities of the beam. 

The ratios of the average values of these can therefore be 
obtained from the expressions for the reflected and refracted 
intensities found in Chap, vii, and will depend on the plane of 
polarization of the light. 

It remains to add that the pressure due to electromagnetic 
radiation was predicted by MaxwelP, as a consequence of his 
theory of stresses in the medium, in 1873. It was first demon- 
strated by experiment by Lebedewf in 1899, and later inde- 
pendently by Nichols and Hull^: in 1901. Several of the more 
complex cases of the effect of light pressure have recently been 
examined by Poynting§. 


Isolated System, 

An interesting application of the theorem expressed in equation 
(2) arises in the case of an isolated system. Take any surface 
surrounding the system, the dimensions of the enclosing surface 
being so great that the field at any point of it may be considered 
negligible. Then the Maxwell stresses vanish over the boundary 
and we have 

But the left-hand side is the force acting on the charged bodies in 
the system and is, therefore, equal to the rate of increase of (sup- 
posedly) material momentum of this part of the system. Calling 
this momentum M we therefore have 



or the momentum gained by the material part of the charged 
system is equal to the momentum lost by the electric field. We shall 
see in the next chapter that if matter is made up solely of electrons, 

* Treatise on Electricity and Magnetism, § 792 (1873). 

t Arch, des Sciences Phys. et Nat. (4), vol. viii. p. 184 (1899) ; Anii. der Phys. 
vol. VI. p. 433 (1903). 

X Phys. Rev. vol. xiir. p. 293 (1901). 
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M consists of a distribution of momentum in the field of the same, 
type in reality as G. From this point of view the effect of the 
forces on the parts of the system may be regarded as giving rise 
to a rearrangement of the electromagnetic momentum in the field, 
the total amount remaining constant throughout the changes 
which take place. This result is only true provided the motions 
may be regarded as quasi-stationary (see p. 262) ; otherwise 
momentum will be lost by radiation over the boundary. 

At present we can only be certain that matter is made up in 
part of electrons. If this should turn out to be ultimately true we 
should have to say that during quasi-stationary dynamical actions 
the electromagnetic momentum of the field is converted partly into 
the electromagnetic momentum of the individual electrons and 
partly into material momentum, the total momentum being 
unaltered. 



CHAPTEE XI 


CHARGED SYSTEM IN UNIFORM MOTION 


We have seen that a charged system in uniform motion 
carries its field along with it as though it were rigidly attached to 
it and that the potentials and forces are given by the equations 


^ c" dt^ 




H^votU, 


We shall suppose the charged system to be moving along the 
axis of ^ with the uniform velocity w, and that it is symmetrical 
about the axis of motion. The equations above refer to axes 
fixed relatively to the observer, past whom the system is moving 
uniformly with velocity V — w. If we consider axes which move 
along with the system we can take advantage of the fact that the 
field is invariable relative to points measured along these axes. 

If ^ denotes the rate of change of any quantity with respect to 

time at a point x, y, z fixed with respect to the moving axes, then 


Dt dt 


^ d d d 

ox dy az 


where djdt denotes differentiation at a point fixed with respect to 
the fixed axes, and w, -y, w are the velocity components of the 
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for a point moving with the moving axes, so that ^ = 
also have m = w = 0. So that 


0. We 


■0 0 

, „ d‘^ 

and 

Thus the fact that the field is carried along by the moving system 
as though it were rigidly attached to it enables us to eliminate 
the time from the equations for ^ and U. On substituting for 

the equations • for (j) and U become 

daf ds'^ 

, d^U 0^17 ,, „ 

and + (1 ^■) ^P’ 

where /3 = m)/c. By changing the variables to Xi, y^, Zi, where 

«i = *, yi = y> z^ = zi>Ji-^, 
these equations may be written 

0“'<f> d^d> 



d‘U »n d‘V 

+ <">■ 

These equations are of the same form as Poisson's equation. 
Thus the scalar and vector potentials due to a moving charged 
system may be obtained from the scalar potential for a slightly 
different system at rest. The transformed system is obtained 
from the moving system by stretching all the lengths in the 
moving system parallel to the direction of motion in the ratio 
1 to Vl — /3^. This type of transformation was first obtained by 
J. J. Thomson^ by a different method and also, independently, by 
Heaviside f. 

It will be noticed that the scalar and vector potentials are 
Phil. Mag. April 1881, also Recent Researches in Electricity and Magnetism, 

p. 19. 

t Phil. Mag. April 1889. 


CHARGED SYSTEM IN UNIFORM MOTION 


219 


proportional to one another, differing only by the constant factor 
It will therefore be necessary for us to calculate only one of them. 

Let us now denote our moving system by S and suppose that 
corresponding to S there is a fixed system Si which is obtained by 
enlarging the dimensions of the moving system S in the ratio 
1 : Vi — /3^ in the direction of motion. Every point w, y, z in the 
moving system will correspond to a point Xi, 3/1, Zi in the fixed 
system, where the relation between x, y, z and Xi, yi, Zi is that 
already given. Also, corresponding elements of volume will 
contain equal charges, since straining the dimensions does not 
alter the quantity of electricity present. . Thus, if p is the volume 
density in the moving system and pi the corresponding quantity in 
the corresponding element of volume in the fixed system, we have 
the equation 

p dx dy dz = pi dxi dyi dz ^ . 

But dx — dxi, dy—dyi, and dz ^ dzi 1 — ; 

hence dx dy dz = dxi dyi V 1 — /3^ , 

and pi = /)Vl-/32 (3). 

The potential of the distribution in the fixed system must 
satisfy Poisson’s equation 


0201 02^1 d^4>i . 

+ ::r~W -1" -^TTi = — pi = -“ VI ■ 


/3^p 


.(4). 


'bx^ dyi dz^ 

But the scalar potential <j) which we are seeking, satisfies the 
equation 


02<^ d'-cj) __ 
dxi- dy^ dz^^ ~ 


whence <561 = Vl - </> (5). 

Thus the scalar potential in the moving system is equal to 

I/VI-/32 times the electrostatic potential in the corresponding 
fixed system. 

It is desirable to emphasize at this point that the fixed system 
which we have imagined is simply a mathematical device to 
facilitate the calculations. We are not supposing that the moving 
system is transformed physically in any way into the corresponding 
fixed svstem _ Wh nr, WA IlciAro lo -fUof 
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vector potentials of the moving system are related in a certain 
way to the electrostatic potential of the corresponding fixed 
system, and it is comparatively easy to calculate the value of the 
latter. I have mentioned this because I find that students who 
have a little knowledge of the principle of relativity are apt to 
become confused as to the point at issue. 

We are now in a position to express the energy and the 
electromagnetic momentum in the moving system S in terms of 
the potential (j)i and the coordinates yi, of the corresponding 
fixed system Si, The electric energy per unit volume is 

We notice that 

^ 1 d^i 1 d^i 

dcs “ dsci Vl -"yS^ 9^1 ’ dy ^1-/3^ dy^ ' 

d(t>^ 1 8^^ 1 d(f>i 

dz Vl ~"/32 9-3'! 1 - dZi * 

We have seen that the resultant vector potential is parallel to the 
direction of motion. We thus have 


= Uy = 0 and U,. = /3cj). 


Hence Ea. = — ~ = — 


0<^ 

dx 


^ p _ 1 9<^i 


vl _ i3^ dxi ’ 

d(f> _w d 




dz 


The electric energy of the moving system S is 
+ Ey^ + E^^] dxdydz 


^=\ 




2 ///|l - /3" IKdxJ \dy, 

W ' 


+ 


901 

0^1 


Vl — - 1^"“ dxidy idzi 


vrr; 
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The components of the magnetic intensity are 
dU, dlTy_^d‘<f> n d<l>. 


dy di dy Vl - 9^1 ’ 


U — = R^z=z 

rix- ^ ^ Pg^ 


K 


dz dx 


dx 


dxi 


Tj _ 9fiV 
^ dx ' 


dU, 

dy 


= 0 . 


The magnetic energy of /? is therefore 


T = 


Hi + Hi + H^\ dxdydz 






\dxi) 


^yJ 


Vi — Id^dxidy-ydzi 

dXi^dy^dzi 


2 Vl - /3^ 

The components of Poynting’s vector S = c [jE'if] are 

S, = c(E,H,-H,H,) 

yS d4>i d<j>i 


■ 0 )- 


^Vl— 

S„^c{E\H^-E,H,) 

p _ Hi 

’ Vl dy^ dzi 

S,^c\E,H,-E,H,) 


•( 8 ), 




•( 9 ). 


= c 


yS 




\C^)' 

Wv6i / 


+ 


■dj^i 


.( 10 ). 


We have seen that the momentum per unit volume is — 8, so that 

0“ 

the components of the total electromagnetic momentum of the 
system S are 

Gx~ - 




—f///i‘t (">■ 




1 

c 
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The results we have obtained are true for any electrical system 
in uniform motion. We shall apply them to two simple cases 
which we shall select partly on the ground of their simplicity, 
but also because we may reasonably expect that they will give us 
an insight into the behaviour of the electron. The case that we 
shall consider first is that of a rigid thin spherical shell of uniform 
electrification. 

The Rigid Electron. 

We shall now suppose that the moving system consists of a 
spherical shell of radius R which is uniformly electrified. The 
thickness of the shell will be supposed to be negligible compared 
with its radius. It follows from the results that have already 
been established, that the energy, momentum, etc. of the field 
due to such an electrified shell when in motion may be obtained 
if we can calculate the static potential <^i of the corresponding 
system which arises when the actual space of the problem is 
strained so that all lengths parallel to the direction of motion are 
increased in the ratio 1 : whilst lengths at right angles 

to this remain unchanged. The moving sphere will evidently 
strain into an ellipsoid of revolution in the corresponding fixed 
system. The axis of revolution of the ellipsoid coincides with 
the direction of motion of the sphere. The major axis of any of 
the principal elliptic sections is equal to i?/Vl — /S^, whilst the 
minor axis is equal to the radius R of the moving sphere. 

It is to be observed that these results will only be true 
provided the electrified sphere is rigid. Certain experiments, 
which will be discussed later, have led physicists to suspect that 
the lengths of bodies depend on their velocities relative to that of 
the observer engaged in measuring them. If this kind of change 
alfects the electron itself, as well as the aggregate of electrons 
which we suppose constitutes the material substance, the figure 
in the fixed system which corresponds to the moving sphere will 
no longer be the ellipsoid w'hich we have described. This follows 
because the moving system which we suppose to be spherical 
when at rest becomes distorted, and is no longer spherical when 
in motion. We shall see later that if the shape of the charged 
sphere does change, and if the changes are such as would naturally 
be suggested by the results of the experiments, the calculations 
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become much simpler than those which we are now carrying out 
for the rigid spherical shell. 

In order to make our notation agree better with that usual 
in the geometry of ellipsoids we shall suppose the motion to be 
parallel to the axis of x instead of that of The appropriate 
changes in the formulae of the last section may easily be made on 
inspection. The equation of the ellipsoid into which the moving 
sphere distorts is 






¥ 


( 14 ), 


where a = Rj^l — and h — R are the semi-axes major and 
minor respectively. The equation of the family of ellipsoids which 
are confocal with (14) may be written 


, Vi + _ -1 

X 


(15), 


if = or— ¥ = the square of half the distance between the foci. 
The spheres which bound the rigid electrified shell will transform 
into two infinitely near, similar and similarly placed ellipsoids, one 
of which is given by the equation (14). The space between the 
similar ellipsoids is filled with a distribution of electrification of 
uniform density. The potential due to such a distribution is 
constant within the region bounded by the ellipsoidal shell, the 
distribution being equivalent to that on an ellipsoidal conductor 
maintained at a constant potential. Outside the shell the equi- 
potential surfaces are the confocal ellipsoids given by equation 
(15)^. The difference of potential between two confocal ellipsoids 
whose equations are given by 


is 


where 





c dX'^ 


and e is the charge on the inner ellipsoid. Applying this result 


* Cf. Webster, Electricity and Magnetism, Chap. v. 

+ Maxwell. ElectriciW and Maanetism. 2nd ed. voL i. n. 2S7. p.nnatiori /’SSL 
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to the ellipsoids (14) and (15) we have X 3 = + A corresponding 

to (15), Xs = a corresponding to (14), c = p = Va^ — b^ and 


7 i “ 72 = 


= 2^1og 






■p 


a +p 


^ ^p^-{-X -\rp 

By removing the outer ellipsoid to an infinite distance and 
introducing a factor l/ 47 r on account of the difference between our 
units of electric charge and those used by Maxwell, we find that 
the potential at any point in any ellipsoid confocal with (14) and 
given by equation (15) is 


. e , X + n 

— log ^ — - . 

Sirp 


.(16). 


Since the potential is the same at every point of the ellip- 
soidal shell, the total energy of its electrostatic field is 

1 A 


IGtt — 
This must also be equal to 


log 


^ + Va^ — 6 ^ 


a- Va 2 ->' 


1 

2 j 


s)Xi 




?yj K'dzi) 


dxi dyidzi. 


We have seen that the energy and momentum of the moving 
system depend upon the integrals 




and 




'' ///(at) 


•(17), 

.(18). 


We therefore have one simple relation between them, namely 




, a + ^/a^-b'^ 
log- -p:=:^...(19). 


Idir'd a^ — b^ ^ a — Va^ — 6 - 

It is necessary to obtain one of them separately by direct inte- 
gration. 

To obtain the value of we use confocal coordinates. The 
level surfaces are 

( 1 ) the system of ellipsoids 

Vi 

— = 1 , rotated through tt ( 20 ), 
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( 2 ) 


and 


the system of hyperboloids 


^ ^ = 1, rotated through tt 


( 21 ), 


(3) a series of planes passing through the axis of x which 
make an angle cf> with the standard plane. The coordinates are 
then \ fjL and (j>. As the problem is one of revolution we only 
need to consider a section by the plane of xy. Let dS be an 
element of area in this plane included between the two ellipses 
characterized by \ and X + dX and the hyperbolas characterized by 
fjb and ya + dfju. Solving the ellipse and hyperbola equations simul- 
taneously we find that the Cartesian coordinates of the points of 
intersection are 

Jr Jr 

Let ABCD represent dS magnified. 

Let A=Xi,yi, fhen 



dS = AB . AD sin Z BAD, 


Let the direction cosines oi AD and AB be I, m and V, m re- 
spectively. Then 



dS = AB.AD{lm’-Vm) 


dXdjj 


dX dfJi^ 


d/jb 0X,J 


so that 



UJtl JL kJ X 




From tho oxprossions for ^i, y\ intorsoction 
3^1 dxi _ \/f- + X 

9 X 2 jp *Jp^ 4 - X 2 p^p- — fi 

9 yi _ //f ^ . /^ . 

2joV \ ’ S/t 2p\ jj,' 


Whence 


3 X 2 jp 


4 VyLtX (_p^ + X) (p 2 — fju) 

The element of volume dr is obtained by rotating dS about 
the axis of motion. It is therefore given by 
dr—^'jry'dS 

X 4 " 


= 2 'rrdXdfi 


4^ V(^^ + X)(p2-yu) 


To calculate the value of ^ we remember that 61 is constant 

dxi 

for any of the confocal ellipsoids and therefore depends only on X. 

d 4 >i 0 <^i 9 X 

Thus ^=oV"'r“* 

ux-^ 3X uXi 

From the equation 


__ 5 i! 4.^ = 1 


we find 


and 


ax 


. ( .yl 

. * V(i?^ + x)^^x^ 


2xi 

dxi 4 - X 

2 X , 


J. 


Himh- 

The limits of X are X = 6'^ to X = 00 . With the limits /i= 0 
and /LL=p^ we cover half the space, so that 




= 47 r rdxf^M^ 

J V 9 X / 


_+X p' ^/p^-fJL 
0 4- X 


dfji. 


By changing the variable to x, where x-—p^'-fjL, and turning 
into partial fractions we find 


Jo X + /X r r ^ + 


•dp^ + X — p 
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, e 1 + X 4- p 

= loP' - . . — ^ , 

Sttp ^Vp2-h\-p 


vp^ + X — p Vp- 4- Xj 


IGvrp® 

By expanding 


X log — 2p Vp^ 4- X . 

^Vp- + X— p 


log . log (i + ■) 

vp^ + x— p V Vp- + x— p/ 

it can be shown that this vanishes when X = oo . On substituting 
p = ^/a^—b-,b = R and a = J? -r Vl — /SMve find 

T /I /Oo\l r /oo\ 


167rie/9^ [l - y8- 1-/3 

From (19) we have 




whence 




(l+/301ogj-^j...(23). 


We have seen that the potential (electric) energy is 

Tf = H(i - /s=)^ + (1 - 

and the kinetic (magnetic) energy is 

The components of the electromagnetic momentum ai’e 


C 




dx, 3y, ' 







UrLAiX'jrcjJL/ i 


For a system which is symmetrical about the axis of motion 
the last two integrals are equal to zero. For, corresponding to 

any point in the field for which ^ and ^ have certain values, 

there is another point, which is the reflexion of the first in the 


9(^)1 


9^1 


plane xOz, for which ^ has the same value but ^ an equal 
and opposite value. Similar considerations apply to the integral 
containing . If we substitute the values of and in the 
other formulae we get the values of Tf, T and For we find 




167rcJ?/3“ 


14-/3 

(l+/3^)log-^-i-|- 


■w 


.(24). 


The electromagnetic momentum in the field of the rigid 
electron was first calculated by Abraham*. The present calcula- 
tion, which is practically identical with Abraham's, is taken from 
Lorentz's Theory of Electrons. 


Electromagnetic Mass. 


By expanding the logarithm in the last formula it may be 
shown that for small values of ^ the value of 0^ reduces to 


■rj" 


67rJ?c- 


where u is the velocity of the moving charge. Again, the corre- 
sponding expression for T reduces to when /3 = ^ is 

small. It will be noticed that these expressions are respectively 
of the form m^u and where 




is a constant quantity. The nature of these expressions leads us 
to a very important result. For they show that the electrified 
sphere, which we have supposed to be devoid of mass in the 
ordinary sense, behaves as though it had a mass m.^. Thus 
folloius from the jprincijples of electromagnetism alone that such a 


* “Prinzipien der Dynamik des Elektrons,” Ann. der Physik, IV. vol. x. p. 105 
(1903). 
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charged body, when it moves with the velocity u, carries along 
with it an amount of electromagnetic momentum m^u and of electro- 
kinetic energy Moreover this momentum and energy 

remain unaltered so long as the velocity of the body is unaltered. 
But this behaviour is precisely what characterizes the motion of a 
so-called material particle whose mass is It is true that our 
results would have to be modified for particles moving with 
velocities comparable with the velocity of light. But they would 
nevertheless be exact, within the limits of accuracy of measure- 
ment, for such relative velocities as have been imparted to any 
considerable material masses in the universe. On the other hand 
the differences should be perceptible in the case of the very rapidly 
moving charged particles emitted by the radioactive substances, 
and, as we shall see, it is precisely the pi'operties of these particles 
which have confirmed the results of the electromagnetic theory. 

The idea of electromagnetic inertia, which is due to J. J. 
Thomson^, is fundamental to the electron theory of matter. For 
it opens up the possibility that the mass of all matter is nothing 
else than the electromagnetic mass of the electrons which certainly 
form part, and perhaps form the whole, of its structure. It 
obviously opens up the possibility of an electrical foundation for 
dynamics. This will be considered later. 

Our calculations so far have presupposed that the moving 
charged body possesses and has always possessed a constant 
velocity in a straight line. A fuller discussion of electromagnetic 
mass involves the consideration of bodies undergoing acceleration 
and for such cases the results which we have obtained are not 
strictly true. This difficulty is one which is peculiar to the electro- 
magnetic theory and arises from the fact that when a charged body 
is accelerated part of its energy travels off to infinity in the form 
of electromagnetic radiation. 

Longitudinal and Transverse Mass. 

We shall, however, see in the next chapter that, provided the 
acceleration of the body is sufficiently small compared with its 
velocity, the values for the energy in the held and for the electro- 

* FMl. Mag. vol. xi. p. 229 (1881). The idea that the mass of ordinary matter 
is of this character on account of the electrons it contains appears to have been 
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magnetic momentum, which we have calculated above, will only 
differ from the true values by amounts which are exceedingly 
small. Under these circumstances, which will be stated more 
precisely later, the formulae which we have obtained for constant 
velocities may be applied to systems moving with varying velocities. 
The state of systems which satisfy this condition has been called 
by Abraham^ quasi-stationary. 

Assuming that the quasi-stationary condition is satisfied we 
shall now consider the behaviour of the moving electrical system 
under the influence of an accelerating force. 

There are two cases to consider: (1) when the force is in the 
direction of motion and (2) when it is perpendicular to it. Any 
other case may be compounded from these two. We shall suppose 
the moving charge to be placed in an external field whose action 
gives rise to the accelerations under consideration. If we consider 
any infinitely distant surface enclosing the whole electrical system, 
the Maxwell stresses over it will vanish, so that the force exerted 
by the external field on the moving charge will be equal to the 
rate of diminution of the electromagnetic momentum of the ex- 
ternal field. But the total momentum of the whole system 
remains constant, so that the external force must be equal to the 
rate of increase of the momentum of the moving charge. Since 
this is, by hypothesis, massless it follows that the force exerted on 
the moving charge by the external field is equal to the rate of 
increase of the electromagnetic momentum of the charge. This 
equality is clearly a vectorial one and is therefore true for the 
different components of the force and the momentum independently 
of one another. : . . V . . 


In the case of a force acting in the direction of motion we 
evidently have 

rp ^ /p \ / 


since 6^ only contains t implicity through x. Comparing this 

with the equation Fcc = m^ we see that the mass for longitudinal 
accelerations is 

„ dGx _ 1 dG 

' dx C0/S 


( 26 ). 
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When the force is transverse to the direction of motion the 
body will begin to describe a circular orbit with constant speed. 
If r is the instantaneous radius of curvature of the path, the rate 
of change of the momentum 0 is always directed along r and, by 
the principle of the hodograph, is equal per unit time to Gu/r, 
where u is the instantaneous velocity. Hence 

Fy = -U. 

But the instantaneous acceleration is also along r and equal 
to whence it follows that the electromagnetic mass for trans- 
verse accelerations is equal to 




G 11^ G 1 G 

— u - i — = "- = “■5 
r T u c p 


.( 27 ). 


The mass for transverse accelerations is therefore different from 
the mass for longitudinal accelerations. This difference was first 
pointed out by Abraham^. It happens, as may easily be verified, 
that the difference between the longitudinal and the transverse 
electromagnetic mass becomes vanishingly small for small velocities. 

The properties of an electrically charged body which we have 
been considering have a close analogy in hydrodynamics. Any 
geometrical figure moving in a fluid sets the surrounding fluid in 
motion. In the steady state when the figure moves uniformly in 
a straight line the fluid motion is carried along by the moving 
figure as though it were rigidly attached to it ; when the state of 
motion changes, waves are set up and part of the energy of the 
system is radiated away to great distances. We shall see in the next 
chapter that this also has its counterpart in the electrical case. 
Confining ourselves to the case of uniform motion, in the steady 
state it is found f that if the moving figure is intrinsically massless 
it nevertheless possesses inertia and behaves as though it had a 
certain mass coefficient which is a function of the mass of the fluid 
displaced by it. In the case of a massless sphere moving in a 
perfect fluid this apparent mass is one-half of that of the fluid 
displaced by the sphere. When a circular cylinder moves at right 
angles to its length the apparent mass is equal to that of the fluid 
displaced by the cylinder. In the case of unsymmetrical figures 
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the -apparent mass is no longer the same for motions in different 
directions. The hydrodynamical cases differ from the electrical 
ones in one important respect ; the apparent mass is always in- 
dependent of the velocity of the moving figure. 

This analogy was very clearly seen by J. J. Thomson in the 
original memoir^ in which he developed the idea of electromag- 
netic mass. We shall take the liberty of quoting his exact words: 
'^The charged sphere will produce an electric displacement through- 
out the field; and as the sphere moves, the magnitude of this 
displacement at any point will vary. Now, according to Maxwells 
theory, a variation in the electric displacement produces the same 
effect as an electric current ; and a field in which electric currents 
exist is a seat of energy ; hence the motion of the charged sphere 
has developed energy, and consequently the charged sphere must 
experience a resistance as it moves through the dielectric. But as 
the theory of the variation of the electric displacement does not 
take into account anything corresponding to resistance in conductors, 
there can be no dissipation of energy through the medium ; hence 
the resistance cannot be analogous to an ordinary frictional resist- 
ance, but must correspond to the resistance theoretically experienced 
by a solid in moving through a perfect fluid. In other words, it 
must be equivalent to an increase in the mass of the charged 
moving sphere.’’ 

The Contractile Electron. 

We have seen that the determination of the field due to a rigid 
spherical shell of electrification in motion can be reduced to the 
determination of the electrostatic potential due to a certain 
ellipsoid. We have pointed out already that the particular 
ellipsoid which we have been led to consider as the equivalent 
fixed system depends upon our supposition that the spherical shell 
is rigid. Now the negative results which have been obtained in 
a number of optical experiments on moving systems, instituted 
largely in order to try to detect relative motion between the 
system and the luminiferous medium, seem incapable of explana- 
tion except on the hypothesis, suggested by FitzGerald f, that, on 
account of the motion, the matter of the testing system undergoes 


Phil. Mac. V. vol. ii. d. 230 fl88U. 
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contraction in the direction of motion. The negative results are 
immediately accounted for if this contraction is in the ratio of 
1 to where /3 is the ratio of the velocity of the system to 

the velocity of light. The dimensions transverse to the direction 
of motion are supposed to be unchanged (see Chap. xili). 

Let us suppose that this contraction affects the electrons as 
well as the material as a whole. The resolution of the problem is 
due to Lorentz*. It is in reality much simpler than that of the 
rigid spherical shell. For the shell which was spherical when at 
rest becomes an oblate spheroid when in motion, the polar axis 
coinciding with the direction of motion and being equal to 
R V 1 — y8-, where R is the original radius of the shell. The equa- 
torial radius is unchanged and equal to R. The question now 
arises as to what is the corresponding fixed system This will 
be obtained if we multiply all lengths parallel to the direction of 
motion by 1/Vl— /3^ leaving the perpendicular directions un- 
changed. Thus the corresponding fixed system is simply a sphere 
of radius R. The potential <^3 is symmetrical in the distorted 
space of the fixed system and equal to el4iTr7\, where 7 \ is the 
distance from the centre of the sphere in this system. The elec- 
trostatic energy is thus 



But everything is symmetrical about the centre of the sphere 
in the fixed system, so that 



e"/3 

QttcR Vi — yS- ' 


also Gy = Gz = 0, as before. 
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For longitudinal accelerations we have 

d^Xi _ dOx 
Fx - nh - gj 

dGx^^ ^ fn — R^'\ ~^ + B^(\ — ~ ^ 1 X — 

'*’67riScni-iS^) 

so that the longitudinal mass 

mi = -— 

67riJcHl ~ (1-/3^) 

where mo is the value of the mass for small velocities. 

For transverse accelerations 

m =—= — =: - ] 

" ^ QttMcUI - \ 

(29). 

(l~/3f ) 

Thus the ratio of the longitudinal to the transverse mass is 

^ = (l-/3-0-‘ (30). 

m2 

These formulae are all simpler than the corresponding ones for 
the rigid electron. 


The Experimental Evidence, 

We saw in Chapter i that the experiments of Thomson, 
Wiechert and others had established the existence of particles 
whose charge per unit mass ejm had a value some 1800 times as 
great as that for an atom of hydrogen in electrolysis. The small- 
ness of the mass of these particles together with the relative 
largeness of their charge suggested them as a likely field in which 
to look for experimental evidence of the existence of electromag- 
netic mass. A means for the detection of the latter is furnished 
by the fact that electromagnetic mass is a function of the velocity 
oi the moving charge, whereas the ordinary mass of the Newtonian 
scheme is assumed to be independent of the velocity of the particle. 
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It is true that the alteration in the mass is small except when the 
velocity is comparable with the velocity of light ; but it happens, 
fortunately, that in the ^-rays from radioactive substances we 
have moving electrons whose velocities vary widely but extend 
almost up to the velocity of light. 

The first successful experiments in this direction were made 
by Kaufinann^. Working with the /3-rays from radium bromide 
he made use of a device similar to that of crossed prisms in 
experiments on dispersion. His apparatus is shown in Fig. 30 a, 
A speck o’f radium bromide was placed at the point 0 immediately 
below the parallel plate condenser of 
which P 1 P 2 represents a section by 
the plane of the paper. Immediately 
above P 1 P 2 was a minute hole P in a 
thick metal plate. The line OD was 
vertical, and in the plane midway 
between the condenser plates. At 
some distance above D was a hori- 
zontal photographic plate. A suitable 
difference of electrostatic potential 
was established between the plates of 
the condenser, and the whole system 
was placed between coils designed 
to produce a uniform magnetic 
field and lying in planes at right 
angles to that of the paper. Thus 
the particles were acted upon, dining 
their passage between the plates, by 
a horizontal electric force lying in the 
plane of the paper. If this field alone 
were operative the particles passing 
through the points 0 and D would 
pursue parabolic paths when between 
the condenser plates Pj Pn, the para- 

bolas lying in the plane of the paper. After escaping from the 
plate condenser the subsequent path would be rectilinear and along 
the tangent to the parabola at the point of escape. Thus under 

* Gott. Nadir, 1901, Heft 1; 1902, Heft 5; 1903, Heft 3; Phys. Zeits, p. 55, 
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the influence of the electrostatic fiield alone, a group of particles 
all having the same velocity would be deflected to the right or to 
the left according to the direction of the field. The spot would be 
shifted from the centre of the photographic plate. Since the 
deflection depends upon the velocity, if the group consisted of 
particles having different velocities the spot would be spread out 
into a line lying in the plane of the paper. Each point on this 
line would correspond to a particular velocity. 

The lines of force of the magnetic field run from left to right 
in the plane of the paper, so that if it alone were operative it would 
cause the particles which pass through 0 and D to describe circles 
in a plane perpendicular to the plane of the paper. Owing to the 
magnetic field, then, the spot would be displaced in the plane 
perpendicular to the plane of the paper, if all the particles had 
the same velocity, and would be drawn out into a line in this 
plane, if the particles had different velocities. When both fields 
are operative at once we should expect to get a curved line on the 
photographic plate, each point of which represents the point of 
impact of particles having a certain velocity. The position of each 
point gives us, of course, the magnetic and electrostatic deflection 
of a particle with a definite but unknown velocity. It remains to 
be seen how we may deduce fi:om the measured displacements the 
value of the mass as a function of the velocity of the moving 
particle. 

For the sake of simplicity we shall suppose a uniform electric 
field to extend, fmm left to right, all the way from 0 to D and 
then to cease absolutely. The magnetic field H is uniform and 
parallel to this electric field all the way from 0 to the photographic 
plate P. 

Taking 0 as the origin, let the coordinates of D be 0, 0, and 
those of points on the plate P be x, y, /. Let the axis of y 
lie in the plane of the paper, Y denoting the electric intensity. 
Assuming that the deflections may be treated as small, we have, 
so far as the motion in the plane of the paper is concerned, 

^72. = 0 and m = Ye, from 0 to P, 
and = 0, from D to P. 
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Thus 


Tr: = const. = Wo, 
Ot 


where Wo is the component along OD of the velocity of projection, 
and = Wot + const. = Wot 

if ^ = 0 when the particle leaves 0. 

Hence t = zjwo and 


Thus 




. 3 ^ 

df 

mwoy = \ Yez^ A z + B. 


Since y = 0 when 2 r = 0 and also when z = Zi, 
B = 0 and A=^ — ^Yez^. 
Thus mwo^y = Yez (z — Zi), 




and 


dz 7nwQ- 

J 


(Yez Yez,), 


= _J_ (^Yezi) = tan 0, 


where 6 is the angle which the tangent to the parabolic path at 
D makes with OD, Since the subsequent path is rectilinear the 
displacement y' at the photographic plate is 

y = (/ - tan 6 = Yez^ {z - z,). 

The projection of the path on the plane of xOz is controlled by 
the magnetic field and is a circle passing 
through 0 and B to the degree of approxima- 
tion of this calculation. Let r be the radius 
of this circle and S,D,P, (Fig. 30 b) the tan- 
gent to it at the point S, which is symmetrical 
with respect to 0 and D. D, and P, are the 
intersections with horizontal planes through 
D and P respectively. P' (x\ 0, z) is the inter- 
section of the projected trajectory on the 
photographic plate. 8' is the intersection 
of a vertical line P'S' and a horizontal line 
8,88'. 8 is the mid-point of OD. Then 
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neglecting SSi compared with r, and 


1/ _ o o/ _ _ (g — 


P.F^SrS 


2r - PF' 2r 


neglecting PF' compared with r. Thus 

The radius of curvature of the circular path is determined by 
the balancing of the centrifugal force by the force exerted by the 
magnetic field on the moving particle. Thus 

'^=Eewo. 


when r is sufficiently large. Hence 


QQ ~ 

2mwQ 




Comparing this with the electrostatic deflection y', we have 

x'Yz, 


and eliminating Wq 


Hz' 


m _ y' (/ — i^i) 
e X- Y 2zj 


( 31 ) , 

(32) . 


These equations are only to be taken as illustrating the prin- 
ciple of the method. Owing to the fact that the electric field does 
not extend all the way from the point 0 to the point D and that 
the electric and magnetic fields are not quite uniform, the actual 
treatment of the experimental data is somewhat different. For 
these refinements the reader must consult the original paper. 

The experiments are carried out with certain values of H and 
T. We see from equation (31) that if we take the undeflected 
spot as origin and the axes of magnetic and electric displacement 
respectively as the x and y axes, then the ratio of the coordinates 
of any point on the curve on the plates determines a certain value 
of the velocity of the particles. Substituting the same values 
of x' and y' in equation (32), we obtain the value of mje possessed 
by the particle whose initial velocity had the particular value 
previously found. We can thus find the value of mje for all the 
velocities present among the ^S-ray particles. Since it is highly 
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probable from other considerations that e is constant we are in this 
way able to find m as a function of Wq. 

From the results of Kaufmann s experiments it was immedi- 
ately clear that the mass of these particles increased with increasing 
velocity and that the variation was in good agreement with the 
formulae which had been developed on the supposition that the 
whole of the mass was of electromagnetic origin. A careful re-exami- 
nation of his plates led Kaufmann to the conclusion that his 
results agreed better with the formula of Abraham for the rigid 
electron than with that of Lorentz for the contractile one. The 
graphs of the two formulae are however not very different for the 
range of velocities embraced by the yS-rays used, and it seemed at 
the time very questionable whether the experiments did not agine 
with the results predicted by both formulae within the limits of 
experimental error. It is to be borne in mind that this experi- 
ment tests only the transverse mass and tells nothing about the 
mass for longitudinal accelerations. 


Bii cherers Experiment 


A very ingenious experiment to test the different theories of , 
the constitution of the electron has been carried out by Biicherer^. 



A speck of radium fluoride, which contains more radium per gramme 
than any other available compound of radium, is placed at the point 
R (Fig. 31), which lies at the centre of the lower plate of a circular 
parallel plate condenser AB. The distance between A and B is 
very small compared with the dimensions of the plates. The plates 
A and B are maintained at a suitable difference of potential and 
are placed, so that their planes are horizontal, in the centre of a 
vertical cylinder. CD is a section of the walls of the cylinder b}^ 

* Ann, dev Phvs, IV. vol. xxvm. x). 51. H 








the plane of the paper. A photographic film 
extends all the way round the inside of the 
cylinder. The whole apparatus is exhausted 
and is placed in a uniform magnetic field H 
perpendicular to the plane of the paper. 

To simplify the discussion of the experi- 
ment we shall suppose the distance between A 
and B to be so small that it is quite negligible. 
In the absence of the electric and magnetic 
fields the /3-rays travel in straight lines all the 
way from R and their trace on the photographic 
film is a circle in the plane of the condenser. 
This circle becomes a straight line, of course, 
when the film is unrolled. When the fields 
are applied the paths become more complex. 
Between the plates they are still horizontal 
straight lines, but after escaping they describe 
circular spirals with their axes along the 
direction of the magnetic force. The rays will 
only be able to escape from the plates provided 
the downward pull of the magnetic force is 
equal to the upward pull of the electric field. 
If we consider a particle starting out with 
velocity w m b. direction making an angle a 
with that of the magnetic field, the condition 
for compensation is 

Xe — Heiu sin a, 

where X is the electric intensity between the 
plates. Thus for the particles to escape from 
the condenser 


c He sin OL * 

In Bucherer’s experiments this formula was 
tested by taking X and H so that XIHc = \. 
Under these circumstances 

sin a = 1/2/3. 

After leaving the plates the particles follow 
a spiral path of which ST may be regarded as 


Fig. 32. 
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the projection on the plane of the figure. Consider the position 
of the point T as a function of the angle a. When w is equal 
to the velocity of light, /9 has the maximum value unity. For 
particles moving with this speed the theoretical magnetic de- 
flection is zero on account of the electromagnetic mass being 
infinite. This follows fi:om the formula for the radius of curvature 
r^mwjHe. We should therefore expect the trace on the film 
to coincide with the undeflected trace (i.e. the rectilinear trace 
obtained in the absence of the fields) when 

sin a = J or a =30° or 150°. 

This was immediately verified. The maximum deflection occurs 
when a = 7r/2 or /3 = J with the electric and magnetic fields used. 
The form of the experimental trace is shown in Fig. 32, the very 
dark line being the undeflected position. None of the rays escape 
fi'om the plate except when the value of a lies between 30° 
and 150°. 

The values of the maximum deflection when OL — Trj^ enable us 
to distinguish between the different formulae for the mass of an 
electron. Since these particular particles always move at right 
angles to the magnetic field, their paths are circles. Let r be the 
radius, let a be the diiference between the radii of the cylinder OD 
and the plates of the condenser AB and let z be the perpendicular 
deflection from the undeviated trace. Then 


and therefore 
Thus 


z — a~l{2r — z), 




2w 



If 7110 is the mass of the moving electric charge for zero 
velocity (7U = 0), then for the contractile electron suggested by 
Lorentz, we have 


and substituting the value of 7a given above we find 


e 2cz /3 2gz 
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With Abraham’s rigid electron, on the other hand, 


e 2cz 1 

1 3 2S ~ tanh 2S] 

mo H {a^ + z^) 1 

[4/3 tanh 28 j 


where /3 = tanhS. 

The relatiye constancy of the values of ejm^ calculated from the 
experimental deflections by means of equations (33) and (34) 
respectively should enable us to distinguish between the two 
formulae. The data yielded by the experiments are given in the 
accompanying table : 


^ c 

H 

z (mms.) 

(Lorentz) 

(Abraham) 

• *3173 

104*55 

16-37 

1-752 

1-726 ■ 

•3787 

115*78 

14*45 

1-761 

1-733 

•4281 

127-37 

13-50 

1-760 

1-723 

•5154 

127-55 

10-18 

1-763 

1-706 

•5154 

127-55 

10-35 

— 

— 

•6870 

127-55 

6-23 

1-767 

’ 1-642 


In the case of the Lorentz electron the value of ejmQ is constant 
within the limits of experimental error, whereas in the case of the 
rigid electron the deviation is much greater than can be accounted 
for in this way. 

These experiments appear to dispose effectually of the rigid 
electron and they may be regarded as making it reasonably certain 
that Thomson s corpuscles are devoid of mass except such as is due 
to the charge that they carry. For this reason we shall always 
, refer to them in the sequel as negative electrons. 

We shall find later on that the relation between m> and 
characteristic of the Lorentz contractile electron is true of all 
; electrical systems according to the principle of relativity. Bucherer’s 
•experiment may therefore be regarded as evidence in favour of 
that principle. 
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CHARGE MOVING WITH VARIABLE VELOCITY 


In the case of a charged body moving with variable velocity 
the field is no longer carried along as though it were rigidly 
attached to the moving system. That is a state of things which 
is characteristic of uniform rectilinear motion. In order to deter- 
mine the state of the field in other cases our only recourse is to 
evaluate the potentials 


1 fffo' 1 

- (ir and U — ^ 1 1 
^ 47rjjjr 47rJjJ 


\ypy 


dr 


by direct integration. We shall see how this may be done in the 
case of a point charge, that is to say of a charged body all of whose 
dimensions are negligible compared with the other dimensions 
entering into the problem. 

Let us seek the values of the potentials at the point P 
(Fig. 33) at a certain instant, t It will be remembered that 
the values p and (V p)' which enter into the integration are not 
the values at the element dr at the instant t for which we are 
seeking the potentials at P but at a certain instant, say t — 0, 
which differs from t by the time which is required for a disturbance 
travelling with the velocity of radiation to pass from the element 
of volume dr to the point P. Clearly r = c(9, if r is the distance 
from dr to P and c is the velocity of light. We shall suppose the 
coordinates f, tj, ^ of the moving charged body to be given 
explicitly as a function of the time t - 6 Sit which the disturbance 
leaves it. If S denotes partial differentiation when t and 6 are 
considered as independent variables, we have 


Si 

_ di 

d{t-d) 

\ 

Si 

Sd 

1 

1 


1 

1 

St ~ 

si 

_ 

d(f-e) 

di 

Si 

Sd 

d{t-d) 

■ dd 

d{t-d) 

St~ 


with similar equations involving- v, v, ri and t. 
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At the outset we are face to face with a new difficulty which 
arises from the fact that the charge pdr which enters into the 
integrals expressing the potentials is not all present in the 
element of volume at the same instant. Thus the charge pdr 
which occurs in this element of the integral is not equal to the 
true charge which would occur in this element if it were at rest. 
Consider the truncated cone TOSB whose apex is at P and which 
is terminated by the spherical surfaces AO SC and BTRD whose 
radii are cd and c{6 -h d6) respectively. The sphere AC represents 
the instantaneous position of contributing charges at the instant 
t — 6 and the sphere BD the instantaneous position t — 6 — dO, 



Thus the part of the charge which contributes to the potential at 
P from the front-end OS of the element of volume dr is present 
there at a later time than that which contributes from the back- 
end TK All the charges are, however, present in the displaced 
element dr^O'S'RT at the one instant t-d-dO provided 
00' = Vdd. Hence the true charge de which is effective in the 
element dr is, if X is the angle between r and F, 

de = pdr = pdr (1 — ^ cos X)^. 
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For, since dr and dr' have the same base, 


dr' 

Wr 


OT- 


Vd6 cos ^ yd6 cos \ 


OT ^ cde ‘ 

We therefore obtain the following expressions for the potentials : 




de 


Vr (1 — ^ cos X), 
and for a point charge e 
e' 


U 




Vde 


r (1 — /Scos 






/ 7 = 


(Ve)' 


.( 2 ). 


’47rr (1 — ^cosX) ’ 47rrc (1 — /S cos X) ' 

The dashes denote that the values are not the instantaneous ones 
but those at a time d = r/c previous. We have assumed in this 
investigation that the effect of any real change in p may be re- 
garded as negligibly small during the time d6. 

Having obtained cjb and CT, the electric and magnetic vectors 
are now to be obtained from the equations 

^=-grad<^--^, 


and H = rot U. 

The differentiations which enter into these equations are at 
the point P fixed with respect to the axes of reference. The 
independent variables are now x, y, ^ and t The potentials 
involve x, y, z partly through r and partly through 6, which is 
a function of x, y, z when t is fixed and involves rj, ^ which are 
functions of {t — 6). They also depend on t both directly through 
7j, f and also indirectly through 6, We have 

r = cd = ^ (os - + (y- vY + (^ - 

0 

Let us seek the value of 
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We have 


(j> = 


^ - f) I + (y - 1?) ^ + (^ - 0 ?} 

c 


9 a! 


C-; 


.dO 




dl 


di] 


eo dx 




> 9 ? 


dx 


'dx 


'dx 


47 r 

But 

Similarly 


[(f 0 -{(a!-B^ + ( 2 /-v)v + (^-D^ }P 

9g dj d(t-e) de ^de 

dx d(t — 6) dO dx ^ dx* 


dx dx' dx ^dx' dx ^ dx' 

H ..9^ .9? p9^ 

dx ^ dx dx ^dx' 


Hence 

d<f> 

dx 


ec 

47 r 


-1+ {c^-(t+v"- + r) + (^ - f) I + (y - v) v + (^- 0 f} 

\fO-{{x-^)^ + {y-ri)ri+{z-^)i]J 


and 


d 0 1 


9 ^ 


dr] 


^=-^-?-(^-?) 5 --(y-^)^-(^-?) 


, 9 ? 

9 a!r’ 


or 


dx 


x — ^ 


- {(« - 1 ) I + (y - y ) ’i + (a - 0 SI 


Thus 


[cM(®-f)-^l! + ?{(*-f)l + (y-> 7 )y + (^-e)?} 

-(®-f) {r + T + ^} 

9j. ec ■ +{x-^)\{x-^yi + {y-n)y + {z-OK\-\ 

dx 47r (c^^_{(^_^)| + ( 2 /_^)^ + (^_^)^})3 

The expressions for — ~ and — ^ may be written down fi'om 
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4^7 [c^e - {(a; - f ) I + (2/ - ^ - 0 CT] ’ 

. 1 ^ = ^ |-|i[c 2 ^-{(a;-^)| + (y- 7 ?)^ + (^- OS 1 J+ 
c dt 47rc I oc ' 




+ (^- 0 ‘ 


-H - {(« - f) I + (y - ^ f ) ?}?, 

d{t-e) ^ 4 

n ?\f. A (t — dd dt dt) ‘ 


4 8 (t-< 9 ) 4 

, dt~d(t-e) dt d(t-e) de dt 

Similarly 




= |(«-|)i + (y-y)^ + («-?) ?}> 

86 > (a; - I) I + (y - ■>?) y 4 (g - 0 g 

c" 0 -{(^-^)| + (y-y)y + (^-O?} 

^ _ £ 1 ^ 

c=^-{(a;-^)| + (y-‘ 7 )^ + (^-?)?} 

-Y-^ = ^^-'tewe -{{x-^)^ + {y-r,)i,+{z-^)};\] 

+ ^(9[|" + ^'" + ?--{(«-?)f + (y-y)»? + (^-?)?}]| 
^ - {(« - ^) ^ + (y - ’?) y + (■^ - ?) ?}?. 


Hence 


47r [c-0 - {(a; - f) ? + (y - y) y + (.^ - ?■) ?}]’ 

X [(*-?- 4 ) Ic^- (I" + ^“ + r)} 


+ (*-?- 4) {(^■-?)l + (y-y)y + (^-?)?! 
-|0[c^0-{(*-?)i + (y-y)y + (^-?)Sl] • 
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The expressions for Ey and ^2 may be written down by inter- 
changing the axes. 

It will be observed that of the three terms in the expression 
for the first does not involve the acceleration 97, Let us 
consider this part of the electric intensity separately. Its com- 
ponents are proportional to 

(y-v-0v) and 

respectively. The resultant of this part of the electric intensity 
is therefore proportional to and directed along OjP, where 0, is 
the position which the moving charge would occupy if it con- 
tinued from the instant t - ^ to move uniformly during the 
following interval 6 with the velocity y, ? which it had at that 
instant. We may therefore write the resultant E^ of the part of 
the electric intensity which does not depend upon the acceleration 
in the form 




e(l-jS0 


47rr* (1-/3 cos X)‘ 


0,P 


(3). 


If we work out the value of the magnetic intensity from the 
expression 5” = rot U we find that there is a part of that also 
which is independent of the acceleration. Denoting this by Hi 
we find 

Hi = ^Ei sin Xi (4), 


where \ is the angle between OjP and the direction of V. Hi is 
tangential to the circle passing through P in the plane perpen- 
dicular to V and whose centre is on the direction of V. 


In the case of a particle which moves with a uniform velocity, 
the expressions just given will represent the whole of the electric 
and magnetic intensities. In that ease it is convenient to express 
Ei= E in terms of the instantaneous radius Ti and the angle it 
makes with the direction of motion, rather than in terms of r and 
X. The change is easily made. We have 

rj/sin X = r/sin Xj 

00i=ve=^r, 

Vi- = 9-^-1- /3V® — 2y9r2 cos X 

= (1 — ^ cos X)- -I- /3V- sin- X 

= 7^(1 — B cos XY- -t- /3¥,^ sitf X, ; 


and since 
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hence 

and 


r (1 ~ /3 cos X) = ri (1 — sin^ Xj)* 

ep.-^) 




'~ 477-r-i"(l-/3'sin^Xi)^ 
ir= jETi = ISEi sin Xj. 


•( 3 )- 


These formulae were first given by Heaviside^. 

In the case of uniform rectilinear motion the resultant electric 
intensity at any point P is directed along the radius from P to 
the instantaneous position Oi of the moving charge. It is a 
maximum where sinXi is a maximum, that" is, in the equatorial 
plane, and is a minimum where sinXi = 0, that is, along the polar 
axis. The same thing is true of the magnetic force, which how- 
ever vanishes in the neighbourhood of the polar axis. This state 
of affairs has been described by J. J. Thomson in the statement 
that the lines of force due to an electric charge in motion tend 
to concentrate in the equatorial plane. In the case when the 
velocity becomes equal to the velocity of light the concentration 
is complete. Since yS is then equal to unity the force vanishes at 
every point outside of the equatorial plane. It will be observed 
that this part of the force varies inversely as the square of the 
distance from the moving charge and is therefore inappreciable at 
big distances. 


Acceleration, 

Turning to the part of E which involves the acceleration, 
we see that there are two terms in this, and their components are 
proportional respectively to 

{y-rj-^erj), {z - ^ - Ot,) 

and 77, Thus E. may be regarded as being made up of a 
part which is directed along OjP together with a component 
parallel to the acceleration. If we call the acceleration (^, 77, = F 

this result may be written 

p cos fjL o~P_ ^ 

47rcV=(l -^cosX)" ' 4 ^^oV(1'^'/3 coh X^^^^ 

where /t is the angle between 7* and F. 

E.:, obviously lies in the plane of the radius O^P atid tin; 
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acceleration. It is also at right angles to the radius r = OP. For 
if we multiply each component of in turn by the corresponding 
direction cosine 

x — P y --rj z — ^ 

t ' or ^ 

r r r 

of OP, we find, for the numerator of the sum, 

{(^ ““ 1^)1 + (y - ^) i? + ('^- ?) ?} {(^ - 1^)' + (y 

X 6 [(x ~ ^ + (y - -r?) i? + ~ 0 ?} 

= [(^ “ ?) I + (y - v) v + 0 ?] 

X [(^ ^ + (y - 97)2 4- (5 - f )2 - c^0'^] 

= 0 . 

Thus E2 is at right angles to OP and in the plane containing OjP 
and the acceleration. 

If we work out the value of the part of the magnetic 
intensity H which involves the acceleration we find that this is 
at right angles both to OP and to E^ and is equal to E^ in 
magnitude. 

Thus the part of the electromagnetic field which depends on 
the acceleration of the particle is specified by two vectors, the 
electric and magnetic intensities. These are mutually perpen- 
dicular and, in our units, are equal to one another in magnitude. 
They are both at right angles to the radius from the point P to 
the position 0 of the particle at the instant at which the state of 
its motion determined the field at P. The vectors may thus be 
said to be at right angles to the line of flight of the electro- 
magnetic disturbance. 

• There is another very important difference between the part of 
the field which depends on the acceleration and that which does 
not. We saw that the electric and the magnetic intensity in 
the latter were both inversely proportional to the square of the 
distance from the moving charge. In the former both the 
intensities are inversely as the first power of this distance. So 
that at great distances from the moving charge the part of the 
field which denends on the acceleration will become verv P’reat 
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compared with the part which does not depend upon it. Ihe 
importance of this will be clearer after we have considered th(‘ 
distribution of the energy in the field. 

Energy in the Field. 

We know that the electromagnetic energy per unit volume of 
the field at any point is 

W = i{H^+E^] 

— ^ [Hi + H2 + Hi + H2 } 

= ^ [Ei^ + Ei^] + (HiH,) + iEiE,) + 1 [Hi + E^}, 
where (HiH^) and (EiE^) denote the scalar products of the vectors. 
The energy per unit volume may thus be split up into tlirei' 
parts, 

Ui = i [Hi^ + Ei% U, = {HiH.:) + {EiE.:), 

and U,^^[H.? + Ei]. 

Following Langevin* we shall consider these three parts of tlio 
energy separately. 
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We have seen that the field at the point P at the time t is 
determined by the state of the moving charge at the instant t - 6 , 
when it was at a point 0 distant from P, where OP = r=c6. 
The same statement is true of the field at all points on a sphere 
through P with 0 as centre. The field may thus be regarded as 
spreading out from the moving charge in all directions with the 
uniform velocity c. If we consider another point Pa on OP the 
field at Pa will no longer be determined by the state of the 
moving charge when at 0, because the disturbance initiated at 0 
has already passed over Pa and reached P. The field at Pa at the 
instant t will be determined by the state of the particle when at 
some point Oa at a time later than t — 6, let us say t — 6 + d6. 
The locus of the points at which the field at the time t is 
determined by the state of the particle at the time t — 0 + d 6 is 
the sphere P2P2 whose centre is O2 and whose radius is 

O 2 P 2 = c(6 — d9). 

At the time t the state of the field in the excentric shell bounded 
by the two excentric spheres whose radii are 

OP = cd and O 2 P 2 = c (0 ~ dd) 

will be determined, at every point, by the state of the moving 
charge at some instant between the times t— 6 and t — 9 + dd. 
We shall now consider the energy of each of the three types 
Pi, U .2 and P3 which is present at the instant t inside the 
excentric shell. 

The energy of the first type per unit volume is 
Pi = i l-Ei" + Hi"] = ^Ei^ (1 4 - yS- sin^ \) 



1 + /3- sin- Xi 

32Tr= 

rj‘‘(l — /3'^ sin-Xi)® 


ri=(l +^sin=Xi) 

827r^ 

r® (1 — /3 cos \y 


sin- \ 

3277^ 

r® (1 - ^ cos 


1 + 2/3^ — 2/3 cos X — /S- cos-X 

327r“?'‘^ 

(1-/3 cosX)^ 


by making use of the various relations on pp. 248 and 249. 

The energy of this type within the excentric shell is fffPdr 
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taken throughout the volume ot the shell. U.sing polai 
nates r, X, 4> the annular element of volume is 
27 rr sinX x rdX x PP >- 

Now OP = C0, 0,P, =^c(d- dO), and if Q is the foot of the- i.or- 
pendicular from 0-2 on OP , 

00 = 00. cos X = Vdd cos X = cos Xdd. 

In the limit when dd is made to vanish, QP^ — 0.1 2 - I hiis 
pp,_ = ce-c{6-dd)- cos Xdd 
= edd {I - P cosX). 


Hence 



Jo (1— ^cosXy* 


( I - /3y - cM 

( wh(*r(‘ //; = I - /3 (^<>s X), 


6^ 3 + /3“ 

247r? l~/3- 


cd& 


(7). 


This is the value of the part of the ciHU’gy, whjeli <lo(‘s n«)l. 
depend upon the acceleration, which is found at< th(‘ tinu* f lK*lAvr<*u 
the excentric spheres whose radii are c0 and (){6--’dd). It will 
be observed that for a constant value of odd this ])a,rt» of tlu* ou<*r|j^y 
varies inversely as the square of r. It is th<n*(‘for(^ n(‘^'li^ 54 'iblc at 
a great distance and is practically all concent-rat(‘d in tho inmn* 
(bate neighbourhood of the moving cha,rg(^. 


In the case in which the charg(‘ has always iu motion 

with the uniform rectilinear velocity K=/3c, aJI th<^ ciKogy is of 
this type. The formula we have just obta,in(‘d <‘nal>l(‘s n.% to 
calculate the total energy of this typo wliioli lios oat side a 
small sphere of radius R describ(‘d a.bout lJi(‘ nioxino oliany*. 
The smallest of the excentj'ie sj>]i(‘res will lia.v<‘ tie* instanlanooif;. 
position of the moving charge^, tha.t is t,o say its position at tin* 
time ty as centre. 

All the other spheres, soo Fig. 30, arc <‘xtci-na,l to t-his one aorl 
their centres behind its centre ()^^y since we arc supposing that tin* 
chai-ge is moving with a velocity which is smalha- than that nf 

!_■ tTT • • • . ... 


that they have the point Oo as centre. When this is done the 
volume of the shell between any two spheres is the same as when 
they were excentric. The total energy in the field is clearly the 
same as if the energy of each excentric shell was spread uniformly 
over the volume of the corresponding concentric shell. It is 
therefore 

3 + /32 ^ 

2i^ 1 JjR ’~247rl 



Fig. 35. 


In our units the potential (electrostatic) energy outside the 
sphere of radius S is e^jSirR. The remainder must therefore be 
the energy of the magnetic field of the moving charge. Since 
the electrostatic energy is the same whether the particle is at rest 
or in motion, the magnetic energy is the same thing as the kinetic 
energy of the moving charge. The kinetic energy is thus 


( 9 ). 
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This may be regarded as the part of the kinetic energy of the 
moving point charge which lies outside the sphere of radius 
R described about it as centre. In the case of an extended 
distribution of electric charge such as the spherical shell con- 
sidered in the last chapter, it is necessary to calculate the combined 
effects of the superposed fields due to the different elements. The 
calculations are very complicated and can only lead to the results 
obtained previously, so that we shall not pursue the matter further 
in this direction. 

It is important, however, to emphasize at this stage the two 
main features of the part of the energy of the field of the moving 
charge which does not involve the acceleration. In the first place 
the whole of this energy is located in the immediate neighbour- 
hood of the moving charge and is carried along with it in its 
motion. In the second place its magnitude is a function of the 
geometrical distribution of the charge. Both are clearly estab- 
lished by the discussion immediately preceding and by the results 
of the last chapter. This part of the field has been called by 
Langevin the velocity wave of the moving charge. 

We shall now consider the part of the energy which depends 
only on and The amount of this which is present be- 
tween the two excentric spheres whose radii are cd and c{6 — d9) 
may be calculated as follows. Since E .2 = H 2 the energy per unit 
volume is 

\{Ei+Hi)^Ei, 

Now E 2 is the resultant of two components, one along OiP and 

ercos^ 

47rc^r- (1 — /3 cos xy ^ ’ 
and the other parallel to F and 


1 r 

47rc'V(l — /3 cos xy 

Using the polar coordinates r, X and (f), take the line OOj as 
the polar axis and choose the plane ^ = 0 so that it contains 00^ 
and a line through 0 parallel to the acceleration F (Fig. 36). 
To find the value of E^^ resolve Eo, into three components, 
(1) X parallel to OOj, (2) Y perpendicular to OOi and parallel 
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to the plane ^ = 0, and (3) Z perpendicular to OOi and also to the 
plane <^ = 0. Then since 00^= fir we have 

^ eT (cos fi (cos \ — fi) 

477 cV (l — fi cos Xf I 1 — ^ cos X 
eP ( cos fi sin \ cos <f) 

~ 4<vc^r(l — fi cosxyl 1 — /3cosX 
^ eV cos fi sin X sin 

’ 4Trc^r(l -ficosXf 1— ^ScosX 
where e is the angle between F and OOi. We have now to 
evaluate the integral 

jjj(X^- + Y^ + Z^)dr', 

where dr^— (1 — /3 cos X) sin XdXd(j>Gd9. 



p 



The limits of integration are : for X, from 0 to tt and for </>, from 
0 to 27r. 


Since cos ya = cos X cos e + sin X sin e cos 


and 

r^TT r'lir 

J d^ = 27r, J cos = 0, 


riiT 

and 

COS^ip dp = TT, 

Jo 


after changing the other variable from X to /?:; = 1 — ^ cos X, we 
find, for the energy of this type between the excentric spheres, 
the value 


jjj 1 — j3^ sin*^ e 

dU^ = — — ^ de 


.( 11 ). 


Gttc^ (1 — 

This result is extremely important. Since it does not involve 
7' it shows that the energy between the spheres remains constant 
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provided they always correspond to the same instants t—6 and 
t—d-\-d6. Thus as the spheres travel outwards with the velocity c 
they always enclose the same amount of this energy. The total 
energy of this type which is emitted hy the accelerated charged 
particle travels off, in undiminished amount, in all directions to 
infinity with the uniform velocity c. This energy can no longer be 
regarded as belonging to the moving system. It is transferred to 
the surrounding space and is in fact the energy radiated by the 
particle. 

Since d is proportional to we see that there is no radia- 
tion except when the moving charge is accelerated. There is no 
radiation from a particle in uniform motion. Moreover the radiation 
has the same value whether P is positive or negative. A retardation 
has the same effect as an acceleration. This is true not only for 
small velocities but also for velocities which are comparable with 
that of light. 

Our results may readily be extended from a point charge to 
any finite geometrical distribution. By considering two spheres 
such that both r and dr{=cd6) are large compared with the 
dimensions of the charged system, it is clear that the radiation is 
independent of the distribution of the charge within the system, 
provided the acceleration is the same for all parts of the system. 
This establishes an important difference between the radiant 
energy and the part of the energy which is independent of the 
acceleration. For we saw that the latter part depended very 
directly on the geometrical distribution of the electrification, being 
in fact a linear function of the electromagnetic mass of the system. 
On the other hand, the energy radiated hy a charged system does 
not involve the electromagnetic mass of the sy stein. 

When the system contains charges of both signs, and also when 
different parts have different accelei'ations, the radiation will in 
general depend on the geometrical distribution; but, in any event, 
the influencing factors are not those which determine the electro- 
magnetic mass. It is clear that so far as the radiation which 
escapes to a great distance is concerned each electron in any 
material system may be treated as a point charge. When the 
velocities are small the energy in the shell does not involve the 
an^-le e and it mav be shown, in a manner rather similar to the 
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foregoing calculations, that the radiation is proportional to (Ser)\ 
taken over all the electrons or charged particles in the system. 
It follows from this result that a material system which is 
electrically neutral will not emit radiation when it is uniformly 
accelerated, even though it is made up of electrons. This result 
is otherwise obvious since it is clear that any system which is 
arranged so as to have no external field will not radiate. The 
result that the radiation is proportional to (Ser)^ enables us to 
see at a glance whether a given system will be an efficient radiator 
or not. For instance, we may take the case of two equal and 
opposite charges revolving in a circular orbit about the mid-point 
of the line joining their centres. Here both the charges and the 
accelerations have opposite signs; so that the sum of the products 
is additive and the system is a good radiator. In the case of two 
equal negative charges revolving in the same orbit about a positive 
charge at its centre the charges have the same sign, and their 
accelerations opposite signs. The value of is therefore zero 

and there is no radiation from this system. There will of course 
be radiation emitted if the negative charges get out of phase 
with each other. It is well to observe that the vanishing of 
will be the condition for no radiation only provided that 
the summation is taken over a sufficiently small element of volume. 
The result that the rate of radiation of energy from a point charge 
is equal to 


Gttc^ 


( 12 ) 


for small velocities was first given by Larmor*. 

Some of the properties of the radiation waves will be considered 
in later chapters. 


The Wave of Reorganization. 

The part of the energy in the shell, which involves the 
geometrical products of and E^, and of and may be 
obtained in a manner similar to that used in calculating the value 
of dU^. Taking the same Cartesian axes as before, we find the 
values of the components Zi, Fj, of E^ and Pi, Qi, of 
fi:om the expressions on p. 248. We have already found Xg, Fa, Zo 
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the components of and Pg, Ro may readily be obtained 
since we know that E^ and are equal to each other and are 
also perpendicular both to each other and to OP. The value of 
this part of the energy per unit volume is 

[Z,Z, + 7, 7, + + AP, + R,R,l 

Introducing the element of volume in polar coordinates we in- 
tegrate this throughout the region between the two shells and 
find 



This energy is a maximum when e = 0 and is zero when £ = 7r/2. 
Since Tdd is the change of velocity in the interval dO we see that 
Tdd cos € is equal to the resolved part of the change of velocity in 
the direction of motion. Calling this cSyS we have 

<'«■ 

This part of the energy contains r in the denominator, so that 
it falls to zero as the two spheres proceed to infinity. 

There is a rather simple and important relation between the 
energy cZiTg and the energy in the field when the charge is in 
uniform motion. In considering this, in order to fix our ideas, 
we shall suppose that the motion is uniform except during the 
infinitesimal interval between t — 6 and t — d d0. Before t -- 6 
the charge moves in a straight line with uniform velocity and 
after t — 6 -\-dd it again moves uniformly in a straight line but 
with a different velocity -yo. Consider the energy in the field 
outside of the two excentric spheres. Up to the instant t this is 
that which is proper to the case of a charge moving with the 
uniform velocity Vi. At the instant t this begins to be altered. 
A new field begins to be established, namely that which is proper 
to a particle moving with the uniform velocity V 2 . The new field 
is evidently left behind it as the excentric shell travels outwards 
with the velocity c. The relation referred to is that the energy 
dU 2 is just what is required to change the field outside of the 
excentric sphere from the state corresponding to the uniform 
velocity to the state corresponding to v^. For this reason the 
energy dll^ has, very appropriately, been called by Langevin the 
wave of reoro^anization. 
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The proof of this assertion is a very simple matter. We have 
seen (p. 254) that for a point charge moving with uniform velocity 
the energy Cj (y8) of the field outside a sphere of radius 
r about the position of the particle at t 0 is 




If the speed instead of being % were = c (/3 + S/9), let us say, the 
value of 17) would be 




87rr 


1 + 0 


(/8 + W- 
8 /S2/3 


3 1-/32 "^ 3(1 _^ 2^2 


neglecting higher powers of 3y3 than the first. The difference 
C/i (y8 + 3/3) — C/j (/3) is equal to the value of dU^ given by (14). 
The extension to a finite change of velocity spread over a finite 
interval of time is obvious. 


Acceleration and Force. 


Let us consider the work done by an external force on an 
electric charge. The law of conservation of energy requires that 
this should be equal to the gain in the energy of the system, and 
we have seen that the whole energy of the system can be expressed 
as energy of the electromagnetic field. The increment of energy 
consists in fact of two parts : the first d which is required to 
change the state of the electric field to the condition permanently 
appropriate to the new state of motion, and the second d which 
represents the energy transformed into radiation. If Xe is the 
force acting on the charge we have therefore 


/3 


{l-/3JS7rrc 


~ r cos edO + 


1 — y 82 sin2 e 




(l-yS2)3 

1—^2 sj[j^2 g 


Gttc^ 

1 


r^dd 


P 3.2?... (15), 


Sirc^ril — fi^f '' ' ( 1 -/ 32 )^ Qttc'^ c/3 cose' 

since = c^ cos e d6. The right-hand side of this equation would 
represent the whole work of the force in the hypothetical case of 
an electron whose properties were those arising from that part of 
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the field due to a point charge e, which lay outside a sphere of 
radius r about the charge. It is very unlikely that an electron 
possesses this constitution, and where the electrification has an 
extended geometrical configuration the equation has to be modified. 
We have seen that the second term on the right-hand which 
arises from the energy radiated is not affected by the geometrical 
arrangement of the charge. With the first term it is different. 
The new value of this may be found by considering the difference 
in the energy in the steady fields corresponding to the velocities 
before and after the action of the force. Proceeding in this way we 
find, in the case of any distribution possessing spherical symmetry, 
that r is replaced by the radius of the sphere multiplied by a 
numerical factor. The precise value of the factor depends on the 
configuration of the distribution, whether superficial or throughout 
the volume of the sphere and, if so, whether uniform or not. Thus 
the form of the equation is unaltered even when the electric 
charge is not concentrated at a point. 

Our equation differs from the corresponding Newtonian Equa- 
tion F = mT in two important respects. In the first place we 
have the additional term depending upon P and in the second 
place m is never constant, although it is approximately so when 
/3 is very small. This aspect of the question has already been 
considered. When the acceleration is small the second term con- 
taining P will be relatively unimportant, so that the Newtonian 
law is an approximation which is true for small accelerations and 
small velocities. 


For the form of the Newtonian law to be preserved it is 
necessary that the second term should be negligible compared 
with the first. Thus if a is the radius of the electron it is necessary 
that 


(1 — /3^ sin^ e) Fa 


SUo 2 (1 — /S“)c^/3cose 

should be small compared with unity. Since 1 


.(16) 


/3- may in all 

practical cases be taken to be of the order unity, the order of 
magnitude of this fraction is 


Ta 


1 


= r 


a 


1 r ft 

2c V cos 6 


Fr 

'2c' 


•(17), 


where 


2c^/3 cos e 2c C/8 cos € 

T is the time necessary for the charged sphere to move 
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its own radius. It is therefore necessary that the change in the 
velocity of. the body during this time r should be small compared 
with the velocity of radiation. 

If this condition is satisfied the motion will be the same as 
that calculated on the supposition that radiation does not occur. 
Abraham has suggested that the term quasi-stationary be applied 
to states of motion which satisfy this condition. Since the calcu- 
lation of the motion when the state is not quasi-stationary is 
extremely complicated, it is important to inquire whether such 
states are likely to occur in nature or not. There is one case 
which is of very frequent occurrence in which the condition is 
violated, and that is the case in which the velocity of the particle 
and yS are zero. This state, however, only lasts for an insignificant 
interval of time in the case of an electron. We know from the 
value of the electromagnetic mass of these particles that a is about 

cm. If the particle has moved from rest for a time t the 
velocity v = Tt, and since c = 3xl0^®cms. per sec. the fraction 

— will be comparable with xlO^^X]^). This will 

JiCV cos € 

clearly be negligible compared with unity for any measurable 
interval of time. Even after I0~^® sec. it will have fallen almost 
to 10“^ Thus even in the case of a charged particle starting from 
rest it seems unlikely that serious error will arise if the motion is 
treated as though it were quasi-stationary. 

Another case in which one might expect the quasi-stationary 
condition to be departed from arises when the acceleration is very 
great. Probably the greatest acceleration with which we are 
familiar is that which occurs during the impact of a /3-ray particle 
on an atom. There is some evidence that in favourable cases 
a /S-ray particle may be completely stopped within a distance 
d equal to the diameter of an atom, let us say 10”® cm. Assuming 
uniform acceleration as an illustration, the equation of energy in 
this case is 

= mTd, 

Thus r = v^l(2 X 10”®), 
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when V has its maximum possible value c. Even in this case the 
ratio has a value which is quite small, so that it does not seem 
likely that the assumption of quasi-stationary motion will lead to 
serious error in practical cases. 


The Reaction of the Radiation. 


Although the part of the force which is neglected by the 
assumption of quasi-stationary motion is practically always small 
compared with the remaining part, there are cases in which it 
might exert important effects through its persistency. For example 
in the case of periodic motions, if the reaction of the radiation 
always tended to stop the motion, it would in time exert an 
appreciable effect. For this reason it is desirable to calculate the 
reaction on an accelerated electron without assuming, as vre did at 
the beginning of this chapter, that the increase in the velocity 
during the time required by the electron to move over its own 
radius is small compared with the velocity of radiation. Owing 
to the difficulties which arise in a more general treatment we shall 
content ourselves with the case in which the velocity, though 
variable, is rectilinear, and in which the squares and higher powers 
of the ratios of the velocity of the electron, and the derivatives of 
the velocity, to the velocity of light may be neglected. 

Let us seek the force acting on an element of volume dr of 
the moving charged sphere at the point P whose coordinates are 
y\ / at the instant t Let the variable velocity u of the sphere 
be parallel to the axis of x. Let Q (x, y, z) be the position of 
some other point of the sphere at the time t. The part of the 
potentials at P which arises from the element dr^dxdydz which 
is at the point Q at the time t will be determined, not by the 
instantaneous state and position Q of the element of volume, but 
by its state and position Qq = Xe, y, 5 at a time t — 6, where 

PQe = - * 0 " +(y- yJ + (^ - ^ 01 - = 

We also have 

pq = {(* - xj + {y- y'f + (2 - = r, 


and 


X0 = X — 


dx 

¥ 


2 


d^x 0^ 

W 6 ^ 


.a I 1 i 


Since c9 and r differ only by terms involving u and its 
derivatives as a factor we can put r = cd in the equation for x^. 


Thus 


a:^_a'--r + 2p,r- 


Substituting this value of Xg in PQe, we obtain 

= (y - yj + (^ - ^7 + ^ ■••-(*- ^')|' 

4- terms involving squares of small quantities. 
^ ^x — xfu u u . 

Thus s9--|l-2— (— + 

X — X (u u ^ u ^ 

Jl — _ ^^ 4 . 9*- - ... 

[ r \c 2c- 6c'^ 

+ higher terms. 

We also have 

dxg _ udr u ^ 0r u o ^ , 

c Sic ^ 2c'^ ^ 00 ? 

dr X — X 
dx r ^ 


But 
so that 


, A u X — X u , ,v u , ,v , \ 7 

"" 4 “ C “7^ + ••• j 

Thus to every element of volume dri^dxdydz) of the charge 
at the time t there will be the corresponding element 

drg (= dxedydz) 

at the time 9 seconds previously, where 

dre = (1 - ^ + I 

The velocity of this charge at the time ^ 0 is 

u — u9-^ + ... . 

j^2 (y»3 


In integrating for the scalar and vector potentials we must 
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replace — hj ^ . On substituting the values already obtained, 
we find to the first order of small quantities that 

^ jl + ^ (a; _ (* - r + . 


cd r 
The scalar potential 


is evidently 

-im 

The vector potential 




3c^' 
dr'j 


-I / f\ ^ / /\ 




=4f// 


udrV 
r J 


dr. 


dr , drs 


contains ii as a factor, so that the replacement of — by 


will 


only introduce small quantities of the second order and may be 
omitted. It is, however, necessary to substitute in Ux the value 
of u at the instant t — d. Thus 




4>7rcJJJ r 


tc — - r + dr. 


Uy=: Vz — 0, since the resultant velocity is parallel to the axis of x. 


The w component of the force on a unit charge at P is 




The magnetic force H (= rot U) is derived by differentiating the 
vector potential with respect to the coordinates. It thus contains 
ti as a factor, so that the lowest term in [uH] will involve squares 
of small quantities. This term may therefore be neglected. 
Evidently 



and 




Thus 

Jf. 


=-i///' 


0! — a; j 

— Sttu 


MM' 


+ 


— ic'y 


dr 



This is the force on a unit charge at P arising from the whole 
sphere. The force on an element of volume dr at P is therefore 


Si-,- . - * 7: * + III , (1 + <£72) * 

since jjj P^'^- total force on the whole moving charge 

due to itself is 


- Mil ""'<‘^11! 4 + + Mill - 

The value of the first term when integrated over the whole 
sphere is zero, by symmetry. Transforming to polar coordinates 

the second term reduces, on integration, to 


e-^u 

Qrrac^ 


in the case of 


a uniformly charged spherical shell of radius a and total charge e, 


whilst the third term is 


e^u 


Thus 


P.' = 


eHi ^ €Pu 


118 ). 


The term in u appeared in the case of quasi-stationary motion. 
The term in u is new and is therefore due to the fact that the 
quasi-stationary condition is not satisfied. The fact that it is 
independent of the geometrical distribution of the electrification 
at once suggests that it is due to the reaction of the radiation on 
the moving charge, since we have seen that the radiation itself 
possesses a similar property. This is made clearer if we consider 
the work done by the force P^' during a displacement udt 
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This IS Fx^dt — 


6^ . 

a ~ uudt + ^ — - uudt 
birac^ ottc *^ 


e'-^ /I ON 7 


fd 

dt 


{till) — u-l dt. 


d 


The term — ^ represents the diminution of the 

electromagnetic energy of the steady part of the field of 

g 2 

the moving charged body. The term - u^dt is equal to the 
energy radiated. 

The work done by the second term in FJ in a finite time, say 
from ti to t 2 , is 


— I 

Bttc^ 1 


itu 


“‘L 


The integrated part vanishes if either or is zero at the limits. 
In the case of periodic motions this term will vanish when the 
limits are the recurrent zero values of u and u. Even if these 
limits are not chosen its value over a long period of time will 
be small, being comparable with the maximum value within a 
single period. The value of u^, however, is always positive, when 


not zero, so that the i 



u^dt will increase indefinitely as 


t 2 increases. It will evidently tend continuously to diminish the 
kinetic energy of the vibrating electrified particle, and thus to 
stop its motion. It is, in fact, very similar in effect to the action 
of a frictional force on a dynamical system. 

Planck* has suggested that this force may account for the 
frictional term which it is necessary to introduce in order to 
account for absorption in optics. Whilst there is no doubt that 
this force must be operative it is, I think, far too small to account 
for any of the observed effects. The kind of action in which the 
frictional term is smallest is found in the case of substances which 
give rise to the residual rays. We have seen in Chapter viii 
that even in these cases the coefficient which enters into the 
resistance term is of the order 10^- in the units employed, whereas 


the term 


e-u 


would lead to only about of this amount. 


The 


main part of what appears to be a damping force in optical 
radiators must evidently be sought elsewhere. 



CHAPTER XIII 


THE AETHER 

In our discussion of electromagnetic action so far we have 
always, explicitly or implicitly, considered the medium, in which 
the actions take place, to be at rest. It is true that in Chapters 
XI and XII we have considered in detail the effects produced by 
moving charges, and we have seen that changes in the state of 
the electromagnetic field are propagated through the surrounding 
medium with finite velocity. Without having specified the matter 
very definitely we have implicitly assumed that the bodies, whose 
motional effects were being investigated, were moving relatively 
to a fixed system. The fixed system embraces the observer and 
his instruments, and we have treated the question as though the 
medium through which the electromagnetic effects are propagated 
was rigidly attached to the observing system. This assumption 
is clearly, however, an arbitrary one; so far as anything which has 
yet been brought forward is concerned, we might just as well 
have considered the medium to be moving along with the moving 
system. It is necessary, then, to consider what effects we should 
expect to arise from the motion of the medium, in order to decide 
which, if either, of the foregoing alternatives is true. It may 
even happen that it is impossible to form a consistent scheme 
of electromagnetic phenomena, without discarding the idea of a 
medium altogether. 

The main question at issue relates to the hypothetical non- 
material medium — the aether — which has long been supposed 
to be the seat of optical and electrodynamic actions in space. 
Although the question of the effects which are peculiar to moving 
material media is intimately connected with this, nevertheless 
the two questions are essentially different. If the first question is 
settled, we shall see (p. 285 ) that we have n.lrearlv «.r‘.r*.nTrmlpf.pH all 
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the material which is necessary to determine the specific effects 
which are caused by the motion of material media. 

It appears to the writer to be impossible to acquire a true 
perspective of the matter at issue without considering it in its 
historical development. We shall therefore take it up from that 
point of view, at the risk perhaps of lengthening the treatment. 
Naturally, optical effects will be treated as a particular case of 
electrodynamic actions. 


The Aberration of Light 

The study of this subject arose out of a discovery by Bradley 
in 1728, made during an investigation whose object was to detect 
annual parallax in certain fixed stars near the zenith. Such a 
parallax was found. It was not, however, directed towards the 
sun as it would have been if it were ordinary stellar parallax, 
but it was in a direction perpendicular to this in the plane of the 
earth’s orbit. The magnitude of the “aberration” was found to be 
proportional to the sine of the inclination of the star, but was 
constant for stars of equal inclination. The results were found to 
be capable of complete explanation on the view that the light was 
propagated in space with a finite velocity in a direction which was 
fixed relatively to the star and which was uninfluenced by the 
earth’s motion. 

The problem is one of relative motion and can be made quite 
clear by considering an analogous material case. Suppose an 
observer to be in an open carriage which is moving with uniform 
velocity in a horizontal plane. He wishes to determine the 
direction of motion of the drops which fall into the carriage in 
a rain storm. To do this he is provided with a long tid-)e which 
can rotate about a horizontal axis perpendicular to the length of 
the tube, and the inclination caTi be road off on a circle in a 
vertical plane. The direction is then determined by adjusting 
the tube so that the dro|)s fall through without reaching the sides. 
The direction of the rain as thus determined will evidently depend 
on. the direction of the rain relatives to axes fixed in the ground, 
on its velocity and on that of the carriage relative to the same 
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direction of the rain is in a vertical plane containing the direction 
of motion of the carriage. 

Let OP be the direction of the tube, i.e. the apparent direction 
in which the rain reaches the carriage, and let the angle OFP' = a. 
Then if 0P':PP'= V:v, where Fis the velocity of the rain relative 
to the axes fixed in the earth, and v is the velocity of the carriage 
referred to the same axes, then OP' will represent the position of 
the path of the rain relative to axes fixed in the earth. For P' is 
then determined by the condition that the time required by the 
rain to move from 0 to P' is equal to that required by P to 
reach P'. Thus 

V PP' sin POP' 

V~OP'~ sin a * 

The angle between the true and apparent directions is called the 
angle of aberration; denoting it by /3 we have 

^ = Z POP' = sin-^ sin . 

The analogy between this illustration and the optical case is 
complete. OP has to be replaced by the direction of the telescope 
and OP' by that of the light passing through it — relative to axes 
fixed in space. V becomes c the velocity of light in free* space, 
and V is the velocity of the earth in its orbit. Thus 

sinp = p^sina, 

and is therefore proportional to the sine of the apparent inclina- 
tion of the star, as Bradley found. v/V is often referred to as the 
aberration constant. 

If we make use of the hypothesis of the aether the most 
obvious interpretation of Bradley s observations is that the aether 
is at rest in space and is entirely uninfluenced by the motion of 
the earth through it. On this view, as was first pointed out by 
Boscovich, the angle of aberration will depend on the velocity of 
light in the medium in which the aberration takes place. If V' is 
the velocity of light in this medium the angle of aberration will 
be given by 

sin ^ sin a. 
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It should therefore vary directly as the index of refraction of the 
medium. An experiment to test this conclusion was carried out 
long afterwards by Airy who used a telescope filled with water. 
He was, however, surprised to find that under these circumstances 
the constant of aberration had the same value as in an ordinary 
telescope. 

An experiment based on somewhat similar reasoning had 
occurred independently to Arago, who argued that since the de- 
viation of a ray of light produced by a dense prism depends on 
the ratio of the velocity of light in the prism and in the surrounding 
medium, its magnitude ought to be different according to whether 
the passage of the light through the prism is helped or retarded 
by the motion of the earth. With this experiment it is evidently 
unnecessary to use light from extra-terrestrial sources. Arago 
found that no effect due to the earth s motion could be detected, 
although the expected effect was comparatively larger 

An explanation of the experimental results of both Airy and 
Arago was given in a general way by Fresnel, who suggested 
that the aether was carried along by moving materia,! media, in 
such a way as to compensate exactly for the diffeiHuice l>etw(uai 
the velocities of the light in tlu^ medium and in vacuo. It, is 
necessary that the aether should be carried along with a V(doc.it\' 
which is only a fraction of that of the medium, for it it w(u*(‘ 
carried with the same velocity tlua-e would ]h) no a,l)(a-i'a,l,ion a,t. 
all. Fresnel’s suggestion was worked out mon‘ compl(‘{,<dy, la,t(‘r, 
by Maxwell and Stokes. W(^ shall now (‘aJeula,l.(^ with wha.t 
fraction of the velocity of tlu‘ transj)a,n‘nt imMliiim it is noc.c'.ssa.rv 
that the aether should he carrii^d aJong in ordi'r to give* th(‘ r(‘sult 
required by Arago ’s experiment that, r(‘fra.(d,ion is indc^pcmiFnl, of 
the earth’s motion. 

The path of a ray of light in a,ny m<‘dium is (l(‘l,(‘rmiiH‘(l l)\' 
the fact that the tiuKi r(‘(juir(*(I to pass li*<>m a,ny on(‘ poiul, ol (,h<‘ 
path to any other has a sta,tiona,ry' va,iu<‘. '^Fliis (‘xt(*nsiou of 
Fermat’s Principle of Lea,st Tim<^ follows on th(‘ undula,tory tho(>r\’ 
of light from the fact tha,t if A and fi a,r(‘ a,ny two points in a, i*a,v 
the disturbance arising from poinl,s in t,h(‘ wa,V(‘ Iron!, in (.he 
immediate neighbourhood of A iniisl, all ro.ich in ibc sam,' 
chase. This condition will nvidi-nl.l,- K,. v,.ii I ,1... 
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from AtoB has either a stationary or a maximum value as well 
as when the value is a minimum. Thus if ds is an element of the 
path of the ray and F' the velocity at any point, then 


S 


/ 


7 = 0 


( 1 ). 


Consider the case of any optical system, including the observer, 
which moves through space with the velocity whose components 
are u, v, w. Let I, m, n be the direction cosines of the ray at any 
point. Suppose that in any refracting medium the velocity of the 
light passing through it is increased by the amount 6 multiplied 
by the velocity of this medium through the aether. If V is the 
standard value of the velocity of light in this medium when the 
system is at rest, the velocity relative to axes fixed in space for 
the moving system will be 

V +6 (lu + mv + nw). 

But the observer is moving relative to the fixed axes with a 
velocity whose components are Uy Vy lUy so that the resolved part of 
his velocity along the direction of the ray is lu + mv + nw and 
the velocity of the ray relative to him is 

F — (1 — 0) {lu + mv-h mv). 

The equation of the relative ray paths is therefore 

gf * ^0 

J V— {1 — d){lu-i- mv + nw) ' 

or to the first order of {u, v, w)/V 

sjy + s j {iidx + + wdz) = 0. 


To be in agreement with Arago’s experimental result it is neces- 
sary that the relative paths to this order should be independent of 
Uy V, IV. This will be the case if the quantity under the second 
integral sign is a perfect differential; since the value of the 
integral will then depend only on the terminal points which are 
not varied. If m is the refractive index of the medium and c is the 
velocity of light in free aether Fl It is therefore necessary 

and sufScient that 


w? (1 — 6) 




{udx -f- vdy + wdz) 
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is arbitrary and iidx + vdy -hwdz satisfies this condition as a rule, 
it follows that 

m- (1 - <9) 4 . ^ ^ 

^ = a constant A, 

c- 

so that 0=1— 

It is clear that 6 must vanish for empty space for which in = 1, 
so that A^ljc^ and 0=1 — l/m^. 

It follows therefore that there will be no effect, due to the 
motion of a refracting medium through space, of the order of 
magnitude of the first power of the ratio of the velocity of the 
medium to that of light; provided the velocity of light through 
the medium is increased by — l)/m^ times the velocity of the 
medium. If we regard the optical disturbance as being propagated 
in an aether capable of flowing we may say that the aether is 
carried along by moving matter with — l)/m^ times the velocity 
of the latter. This was Fresnels interpretation of Arago’s result. 

It can also be shown that the hypothesis that the velocity 
of light in the moving medium is increased by 1 — 1 of the 
velocity of the medium in space is sufficient to account for the fact 
that the aberration constant is independent of the refractive index 
of the medium filling the telescope which is used to measure 
it. For the discussion of the problem which is here involved the 
reader may be referred to Campbell, Modern Electrical Theory, 
First Edition, p. 293. 

Fizeaus Expey'iment 

The conclusion that the velocity of light in a moving refracting 
medium is increased by 1 — 1/w- of the velocity of the medium was 
put to the test of direct experiment by Fizeau. The apparatus 
he used for the purpose was similar to that shown in Fig. 37. 
Two parallel tubes c c' were set up so that a stream of water 
could be made to run continuously through them in the directions 
indicated. A ray of light f was divided by the thinly silvered 
mirror a. The reflected portion travelled along the path f ah c e 
c' h' a g. The transmitted portion on the other hand followed the 
path f a h' c e c h a g. The two beams thus combined in the 
direction of g and gave rise to interference bands which were 
observed with a telescope. It will be noticed that when the 



water is flowing one of the beams of light is always in the 
direction of flow of the water and the other against it. The 
position of the bands is first observed with the water at rest. 
The stream of water is then turned on and the displacement of 
the bands, caused by the resulting difference of velocity of the 
two beams, measured. Fizeau found that the shift of the bands 
thus caused was in complete accordance with Fresnel’s hypothesis. 
The experiment has since been repeated with improved apparatus 
by Michelson and Morley, whose results were also in complete 
accordance with the view that the velocity of light in a moving 
material medium is increased by 1 — 1/m- of the velocity of the 
medium. 

The foregoing experimental results led to two rival views as to 
the relation between the motion of matter and that of the aether 



in its neighbourhood. The first view, which was championed by 
Fresnel, held that the aether outside material bodies was at rest, 
and matter moved through it without setting it in motion. Thus 
the aether was supposed to be able to flow freely through matter 
like water through a sieve. We have seen, however, that it is 
necessary to suppose that the relative velocity of moving refracting 
matter and the aether in its interstices depends on the refractive 
index as well as on the velocity of the matter relative to 
the stagnant aether. This was in agreement with Fresnel’s 
optical ideas, according to which the density of the aether in 
material bodies depended on the refractive index. The relative 
velocity would therefore have to be different in order to pre- 
serve continuity of the medium. On this view aberration is the 
simplest possible problem in relative motion, and it is clear from 
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the foregoing discussion that Fresnels views are in harmony 
with the experiments of Arago and Airy. 

Stokes was unwilling to accept the view that matter could pass 
freely through the aether without setting it in motion, and he 
therefore undertook to investigate whether it would not be possible 
for the aether in its immediate neighbourhood to be carried along 
by the earth and still give the well-known results for terrestrial 
aberration. The problem is to find what distribution of velocity 
may be imparted to the aether so as to leave the paths of the rays 
in space unchanged. If c is the velocity of light in the stagnant 
aether in a direction whose cosines relative to fixed axes in space 
are Z, m, n and the components of the supposed velocity of the 
aether are u, v, m at any point, then the velocity of the ray in space 
at that point will be c + Zu + mv -h mv. Applying the principle 
of stationary time the equations of the ray path will be deter- 
mined by 


c + + nw 


or, to the first order in (it, v, w)/c, 

S J ~ — S (udx + vdy + ivdz) = 0. 


If iidx vdy '\-wdz perfect differential the second integral 
will depend solely on the values of it, v, w at the terminal points 
and will therefore be independent of the motion of the medium in 
between. The condition that udx + vdy -\-wdz should be a perfect 
differential is the condition that the motion of the medium should 
be what is known in hydrodynamics as differentially irrotational^. 
It means that there is to be no whirling motion. Provided this 
condition is satisfied the path of the ray passing between two 
points whose velocities are given is determined solely by the values 
of those velocities and does not depend on the motion of the 
medium in between. 


As an illustration of Stokes’s result we may consider the 
particular case of light propagated from a fixed point x\, y^, Zi 
to a fixed point yo, z^, the space between being filled with a 


■" Gf. Lamb’s Hydrodunaniica, 1st ed., chap. in. 



^ i u 


inni AJDjinxL-xi. 


uniform stream of aether flowing with uniform velocity having 
components u, v, lu. The path is determined by 


or 


S r'^^^-sr"^'^,(ud^ + vdy + wd.) = 0, 
J XiPiZi ^ J x^yiz^ 


r!^‘2l/2^2 

S I ds — S 

' x^y^Zi 


- [u (^2 - ^l) H- CV2 “ 2/l) + ^ (^2 2;^)] 

c 


= 0 , 


or 


f .1* * * § 2 2/9, 

5 

•/ XxHxZi 


ds = Q, 


so that the path 5 is obviously a straight line from z-^ to 

^2, 2/25 ^2, j^st as if there were no motion. 


The condition that the distribution of velocity communicated 
to the aether, by the motion of the earth through it, should be 
differentially irrotational is that the aether should behave like 
a perfect fluid for slow disturbances, such as the motion of material 
bodies through it would give rise to. This seems a natural con- 
dition of affairs, so that thus far Stokes was able to give a 
satisfactory account of aberration and still retain the view that 
the earth carried the aether in its immediate neighbourhood along 
with it, in the manner of a solid moving in an ordinary material 
fluid. 


If the aether is an incompressible fluid it is not possible for it 
to be at rest relative to the surface of the earth and to have 
a velocity equal and opposite to that of the earth at distant points 
if its motion is continuous and irrotational*. Ways in which this 
difficulty could be overcome have been pointed out by Lorentz'f 
and Planck|. They seem, however, rather artificial. In order to 
explain Fizeau's experiment it is necessary, on Stokes s theory as 
well as Fresnel’s, to suppose that a moving refracting medium 
imparts a velocity equal to (1 - m~-) of its own velocity to the 
aether within it. If the earth carries the aether with it in its 
immediate neighbourhood, as Stokes supposed, other moving- 
bodies would be expected to have the same effect. An experiment 
to test this point has been made by Lodge §, who tried to find 


* See Whittaker, History of Theories of the Aether, p. 412. 

t Arch. Heerl. vol. xxi. p. 103 (1896). 

X Of. Lorentz, Proc. Amsterdam Acad. vol. i. p. 443 (1899). 

§ Phil. Trans. A, vol. clxxxiv. p. 727 (1893). 
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a change in the velocity of light in the region around the periphery 
of a massive iron flywheel when it was made to rotate rapidly. 
The results were entirely negative. A way of escape from most of 
the objections to Stokes’s theory has recently been suggested by 
H. A. Wilson^' (see p. 283). 

The Michelson and Morley Experiment. 

So far those who held the view of an aether which is undis- 
turbed by the motion of matter through it appeared to have 
much the better of the argument. The foregoing account repre- 
sents the state of the question when Michelson and Morley carried 
out the famous experiment by which they hoped to obtain positive 
evidence of the relative motion of the earth and the aether. 
Before describing this experiment we shall first consider the 
problem of the reflection of light at a moving surface. 



The plane mirror AB is moving towards the right with the 
uniform velocity v. A plane wave of light bounded by the rays 
DA, EB falls on it. Let us find the relation between the angle 
of incidence i and the angle of reflection. When a wave meets 
the mirror at A on the ray DA, it has reached the point G on the 
ray EB. If the mirror were at rest this wave would afterwards 
meet if at B, but as the mirror is moving, the wave will meet it 
at B', where BB'jB'C — vjc, c being the velocity of light. The 
mirror thus behaves as though it were turned through an angle e 
given by 

tan _ B'C 1 ^ ^ 

BG c - 4 - -y tan 1 1 -f tan* c tan e ’ 


tan t 



278 


THE AETHER 


whence 

, tan^e 

neglecting 


- = tan e (r— + tan , 
c Vtan b / 

Hence to the first order in 

e = tan e = ^ - sin II, 

2c 


eii 


The effect of the mirror on the reflected wave is therefore the 

1 V 

same as if it were rotated through an angle e = -ysin2i. The 


reflected light will be turned, relatively to a similarly situated 
fixed mirror, through twice this angle. 



. The arrangement of apparatus used in the Michelson and 
Morley experiment is shown in the accompanying diagram. Light 
from a source S passes through a half-silvered mirror B inclined 
at 45° to the direction of propagation. The reflected ray is 
reflected back by the plane mirror A so as to pass through the 
half-silvered mirror and thus reach the observing telescope E. 
The transmitted ray is reflected back by the plane mirror D 
and again by the half-silvered mirror, and so it also reaches the 
telescope E, The paths of the rays in space will depend on the 
magnitude and direction of the velocity of the apparatus. The 
figure has been drawn for the case in which the apparatus is carried 
along by the earth’s motion in the direction of the ray SD. Let the 
velocity of the earth in its orbit be that nf linrhf 4-1-./-^ 
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aether being c. Then the ray BA will not be perpendicular to 
SB, on account of the motion of the mirror, but will be inclined 
to this direction at an angle which is equal, to the first order, to 
0 = Urr^vjc, by the preceding theorem, since l = 7r/4. . Since A is 
moving parallel to itself, AO will be inclined to the normal at an 
equal angle on the other side of it. In an exactly similar way the 
ray CE produced by the reflection of CD at the moving mirror 
will be inclined at the same angle to GD as the ray AC. The 
two rays will therefore coincide in direction when they reach the 
observing telescope. If AB = BD—l when the apparatus is at 
rest, the construction when it is in motion will be as shown, if G 
represents the position that B has moved into while the light 
moves from B to D and back. BG is evidently equal to 2vl/c. The 
position of the interference fringes seen in the telescope will 
depend on the difference of time taken by the light to reach it 
along the two rays from B. This is equal to the difference of 
time along the two paths from B to G. If Ti is the’ time along 
the path BAG this is given by 


If T is the time required for the other ray to go from B to JD, we 
have 

cT=l + vT, 

and if T' is the time required for it to get back from L to G 

cT = I - vT'. 


So that 


I 


y= — . 

c — v 


r = 


c + v 


and r+r-ri = - 1-- + i + 




y y‘2 V 

1 + - 4 --+ ... + 1 -- + - ■ 
c c- C 


- 2(1 

^ 2 c“ 


" - , neglecting’ higher powers of ~ . 
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The corresponding difference of path is 

If the fringes were adjusted when the apparatus was station- 
ary a displacement corresponding to this path difference should 
be observed if the whole apparatus were moving with uniform 
velocity v in the direction indicated. If the motion were with 
uniform velocity in a direction perpendicular to this the path 
difference is found to be equal but in the opposite direction; 
thus if the apparatus is adjusted so that SD coincides with the 
earth’s motion relative to the sun, the effect of turning it through 
a right angle should be to cause the fringes to shift by an amount 

corresponding to a path difference equal to . 

Michelson and Morley set up their apparatus on a stone slab 
which floated in mercury. It could thus be rotated without 
causing strains to be set up in the apparatus. As the rotation 
was made to take place the fringes were observed continuously 
but no displacement of their position could be detected. The 
investigators were able to show conclusively that the relative 
motion of their apparatus and the aether could not amount to 
as much as one sixth part of the velocity of the earth in its 
orbit. 

The result of the Michelson and Morley experiment was to 
place the problem of the relative motion of matter and aether in 
an apparently impossible position. On the one hand the view 
maintained by Stokes that the aether was carried along by the 
earth in its motion appeared to be full of inconsistencies, on the 
other hand the consequences of the stagnant aether hypothesis 
were flatly contradicted b}^ experiment. An escape from the 
dilemma was pointed out by Fitzgerald who suggested that the 
null effect in the Michelson and Morley experiment was due to 
a change in the dimensions of the apparatus in the direction of 
the earth’s motion, just sufficient to counterbalance the expected 
effect. The required change would evidently be produced if the 
matter of the apparatus contracted in the direction of the earth’s 
motion in the ratio 1 — to 1, the lengths in planes perpendi- 
cular to this direction being unaltered. This change would be 
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too small to be capable of dii*ect measurement in any case ; but 
even if it were not, the operation could not be carried out ; as any 
material scale which might be used would also contract, in the 
same ratio as the material to be measured. 

This hypothesis seems a wild speculation at first sight, but 
it appears, on further inquiry, that it is rather what might be 
expected to occur if matter is made up of electrons. In that case 
the question at once suggests itself as to why a given portion of 
solid matter preserves its shape. If the matter were made up of 
superposable elements of positive and negative electrification, 
capable of infinitesimal subdivision, the only state of stable 
equilibrium would be one in which any excess of charge of one 
sign would be dissipated to infinity and the remaining equal and 
opposite charges would be superposed on each other. The matter 
would thus annihilate itself and disappear. In order that matter 
should be stable enough to preserve its identity it is necessary 
that the ultimate elements of electrification should be finite, and 
it is also necessary that the superposition of opposite elements 
should not result in annihilation. To ensure this it is necessary 
that the ultimate elements of opposite sign should not have 
exactly equal geometrical distributions. We conclude, in tacit, 
that the positive and negative electrons are essentially different. 
The simplest assumption we can make as to the nature of the 
forces which keep them in equilibrium is to suppose that they are 
under the influence of equal and opposite forces of ultimately 
electrical character, but it may be that this supposition is in- 
adequate and that the electrical forces are balanced by forces of 
non-electrical type. In any event, in static cases tlie equilibrium 
configuration of the electrons will be determined by the positions 
in the matter at which the resultant force is zero. 

We know from the results of Chapter XI that the field due to 
an electric system in motion differs from that due to the same 
system at rest, in such a way as would result if all the lengths 
parallel to the direction of motion were changed in the ratio of 

— to 1. Thus for the electrical forces to have the same 

value in the moving as in the fixed system it is necessary that all 
lengths in the former which are parallel to the direction of motion 
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should be reduced in the ratio of (1 to 1. If the forces are 

all electrical it follows that the positions of the balancing points 
where the force vanishes will all be nearer together in this ratio 
and a contraction in length of this amount, in the direction of 
motion, will have to occur, in the moving matter, if equilibrium 
is to be maintained. Since 

(1 - = 1 - 

as far as the fourth order in vjc, we see that this contraction is of 
the right magnitude to account for the absence of an effect in 
the Michelson and Morley experiment. Another mode of explana- 
tion will be developed later. 

An attempt has been made by Trouton and Eankine {R. S. 
Proc, A, vol. Lxxx. p. 420, 1908) to detect and measure the 
Fitzgerald shrinkage by measuring the resistance of a metal strip 
when (a) parallel, and (b) perpendicular, to the earth's motion. 
The experiment showed that if any shrinkage occurs it is com- 
pensated to within 2 per cent, of the expected value by some 
counterbalancing effect of the motion on the resistance. Ti-outon 
and Kankine were able to show that on the electron theory of 
metallic conduction the changes in the mass, mean free path and 
velocity of the electrons would exactly compensate the effect of 
the expected shrinkage. It is interesting to note that according 
to their calculation the Lorentz change of electromagnetic mass 
with velocity gives the desired compensation, whereas the value 
found by Abraham does not. 

Besides those which have already been discussed, there are a 
number of other cases, where effects due to motion through the 
aether might be expected to arise, which have engaged the atten- 
tion of physicists. As is well known, the phenomenon of ordinary 
double refraction can be fully accounted for solely by the fact that 
the media which exhibit it transmit the disturbance which con- 
stitutes light with different velocities in different directions. We 
have seen that in ord^* to explain Arago s experimental result it 
is necessary to suppose that the velocity of light relative to the 
observer, through a refracting medium which is isotropic when at 
rest, depends on the motion of the latter through the aether. The 
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Inn^tv of the wave will therefore be different in different 
relative velocity refraction to occur when 

trSto iB moving. Such an effect hat been very caretnlly 

Sought for but always with negative results. 

^ i-u ffpct which has been looked for is a change in the 

t orthe Xne of polarisation of plane polarised light pro- 
rotation of the plane p change in the 

duced by its passage earth’s motitn. The 

relative ^ ^ o/polarisation of light produced by its 

^TfevtdT be X!^‘o difference' of velocity of cireulatly 
“ believed re be^ in that direction. Thus the quarte 

’" T reTnetre Tvcllity of one of the t™ oppoeitely 
“ a 'IirnoLited rejl into which the plane polaticoil 

^r-y biretivi -“-ly r rrr,c 

p^duid by their (itTtt Ibcity' of 

Srofl” “lily ‘poteLed ray., in the 

^ / • 1 • frvr the tiwo rays, an enect slumia 

refractive index is ditiei ' ^ . ,i , -bn. it there is no 

which i, proportional to ti/c. . on this view. 

effect which is compatable „te .„,d otaerva- 

The reader will find a number of othei txpeumonu 

Electricity. . 

A method of reconciling Stokes’s tlieory ot 

uerties of moving bodies with the experimental i.iol,s, withou 
Luming the Fitxgerald contraction, has recently b(.ieii 
IvTa Wilson* Wilson points out that the problmn ol the 
Lttf Idy like the earth, through the, aether nmy Im so - 
in such a way that the motion of the ‘ f 

everywhere continuous and irrotational, f 

gential relative velocity vanishes at the surlace ot .1 .• y- 
the conditions may be satisfied by an appropriate How ol the, <w.,Lhc 


Phil Mail. VI. vol. XIX. p. 809 (1910). 
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along the normal to the surface of the body. All the experiments 
to detect relative aether flow which have been naade deal only with 
the velocity component parallel to the earth's surface and, owing 
to strains, etc., caused by the gravitational action, it would be 
almost impossible to execute delicate tests for motion in the 
vertical direction. 


Relativity of Effects. 

In reviewing the outcome of the experiments which have been 
undertaken with the object of discovering the relation between 
the motion of matter and aether, the most striking feature appears 
to be the small number of experiments which have led to a 
positive effect. The only cases where motion of matter appears 
to influence optical phenomena are 

1. Astronomical aberration ; 

2. Kelative motion of a refracting medium as in Fizeau’s 

experiment; and 

3. The Doppler effect. 

It can hardly be a coincidence that all these cases entail the 
relative motion of matter. There is no experimental evidence of 
any optical effects arising from the motion of matter relative to 
aether or to space. One is therefore tempted to inquire whether 
it is really necessary to postulate an aether for the propagation of 
optical and electrical effects ; it may appear that a more consistent 
set of relations wmuld be obtained solely by the relative motion of 
matter. We shall have more to say about this question later. 


The Propagation of Light in a Moving Refracting Medium. 

The effect of the motion of a refracting medium on the 
propagation of light through it may be calculated on the electron 
theory, as follows : — 

We shall consider the case of a plane polarized beam of light 
which is propagated along the s axis. 
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Referring to Chapter vill, p. 148, we see that the j)olctrization 
P is related to the electromotive intensity E' by the equation 

P = (m2-l)P'. 

When the medium is in motion, with velocity F, 


if the magnetic permeability of the medium is unity, in accordance 
with equation (5), Chapter IX. In the present case, therefore. 


Px = 




•(2), 


if we take the axis of x parallel to the electric intensity and 
that of y parallel to the magnetic intensity and the motion of the 
medium parallel to the axis of < 3 ^ with velocity w. The current 
dPx 

density is Dx + , the latter term arising from the convection 

of the polarization by the moving medium. Thus the funda- 
mental electromagnetic equations become 




.( 3 ), 


and - = - f Po; H- w 


3P^A 1/., ^ 0P^ 

—y-{E,+p,+w-^ 


...(4). 


Eliminating P and H from (4) by means of (2) and (3) we have 

-L- V t I r 

dt- 


1 — {m 


c- / C- dt- G- ^ 


• 1 ) 


'dt'dz ' 


If V is the velocity of light in the moving dielectric with 
respect to the fixed aether we shall have E^ = where 

A and p are constants. Substituting this value and neglecting 
w^lc^ we have 

— 2tu ('titr — 1) F, 



This is Fresnel’s formula (p. 27o). This deduction shows that 
the convection of the polarized dielectric through the fixed aether 
produces the same change in the velocity of the light as is required 
by the experiments of Airy and Fizeau and by Fresnel’s hypo- 
thesis. Those exDeriments therefore do not nrove that the aether 
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is carried along by the moving matter. The substance of this 
calculation was first given by Lorentz* and somewhat later by 
Larmorf. 


Moving Axes and Correlated Systems, 

We have seen that the behaviour of an electromagnetic system 
at the earth’s surface may be represented by the system of 


differential equations : — 

div E = p (I), 

divjy=0 (II), 

mtH={E + pV)lc (Ill), 

rot E Hjc (IV), 

where the force on a unit charge is given by 

F:=E^ir,H]/c (V), 


and y is the velocity of an element of charge relative to the 
earth’s surface. If matter has a purely electrical constitution this 
system of equations will also describe the changes which material 
systems undergo. 

A method, for which we are indebted to H. A. Lorentz, of 
investigating the effect on electrodynamic actions of the motion 
of the medium, is to transform the equations so that they refer to 
axes moving relatively to the material system instead of being 
fixed in it. As an illustration, and to fix our ideas, let us suppose 
that the above equations are true when the coordinates x, y, z and 
t are measured along axes fixed in the aether. Then V = (-i^i, Vi, lUi) 
will be the velocity of an element of charge relative to the fixed 
axes. We shall now examine how the differential equations are 
changed when they are made to refer to axes moving with uniform 
velocity n along the positive direction of the x axis, relative to the 
origin of the fixed axes Ox, Oy, Oz. Let the coordinates referred 
to the moving axes be denoted by x', y, z\ we shall also distin- 
guish the time for events described with reference to the moving 
system by ij. Let the two systems of axes coincide at ^ = 0. Then 
x' = x — ut, y' =^y, z' z, t' = t 

* Arch. NeerL vol. xxv. p. 525 (1892). 
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X, y, z, t and x, y\ z\ t' being respective sets of independent 
variables we have 


= A 1 = 1- 

dx dx' ’ dy dy' ’ dz dz' ’ 


but in virtue of the principle illustrated in dealing with the 
convection of the polarization charges on p. 285 we see that 


9 9 


0;^' dt dx ‘ 


dE^ dE^ 


— + U,p^-^-U-^+U,p 


dEx , . (dEy dEz\ 


from (I), and 


_ «) P = 3 (cif, - - 1 {cHy + uE,), 


from (III). 


dEy 


Similarly ^ 


^ dz' ~ dx' ^^-^ 2 /)? 


^ (c^, + «£■.) - A (c-ET,). 


c 0^' c \ dt dx , 


1 dH^ 1 / dHy dH^ 

c 0^ c \ dy dz 


Thus from (IV) 


w ~ ij “ S’ 




dH, d 




Similarly 
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Thus if we put 

H' = (JT.', H,;, H,') = (h,, H,j + ^ E,, Ey 

E’ = {E^, Ey', E;) = (e,, Ey-^ H,, E, + H, 

V = {E, v', w') = (Mi — U, Vi, Zt'i) 

P' = 9 

the equations may he written 
l(dE^ 
c V dt' 

Ifd^ 


•••( 6 ), 




ifm 


c \ dt 


■T + yJ p ) = 


ze: 

dHy' 

laif* 

dE' 

dEy'y 

dy' 

dz' ’ 

c dt' 

dy' 

dz' 

dHJ 

dH; 

LdHy 

dEJ 

dE’ 

dz' 

dx' ’ 

c dt' ■ 

dz' 

dx' 

_dHy' 

dHJ 


JE' 

_d^ 

~ dx' 

dy' ’ 

c dt' 

dx' ' 

^y’ . 


jLuy uiifcnjuciiucu ill une leiu-iifciuu nieiiiDers 01 (^Y j may be 

eliminated by means of the equations (6). We have, for example, 

E,J=^Ey-^^H,^Ey(l-^^)-^H;; 


thus if 


= (1 - E/c^)-\ 


Ey=^fi^(Ey' + ^H;), 

and similarly 

(H,, Hy, H,) = yS^ Hy’ - - E;, H' + - Ey^] , 

\ 0 c j 

{E^, Ey, E,) = ^^U-^EJ, Ey’ + -H;, E;--Hy']. 

\ C C J 

Substituting in (7) we find 



THE AETHER 


289 


The differences between the values of H' and H and E' and E, 
respectively, required by equations (6), are in accordance with the 
experimental values of the magnetic force due to a changing 
electric field and the force on an electric charge moving in a 
magnetic field. These terms would therefore be expected to 
arise if the electromagnetic system under investigation were 
in motion relative to the measuring instruments employed to 
investigate it. Equations (8) show, however, that if rapid changes 
with time are occurring the state of the moving system will be 
different from that of the fixed system on account of the terms 


involving ^ and of terms of the second order in ^ depending 


on /3'\ 


We have seen in Chap, xii that the effects due to a moving 
charge are not established instantaneously but are propagated 
through space with the constant velocity c which, we have reason 
to believe, is independent of the velocity of the matter at which 
the effects originate. It may be that on account of this finite 
velocity of propagation c the hypothesis (t = t') that the time of 
an event when referred to the fixed axes is the same as that of 
the same event when referred to the moving axes, is leading to 
inconsistent results. Just as, according to 'Fitzgerald’s hypothesis, 
the lengths of all material bodies change when the system is in 
motion, it may be that all the clocks change in a similarly definite 
manner. In such a case the local time t' might be a function of 
X, y, z as well as t Without pursuing this discussion further for 
the present (we shall return to it later, p. 298), we shall provisionally 
admit the possibility that t' is different from t, and see to what 
conclusions we are led thereby. 

In order to avoid altering the notation in the preceding 
equations we shall still retain t' = t and introduce a new variable 
t" for the local time. Following Lorentz, to whom the conception 
of local time is due, let us assume that 


Cr 


3 3 

Then i ust as in chanofiner from x to x = x— ut we have ^ 
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and — = — + M ;r we now have, in changing to the new variable t", 
dt dt ox 


d 

df'' 


d , d 
■W 01 / 


dx ^ c^dt 


Thus the equations of the field become 


dE 

r / 

> A 

_dHJ 

dHy'. 

. dt' 

f + 

upj 

03/' 

- 3 /\ 


dE' 


0^A 

dH; 

dt" 

+ vpj 

dz' 

da!' 


dEJ 

, ' A 

dHy 

dH; 

df 

+ W p ] 

dx" 

dy 


1 

dH,' 

dE; 

dEy' 


C 

df 

dy' 

dz' 


1 

oJHy 

_dE; 

dE; 


C 

^ df 

dz' 

■ dx" 


1 


dEy' 

_dE; 


G 

^ df 

~ dx" 

dy' ' 


.( 9 ). 


If we overlook the dashes these equations only differ from (III) 
and (IV) by the inclusion of the factor when it occurs on the 
left-hand side. Since /9^ = (1 — u^jd^Y^ the two sets of equations are 
identical in form as far as the first order in ujc. This leads to an 
important principle which we have established to this order of 
accuracy. 


Lorentzs Principle of Correlation, 

If we can solve (III) and (IV) for any one of the variables 
Ey, Ez, Hx, Hy, Hz, let us say E^, and then express the solu- 
tion in the form 

=f(oo, y, t), 

this means that E^, the x component of the electric intensity in 
the fixed system, is a certain function f of x, y, and t, the space 
and time coordinates referred to the fixed axes. It follows from 

the identity up to the order - of the equations (9) with (III) and 
(IV) that 
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is precisely the same function of 

x' 7=zx — utj y' = 3 /, / = x" 

G 

that is of x, y, z, t Thus in comparing a moving and a fixed 
system, which are identical with one another when at relative 
rest, for any event in the fixed system characterised by a certain 
set of values of E and H, there is in the moving system a corre- 
sponding event characterised by values of E' and H\ which are 
the same functions of x'\ y\ z and that E and R are of x, y, z 
and t. It follows that within a self-contained system, to the order 
of ujo, the electromagnetic effects are independent of the velocity 
of the system, since E' and H' are the values of the electric and 
magnetic forces which would be actually measured by instruments 
moving along with the system. This is only true, however, pro- 
vided the time recorded by clocks in the moving system is the. 
local time and not the “ true ’’ time recorded by clocks in the fixed 
system. 

The principle of correlation is due to Lorentz. In the first 
instance he only succeeded in establishing it to the first order of 
ujc after the manner of the discussion above. A little later Larmor 
by including a contraction along the axes of motion, to accord 
with Fitzgerald's hypothesis, showed that the principle held to 
the order u^/c^. In 1903 Lorentz showed that a very similar trans- 
formation enabled the correlative principle to be established with 
exactness for all values of the velocity u less than that of light. 
We shall now investigate what is the necessary transformation of 
the electromagnetic equations in order to establish correspondence 
up to any order of iijc. 

Since the differential equations are linear the transformation 
we are seeking will be a linear one and the preceding investigation 
at once suggests the form which is most likely to be successful. 
Let X, y, z, t be the coordinates referred to the first set of axes 
and x\ y\ z\ t' those referred to the second, which are in motion 
relatively to the first. Assume that both x and t' are linear 
functions of both x and t whilst y' and / involve only y and 5 
respectively. Let us put 
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where i,j, h, I, m, n are constants to be determined. Then 

.a a a a .„.-ai 


A;-=- 
dy' dy 


^ a 

9/ dz 

9_a 

Since the axes are moving in the ai direction, Ic=lhy symmetry. 
We shall now transform the equations (III) and (IV) in which 
X, y, z and t are the independent variables, to new equations in 
terms of the independent variables x', y', z' and t'. 

dE^ dE^ ..dEx 

We have 


dE^ , .. 

dE. 



faJTz 

dHy) 

'19/ 

a^'j ■ 


Hence 

Similarly 


dEx 7 affz 7 

m -^ + = ck — -cl 


dJiv dEy ..dEy 


, oHx .dH^ aJTz 

= ck -T^r — c^ - cm7i . 
dz ox at 


-t- cft-Efz) + fip = ck ^ - a (^H, + E,^ . 

Similarly 


Also, from (I) 

dE^ , SA; , aA; .dE. dE.jdEy BE, 

IT + + -S' = * aF + ”“ ar ‘ ^ ■ 


.aA^^ a.&» ,dEy ,dE, 


Hence 
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Hence the three equations may be written 
m(l- nj) ^ + {ih + i) /) = ch {h, + 1 - ck ~ [Sy - 1 £'z)' 

m {Ey + cnH,) + v,p =^ck^- ci^, (h, + ^ 
m - cnHy) + w,p = ci ~ (Hy-iE)j- ck 

( 12 ). 

Turning to the other three equations 


[ dH^ 


IdHa; 7 , 

fdEi 

dEy\ 

rw 


— cir-*' 

Kdy' 

~w) 


and from (II) 


dH^ dHy 
dx dy 


dH, . . 0 ^. dH. .dHy 



Hence 


- ( 1 - ..i) i i fi.) - d i [m. + i b) ' 

- m I {Hy - cnE,) = ok (e,-{h,}j V 

- m 1 (H, + cnEy) = oi ^ (Ey + ^ h) -ck^-^f 

(13). 

The problem is to determine the values of the constants i ...n 
and the functions ... H^ which will make equations (12) and 
(13) take the same forms as (III) and (IV). One obvious requirement 

is that terms such as Ey and Hz-^cnEy should be identical. 

Hence n ==jlc\ Making this substitution we have 

-I) w * <»■ '■-‘*87 * i ^>) - (^« - i *)' 

“8? (^* - i «>) “S’ -i 
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Thus if we put 

u' = ^U, v= vjl3, w = p = /3p, 

the equations for the new dependent variables in terms of the inde- 
pendent variables x = IB{x — ut), y' ^y, z' — z and t' — ^{t — uxjc-) 
are accurately identical with the differential equations (III) and 
(IV) connecting the corresponding undashed variables. It follows 
that the correlation previously established to the first order is true 

*h/% Q VI TT /W*/N r\'V y-3 ^ J J-l- I* 1 
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values given above and the time and space coordinates in the 
second system are the functions given above of those in the first 
system. The space in the second system is contracted in the 

direction of motion by a factor (1 - u^/c^)^ as compared with that 
in the first system, whilst the time is contracted by a similar 
factor and, in addition, is a linear function of the a; distance. 

We shall postpone the further consideration of the physical 
consequences of this result, which was first given by Lorentz, 
until we have considered another method, which we owe to 
Einstein, of arriving at the same transformation. 



CHAPTER XIV 


THE PRINCIPLE OF RELATIVITY 

As is well known, the Newtonian equations of motion retain 
their original form when the space and time coordinates are 
changed from x, y, z and t to — vt, y' — y, z and i' — t 

corresponding to a uniform translatory motion of the axes with 
velocity % in the x direction. We have seen that this is no longer 
the case with the fundamental equations of electrodynamics. For 
the original form of the differential equations to be retained it is 
necessary that the od coordinates should undergo a uniform con- 
traction given by x* ^ ^(x — vt) and that t' should be similarly 
modified and also depend in a linear manner on x, being in fact 
given by t' = 13 (t — vx/c^). If therefore the units of space and 
time have the same values in two systems moving relatively to 
one another we should expect differences in similar phenomena 
occurring in them depending, at any rate, on the square of the 
ratio of their relative velocity to the velocity of light. All the 
experiments which have been made, however, lead to the con- 
clusion that the actions taking place in any system depend only 
on the relative velocities of the parts of that system and are in- 
dependent of the velocity relative to any other system which the 
system may have as a whole. We shall now attempt to see 
if, by changing our mode of defining time, we cannot make all 
phenomena independent of the state of motion of the system as a 
whole in which they occur. So far as matter consists of electrons 
and the phenomena in question are electromagnetic the problem 
has been solved in the last chapter ; but the following treatment, 
due mainly to Einstein, is instructive and leads to results which 
are easier of application to many important problems. 

In order to describe any physical phenomenon it is necessary to 
locate it in time and space. To locate it in space we must have three 
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undeformable axes of reference and an equally rigid unit of length. 
We may then fix the time of the occurrence by having a series of 
similar clocks distributed at infinitesimal distances apart in space 
and arranged so that when brought together they register equal 
times. So far we have not indicated any method by which the 
clocks may be correlated when they are not in the same place. 
We shall now assume that this can be done in such a way that 
the velocity of light in a vacuum measured by means of the 
system of axes and the clocks is equal to a universal constant c, 
which is independent of the state of rest or of uniform motion 
of the system. Thus if A and JB are two material points whose 
distance apart is r, a ray of light emitted from A at the instant 
tA will reach B at the instant tB, where 

r = c(tB- f'A) ; 

tA and tji are the readings of the clocks at A and B respectively. 
We shall assume, what is not of course a priori obvious, that this 
is true whatever the state of motion of the axes of reference may 
be, provided it is not accelerated. The assumption here involved 
has been called by Einstein the Principle of the Constancy of 
the Velocity of Light. It is a particular case of the Principle of 
Kelativity which may be stated in the words : The laws of nature 
are independent of the state of motion of the system of reference 
provided this is unaccelerated. 

Now consider two equivalent systems of axes B and S\ By 
equivalent we mean here such as possess equal units of length and 
clocks running at equal rates, when the two systems are at rest 
relatively to each othei*. Suppose that is in uniform motion 
relatively to S. It follows from the fundamental assumption 
that the velocity of light must have the same value when measured 
with reference to both S and S'. Consider any event occurring 
at the point x, y, 2 at the time t when referred to the system S. 
Referred to the system S^ this event will be described by the 
corresponding variables < y', / and t'. It is required to deter- 
mine the relations between w, y, -3: and t and x, y', z and t'. 

On account of the homogeneity of time and space we should 
expect these relations to be linear. It follows that the coordinate 
planes of S' will be in uniform motion when referred to those of 




iMiL ur xs-jiiJUjriJ.! V ixi; 


US, however, choose the direction of the oo and axes so that it 
coincides with the direction of relative motion of B and B'. Then 
by symmetry the coordinate planes of B' when referred to S 
will remain parallel to one another. We shall also choose the 
origin of time and the directions of the y and 2 : axes so that the 
two systems B and /S' coincide at the instant t = 0. Then the two 
following sets of equations have identical meanings : 

x — vt = 0 X =0, 

y = 0 and y = 0, 

z — 0 / = 0 . 

Three of the desired transformations are therefore of the form 
x' = til “ '^0? y'^ ^1^* 

Since the velocity of light has the same value c in reference to 
both systems and since they coincide at t = f = 0 the following 
equations also have identical meanings : 

x^ 4 * 3 /^ 4 * = cH\ 

and x'^ + y'^ + z'^ — c^t'^ 

Substituting in the last equation we have 

0i Oi Oi 

On comparing with the first we see that hi^ = since x, y and 
5 are independent and there is nothing to distinguish between y 
and This is obvious and we might have written hi = Ci originally. 
Hence 

^ {x‘^ — 2vxt -1- — x^— ^ — oH^ 

Oi bi 

must be an identity. From the homogeneity of this equation t' 
must be of the form a{t + /3a*), where a. and B constants. 
Hence 

n ^ o 

■p (a^ - 2vxt + vH-) —af + cH- - p + 2a^y8a.'!( + = 0, 

for all values of t and x. 

Hence 1 _ |1 = 0 (1), 



the 






:a?=o 


a +;,at = - Vdi from (2). 


1 + j3v + i(f + c^^ = 0, 


SO that 

*e othe. .cot ^ ”■* 

bi^ _ „_Y1 

TT^ “ 1 - ■ 

K„, .. »n«o. in.ol,e .y. 

• f „ .MiW We may denote it by <J> 
fun6tion of v only. ^ oxcent d> (v)- Our results so 

fore determined all the coefficients except <1>KV) 

far may be written , 

= ^ {v) /3 - vt), ^ 2' = 


where ^ is now written for 1/ y ^ ‘ 

To .0.000.00 *(.) co»i.o.. 

".t” «1, ' F:TI:.o'<" 00.0,™. .0 S” »0 o,i..«ntl, 

have . 

t" = 4>{-v)0(t' + l«f) 

= <p{-v)l3\<p{v)l3\t-'\,«^ + ^J.^'- '"O}] 

L 

= <p{— v)cl> (v) /3“ 

= (^) ^ 

Simitoly 

,f =^{v)^{-v)y, 

^ i. o -n'o jilwavs coincident, t , etc. aie 

But since the systems S and o <n j 

identical with t, etc. So that 
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Moreover, since the relation between y and y' or ^ and / cannot 
depend on the sign of v, 

and therefore ^ (v) = 1, </>(?>) = - 1 being obviously untrue. 

We therefore obtain finally 

I (4). 

of = I 3 (x — vt) 

y'=y> - 


It will at once be observed that these values are the same as those 
which we obtained in the last chapter by the direct transformation 
of the electromagnetic equations. 

If these equations are solved for t in terms of t\ etc., we obtain 

x = ^{x' + vt') 

y = y\ ^ = / 


showing that the system S is moving with respect to the system 
with velocity — v along the axis of 

It follows from these equations that when a body originally at 
rest is set in motion, its dimensions, measured relative to axes in the 
original position of rest, are contracted in the direction of motion 
and unchanged in planes perpendicular to this. Let Xi, y/, and 
X2, yo, be the coordinates of any two points in the body referred 
to axes moving with it (system x^,y^,z^ and x^, 3/2, -s'2 being the 
coordinates of the same point referred to the system B relative to 
which the body is moving parallel to the x axis with velocity v. 
Then at any time t which is constant with reference to the system 
S we have 


— ^2 = (I “ {Xi ~ X.2) 
yi-y2 = yi-y2 


,( 6 ). 


^1 - ^2 = Zi - Z 2 


Thus a length equal to I' parallel to the axis of x' is reduced 
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with regard to which the body is moving with velocity v at a 
constant time t referred to these axes. 


If instead of t constant we take t' the time referred to the axes 
moving with the body as constant, then 

= (1 — (^1 - ^ o ) ( 7 ). 

It follows that a body at rest with respect to S as measured 
from S' undergoes the same change of dimensions as a body at rest 
with respect to S' when measured from S, This result is required 
of course by the symmetry of the motion. 


A similar set of relations holds with respect to the time. 
Suppose we have a clock moving with uniform velocity v along the 
axis of X when referred to the system S. Let us take the position 
of this clock as the origin of coordinates for the system S'. Then 
x' —0 always and x = vt. Let ti, t/ be the times of two consecu- 
tive events as recorded on the moving clock and ti, the times 
for the same events as registered m the fixed system S. Then 




so that 


ti = ^ti and to = 


Hence 


^t') 


( 8 ). 


We may take t 2 > k' to represent two consecutive strokes of the 
clock. It is then clear fi:om the equation above that the moving 
clock as observed fi:om the fixed system will appear to have its 


periodic time increased in the ratio 1 : 



The frequency 


will be decreased in the inverse ratio. 


This case may be realised physically by considering the line 
spectrum emitted by a moving molecule or ion. Measured with 
reference to axes at rest with respect to the ion the frequency of 
the emitted light in the case of many lines is confined within very 
narrow limits. The period of the light may thus be taken to 
represent that of the reference clock and t/, ti, etc. may be taken 
as the times at which the emitted vibrations are consecutively in 
the same phase. The above result shows that in addition to the 


302 


THE PRINCIPLE OF RELATIVITY 


observation will be less than v that observed with reference to axes 
at rest relatively to the ion or molecule in accordance with the 


equation v = 


1 -V. 

C- 


Addition of Velocities. 

Let any point move with a velocity, having components vf vf 
vj, relative to the system of axes S', then 

{x — iTo ) = 'y/B (t ~ ^0 )j {y Vo) ~ '^y (f ~~ ^0 X (^ “ -^0 ) — '^z if 
Substituting for x', etc. in terms of x, etc. from equations (4) we 
find for the velocity components referred to the system S the 
values 

— Xq ^ Vx V 

t-u ^ vjv 
<f 


= y~yo 


It follows that the parallelogram of velocities is only true as 
a first approximation. If we put 

Vi' = + vf + 

and vf- = Vx^ + Vy'^ + 

and let the angle between the x' axis measured with reference to 
the system S' and be denoted by a, 


sj if + + 2m; cos a) - 


vv^ cos a 


If 'ti and are in the same direction 

— ^ + 

1 + m^jc^ ‘ 
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each of which is less than that of light is also less than the velocity 
of light. For let = c — X. and v/ = c — fi, where A. and fi are positive 
and smaller than c, then the resultant velocity 
_ 2c-'X — jjb 

and this is always less than c. Also the addition of any velocity 
to the velocity of light gives rise to a velocity which is still equal 
to the velocity of light. 

Another interesting consequence of the foregoing results is that 
it is impossible for any signal to be transmitted from one point A 
to another B with a velocity W greater than c the velocit}?- of light. 
Let the point A be taken at the origin of coordinates and the 
point B lie on the x axis at a distance I from A. Observers trans- 
mitting and receiving the signal are fixed at A and B respectively. 
Let the signal be transmitted by means of a material strip relatively 
to which it travels with velocity W in the direction A—^B. Now 
let the material strip carrying the signal be itself moving along 
the X axis with the velocity — v, where v <c, the velocity of light. 
The velocity of the signal relative to the transmitting and the 
observing system is evidently 

W— V 
1 — TF-y/c-* 

The time required for the signal to be transmitted is thus 
„ _ , 1 - Wv/c^ 

^ W-v • 

Since v can have any value < c, T can always be made negative 
provided W > c. This would imply that the effect would be 
perceived before the cause had commenced to act. Although this 
may not necessarily involve any logical contradiction it is opposed 
to the whole character of our experience. The truth of the 
theorem therefore follows. 

Some of the preceding results differ so considerably from those 
which follow from the generally accepted notions of space and 
time that many readers will probably regard them as serious 
objections to the views here developed. If, however, the principle 
of relativity is accepted they appear to follow with logical certainty. 
The a vrioi'i argument in favour of the nrincinle of relativity will 
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Application to Optics, 


Let the vectors which describe a wave of light when referred 
to the system 8 be proportional to 

sin ^ / lx + my + nz 
cos V 


I, w, n being the direction cosines referred to S of the directions 
of propagation. Eeferred to the system S' let the vectors be 
proportional to 

sin , A/ ZV 4“ my + nz\ 

cos V 0 /* 

It follows from the principle of relativity that if t\ y\ z' are 
replaced by their values in terms of t, oc, y, z drawn from equa- 
tions (4) the two functions of t, x, y, < 2 ^ will be identically equal. 
Thus 

sin __ I 'x' + m'y -f n'z' \ 
cos V 0 J 


Hence 


So that 


sin 




cos 


I'v 


Z" -p - ) it? + m'y -f n'z 


cos V G J 


V 

ct) = yS ( 1 + Z' - j ci)^ nico = m'co', 


Ico = 8 (l' + 0 )^, nco = n'co'. 


V =. 


1 -- I 
c 


m 


VI 




n — 




(d — 8 — I-] ^ 


.( 11 ). 


The last formula is the complete expression for the Doppler 
effect. If an observer is moving with velocity v relative to 
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(i.e. the system of coordinates at rest with reference to the source) 
the velocity v makes an angle (j> with the line joining the 
source and the observer, the frequency v of the light perceived 
by the observer is related to the frequency of the light as measured 
by reference to an observing system at rest ^vith respect to the 
source by the relation 


1 — cos d> 
c ^ 


v^- 


.( 12 ). 


c- 


If on the other hand the angle is given with reference to the 
system S' moving with the observer, and is denoted by we have 

1 1 

yS. 


.(IS). 


1 + - 1 ^ — COS d) 

c c 


If we regard the source of light as being in motion and the 
observer as fixed and if the frequency of the light when measured 
with reference to axes moving with the source is vq, if also the 
source is moving relative to the observer with velocity v making 
an angle ^ with the line joining the source and the observer whm 
referred to awes at rest with reference to the observer, then the 
frequency v of the light perceived by the observer is given by 




2^0 


1 — COS 6 
c 


If our reasoning is coiTect this formula should also be given by 
substituting —v for v and (j^' for ^ in the first equation for v'/v. For 
the change from moving observer to moving source is equivalent 
to a change of sign in the relative velocity ; and the axes to w^hich 
(f> was referred have now become the moving axes. We thus get 

V I' — Vic \ 


V 




i+- 


c 1 — I'vjcj 


81 - L' vie’ 



A bero^ation. 


If the relative velocity v is parallel to the x axis and if cjb is the 
angle between the direction of the ray and that of the relative 
motion when referred to the S system of axes, and (j>' the same 
quantity when referred to the S' system, then 

JL ^ 

cos (jf) — 

cos6' — I' ^ (14). 

1 — COS d) 
c ^ 

This formula embraces the whole of the theory of astronomical 
aberration. Its relation to the formulae previously obtained may 
be left as an exercise to the student. 


Fizeau's Experiment 

Suppose the light is travelling in a moving medium. Let 
this be at rest with respect to S', the axes of x and x' being 
chosen so as to coincide with the direction of relative motion. 


Then the light vectors will be proportional to 


sin 

cos 


(o' it' — 


X 


or to 
the 


Sin t>v 

cos ^ reference chosen. Since 

system S is moving with velocity —v when referred to S' we 
obtain 

V 


0) = /3co' ( I + 


V', 


CO 

V 


Hence 


V'^v 

"l+^r 

& 


^ F' & )• 

+ -^) approx. 

F'n 




V y approx. 


^ ^ ^ 

This gives Fizeau s result to the order of accuracy with which 
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Electromagnetic Equations. 


The transformation of the electromagnetic equations of Maxwell 
to variables referred to the system 8' has already been made in 
the last chapter. The equations assume the form 


1 ^ dEx ,/ -A _ \ 

v'p'j = 


c \ dt‘ 

1 fdEy' 
c 

dt 


Kot' ' 


dS^ 35/ 

daf 

dm 


dz' 

dH' 




.(a). 


1 dHj _ dE; 

c dt' ~ dy' 

idH.; dEj 
c dt 

idjm 

c dt' 


dz' 

dE' 


_ _ i) — ^ ^ __ V 

f'- oz' dco' I 


M 


dE; 


dEj 


dx' dy' 


where 


Ey'=8{E,-^ Hz) , e;=8[e, + I 


HJ^m, Hy' = 8[Hy^-E, 


H, 




E, 


u = ■ 


Ui — V 


1 


V =* 


/SI 


^llV\ ’ 


w =■ 


Wi 


/S 1- 


C' 


...(d), 

...(e), 


.(/)• 


Previously we wrote ii — — v, p' = /3p, etc., but the above 

values of the velocities relative to S' are the values required by 
the theory and are consistent with the equations in the last 


chapter, provided we put p' = ^ 1 1 — — ) p. This value of p is 




thus the value required by the principle of relativity. 

Since according to the principle of relativity the physical laws 
are independent of the motion of the system as a whole it follows 
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the system as measured by an observer who with his apparatus 
is moving with it. If the system is moving relatively to the 
observer the forces will have a different value from the above in 
accordance with equation (p). It follows that the so-called electro- 
motive forces acting on a moving charge in a magnetic field are 
nothing but electric forces when measured by an observer moving 
with the charge. From this standpoint the distinction between 
electric and magnetic forces becomes indefinite. By a suitable 
change of moving axes either may be made to vanish, involving 
a corresponding change in the other. For instance with a 
uniformly moving point charge there are important magnetic 
forces if the motion is relative to the observer, but if the observer 
moves with the charge the forces are all electric. 

It follows fi'om equation (/) that if a body is at rest, relative 
to S' its total charge e' measured in reference to the system S' is 
the same as its total charge e measured in reference to S at 
a definite instant t referred to S, For the total charge e' referred 
to S' is 

e' — Jjj p' dcc'dy'dz'. 

Now at any particular instant t referred to S it follows from 
equations (4) that 

dx'dy'dz' = yS dxdydz. 


Also since the body is at rest referred to S', u' = 0, and therefore 
= V. Hence 


So that e' P dx'dy'dz' — jjj p dxdydz = e. 


It follows that if any material system is set in motion the 
magnitudes of the charges, as determined from axes at rest 
with reference to the initial state of motion of the system, are 
unchanged. 

The equations (a) — (/) suffice for the solution of all problems 
in the electromagnetics and optics of moving systems in which 
accelerations do not play an important part. As an illustration 
we shall use them to determine the amplitude A' relative to the 
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system S' of a wave of light which is specified relatively to S by 
the equations 

E = EoSm<t>-, H = </, = « . 

Let Ex> Ey, Ez denote the components of E and Ej, E^, E.^ the 
components of Eq, with a similar notation for the components of 
H and iTo- 

Referring to the equations on p. 307 we see that the values of 
the vectors referred to S' are 

Ex = El sin cf>', Hx — Hi sin 

Ey = yS {^2 — - sin (j>', Hy = y3 ^ E^j sin 

E' = ^ sin <l>', H: = E^ sin f , 

The values of o)', I', m', n' have already been determined in 
terms of o), I, m, n and v, and the consequences which follow from 
them have been discussed. 

Let us determine the amplitude A' referred to S' for the case 
in which the electric vibration in the wave referred to S is parallel 
to the ^ axis. Then in free space (or in any isotropic medium) 
the direction of the ray will be in the plane of xy, and, if 6 is the 
angle between this direction and that of the x axis, 

El = 0, E 2 ~ 0, J^3 == A , 

ZTi = — sin JjTo = — J. cos 6, H.^ = 0. 

Thus 

EJ^O, Ey' = 0, j;/ = /3(l-%os^)4sin(^', 

Hx = — -d sin 0 sin <f)', Hy = jS cos ^ ^ j J. sin cp', — 0. 

Therefore A', the amplitude referred to the system S', is 
given by 

T ^ Z) 

1 — cos ^ 






since 


sin^ (f> 4- 


cos 


*- a )’ 


i-E 



As the direction of the -sf axis is arbitrary this formula must be 
true generally. 


Mechanics of an Electron or Material Point, 


Let an electric charge e, of infinitesimal dimensions, move 
under the influence of an electromagnetic field. We shall assume, 
in accordance with the principle of relativity, that its equations of 
motion, referred to the system of axes S' with reference to which 
it is instantaneously at rest, are 




d^yo' ^ 
' dt/^ 


eB, 


y> 


jm t 


where ijuis a constant which we shall call the mass of the electron. 
The suffix 0 is introduced to indicate that the moving point is 
instantaneously at rest with reference to the S' axes. 

Let us now deduce the equations of motion of the point charge 
when refen-ed to the system S relative to which S' is moving 
with velocity v. We have 

dC = ^ (dto - l^dx^ = /3 (l - dt„ 

V dto) = /3 (i?o — ^0 dto , 

~ dz^ • 


d^ccQ __ d / ^0 — \ 
dtp 

1 j ^0 "f ^2 (^0 ^ '^) ^0 

■g 


1 d / d)Q — v \ 


dwQ = S (dccQ — 

dyo = dyo, 

doco __ Xq — v 
dt^ - vdj(^ 


Hence 
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Similarly 


dy^ 


1 dyo 

dto 

13 

1 

i 

d^yo 


1 1 d 

dto'-\ 


_ vxo'^ /8 dto 1 



vd;o\ . V 


2/0 


1 

S. 0- y 


ySMl 


c 

drz ' 

with a similar equation for - ^ . 

at0 " 

If 8' is instantaneously at rest with reference to the moving 
point i?o y^ — 0, ifl = so that 

___ ^ ^*0 ns •* 

iZifo'2 “V c^l - vyd-f “ ’ 






= /8=yo. 
= ^"-Sa- 


dto- ^ (1 - ■yVc")- 

Referring to equation (c), p. 307, we therefore get 




These are the equations which hold for the instant when 
d'o = v, ^0 = 0, £o = 0. We may on the left-hand side I’eplace v by 
q = V -f -f- io^ and on the right-hand by Xq. Leaving out the 

suffix 0 and adding the other terms -Hz, Hy, the above 

c 0 

equations may be written as a particular case of the symmetrical 
equations 

d I ^ I ^ 



JLiU 


where Kx — e Ex+^ Sy 

Ky=e\Ey^-Ex--E, 
c c 

K,=^e\Ex-¥-Ey-iE^\ 

C C J 

/I is a constant coefficient in all three equations and since 
^ 1 (•• /-i ^ + y^ + z\ . &X + yy + zz] 

dt Ivi - gVc4 ~ (1 - fjd^f Tv c" / ■] ’ 

with similar expressions for the terms in y and i, it will he seen at 
once that equations (16) reduce to the equations on p. 310 for the 
particular case when 2 /=i= 0 . Since the equations (16) and 
(17) retain their form when transformed to any new set of axes 
at rest referred to the first but differently directed in space, if 
they are true for any one set they will be true for any other. 
But we have seen that they are true when y = i' = 0 ; they are 
therefore true in general. 

The vectors Kx, we shall call the components of the 

force acting in the electron. When q^jc^ is negligible the equations 
of motion are identical with those of Newton; otherwise they 
are not. 

We shall extend the scope of equations (16) so as to embrace 
the case in which the forces are of gravitational origin. As their 
applicability in this case is a sheer assumption they can only be 
regarded as a definition of force. 

Energy and Momentum. 

If we multiply each component of the universal equations (III) 
and (IV), Chap, xiii, p. 286, in turn by Ex, Ey , ... Hz, add them 
together and integrate over a space at whose boundaries the 
electric and magnetic forces vanish, we obtain 

J 9 + EyV^ + EzWt) ~ 

where i = J J \_{Ei + E,f + E^) + \ (iJ/ + + AT/)] dr 

is the electromagnetic energy of the space considered. If the 
electric density p is due to electrons of charge e, the integral is 
equivalent to 2 e (ExX + Eyy + E^z), where E.. E.,. E. jq r A “I-.It a 
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from the electron itself) acting on the electron. Thus, if the 
conservation of energy is to hold, the rate of working of the 
electric field on the electron is e{E^x -\r Eyy EzZ). It will be 
seen from equations (17) that this is equal to Kyy + Kzi:. 

Thus the force as above defined has the same relation to the rate 
of working as in the Newtonian Mechanics. 

The equations (16) may be written in the form 




. dx + ^ 


fJbdO 




Vi-2Vc" <f 

with similar expressions in y and .s'. Multiplying each of these in 
turn by x, y and i, and adding, we get 
{xK^-\-yKy-\-zKz)dt 




f. 

(1 — q-jc^)i V 


1 + 




(l~gVc^> 



The kinetic energy being equal to the work done by the external 
forces will therefore be 


\{xKx + yKy{- zKz)dt = + const. 

J vl— g' 7 c^ 


The constant will of course have to be determined by the initial 
conditions. If the kinetic energy was zero when g' = 0 we should 
have const. = — The value of the kinetic energy for the 

system whose velocity is q is therefore ^ ( 4 ' 

, ... ^ . ■r;-' ■ 

1 1^/-' 


yU-C- 


- 1 


.( 18 ). 


Wl - q^/c^ 

For small values of q this is equal to ^fiq^ in agreement with the 
value of ordinary mechanics. ^ \ i - - 

If we multiply the second and third of equations (a) and (6), 
p. 307, in turn by — Hy, E^ and - Ey and add, we obtain, as in 
Chapter x, omitting the dashes, ::: ' ’ 








dHp.. 


dz 


ff TT 1 ff 

" a® a® 


'by 


S7 


bE„ 


_ v. 


dE, 


BE,, 


_ S’ j- 


dE^ 




TliJi; rKiJNUir Lilli UH KLLATiVii i 


= i i {Hi - Hi - Hi) + 1 {H,H,) + {H,Hi 

- + ^ + + i £ 


V 'dx dy dz 


+ ^^{E,E,j) + l{E,Ei)-L\ 


dJ^ dH 

dx dy dz 


Integrating throughout a closed space over the boundaries of 
which the forces vanish, and remembering that div H = 0 and 
div E ^ p, the whole of the right-hand side vanishes except 


js^pdr, 


and we obtain 


hence 
so that 


I J i (H^Ey - Hy Ei) dr +Ip(e,+ H, - Hy) dr = 0, 
{H,Ey - HyEi) dr + = 0, 


d 

dt 


j](S.Ey- 


HyEz) cZt -i- 2 


fJbX 


Vl - q^jc^. 


= 0 (19), 


with similar equations in y and z. 


Since - {HzEy — HyEz) is the x component of electromagnetic 
c 

momentum per unit volume of the system, the equations above 
express the law of conservation of momentum if 

fix 




.( 20 ) 


Vl - q^fc^ 

is the momentum attributed to a point charge whose mass is /i. 

We have as in mechanics “ 

ot 


These values of the kinetic energy and momentum enable 
the equations- of motion of an electron to be written in the 
Hamiltonian form. The student who finds any difficulty with 
this may be referred to Einstein {Jahrbucli dev Radioaktivitdt 
lend Elektronik, vol. iv. p. 435 (1907)). 
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Experimental Test 


For small values of q the laws of motion deduced from the 
principle of relativity are identical with the Newtonian Laws, but 
this is no longer the case when 5^ is comparable with cl By 
observing the effect of externally applied forces on electrons 
moving with very high velocities we might expect to make a 
test of the principle of relativity. There are three functions of 
the velocity q relative to the observing apparatus which might 
under favourable conditions be capable of affording observations 
for this purpose. These are (1) the potential difference required 
to produce the velocity q, (2) the deflection of the path of the 
moving electron by a stationary electric field, and (3) the corre- 
sponding deflection produced by a magnetic field. If e is the 
charge on an electron, the potential difference V required to 
increase its velocity relative to the observing system from zero 
to q is given by the equation (see p. 313) 


Ve = /40- 


1 

y 1 - q^fc^ 


1 


( 21 ). 


For the electric and magnetic deflections, consider the case 
in which the direction of q is instantaneously along the x axis. 
If a magnetic force M along the y axis and an electric force Z 
along the z axis act on the electron, its equation of motion will be 


drz 

dt^ 




The path is therefore curved in the xz plane and the instan- 

(Tz 

taneous radius of curvature R is given by q"/B = . The 

electric and magnetic deflections are therefore measured respec- 
tively by 


1/J?_ e Vi - 
'~Z~~ y. f 


IjR __ e Vl — Tjc- 
M fi c^q 


These deflections vary with q in exactly the same way as 
those calculated in Chapter xi, for Lorentz’s contractile electron. 



j. V-'J.JTJUJli 


vxxy 


experiments of Kaufmann and Bucherer. As the results ^ .. 
eipmmeate support calcuktions they I t , 

favour of the relativity theoiy. ^ equally m 

So far It has not been possible to test the relation h«i 
V and q experimentally. With the radinm ^ , between 

marni r is not under the ctw of 
oathode mys it is not possible to get tlnef ttTh' 
make the difference between formula (21i anf t? ^ 

= capable ofbeing measured ' ^ 


The IfieTtid of EneTgy. 

Consider a physical system surrounded 'hxr qt. * 
material enclosure which i impervioirt i ?- 
of this is to prevent the eneraw of tbta + '•'be object 

r“ X=ar:i;cr 


fdE.jdt }p(J.,,+ Y,,, + z,^,)dr, 


/ ..at 


t 0(t+^^xy X-^ix' + vtf), y = y\ z = z', 

t— x' = ^(x—vt). 


i 8 (l+: 


iS(l + : 


/S(1-: 




y = ^(T + 'LN'\. 


Also Z = A' 


Z= r( 7/ 


the principle of relativity 


an 


So that Jdt j p (XeUi + YeVi + Z^ii) dr 

= jdt jdx jdy jdz F{x,y,z,t) 

^ jdt I dxfj dy'dz' F' {x\ y', z\ if) 

= ^jdt jjjdT'F'(x',y',z',f)* 

= ^jdt'jp' (X/u' + ZV + Z/w') dr' 

+^vjdif jp' (x: + "j n: - ®- m:) dr'. 

Since the principle of relativity must also apply to the system 
S' this may be written 

jdF = ^ jdff' + /3vj dt' ( 22 ). 

Consider the case in which the motion of the system as a whole 
is such that it is at rest relative to S\ and suppose further that the 
velocities of its parts relative to S' are so small that V“jd^ may be 
considered negligible. The centre of mass of the system is thus 
at rest relative to S' which, under the further condition postulated, 
can only be the case provided = 0 for all values of t'. In 
spite of this ^[^K^ldt' will not necessarily vanish; for this in- 
tegral is not taken between given values of t' but of t, so that in 
general the limits will involve x' as well as t'. 

If, however, the external forces do not act except during the 
interval considered, the parts which would otherwise depend on 
x' also vanish. This statement will be made clearer in the sequel 
^vhere the general case is considered. If the forces vanish entirely 
outside the time limits then we have 

jdE = ^ jdE', 

so that dE^^dE', 

We therefore conclude that the energy of a uniformly moving 
system which is not under the influence of external forces is a 
function of two variables, namely its energy E^ relative to a system 
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of axes moving with it and its velocity of translation v relative to 
the standard system of axes. Thus 
dE _ 1 

dEo~ 

E 

so that E— , -h (v). 

•i/r {v) is evidently the energy of the system when Eo = 0. This 
has already been determined for the case of a material point (see 
p. 313), and was found to be 

- ‘ ::-c " 

♦ * • ^ 

The value for the whole uniformly moving system will therefore 
be obtained by addition of all the masses and is equal' to 



where S denotes summation over the whole system. The com- 
plete expression for E is therefore 




-£=) - 0^2/. 


Comparing this with the formula for the case in which j&o = 0, 
namely 



we see that, so far as the part of the energy which depends on the 
velocity v is concerned, the effect of the energy E^ is to increase 
the apparent mass of the system from Sya to + E^jc^. Thus 
an addition hE to the energy of any system will give rise to an 
increase hEjc^ in its mass. It is only a short step from this result 
to the hypothesis that all mass is simply a manifestation of 
confined energy. 


The question whether or not mass is simply a manifestation 
of confined energy is obviously a matter of the very utmost im- 
portance, and it is very desirable that it should be submitted to 
the test of experiment. The energy liberated in chemical actions 
is so small compared with the “dead"’ masses involved that it 

1C* n r\Y^^x 1 aoc: erk riAeorif. oymt nVioYirvci i-v-iooci -flmr* w .-.K- 
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supposing that weight as well as mass is proportional to + Ejc-, 
In the case of radioactive change the matter is more hopeful. The 
decrease of mass of a system due to the loss of. 1000 gm. calories 
is 4*6 X 10”^^ gm. Now 1 gm. atom of radium in radioactive 
equilibrium evolves about 3*024 x 10^ gm. cals, per hour. Thus 
its diminution of mass per hour would be 


3*024 X 10^ X 4*2 x 10^ 
9 X 102« 


1*4 X 10“^^ mgm. 


This would amount in a year to *012 mgm. or in 100 years to 
1*2 mgm. It would be worth the while of anyone who could 
afford the necessary capital to make observations of this character. 


Momentum. 


We have seen that the x component of momentum of a point 

dP 

charge, satisfies the relation = K^. Let us apply this result to 


the system, previously considered, which is surrounded by a closed 
boundary impervious to radiation and is subjected to the action of 
external electric forces Xe, Ye, Ze, etc. Then the total momentum 
gained by the system in the time during which the forces act will 
be 

= = jdt + 

= dt' I p' (x: + 1 N: - J M/j dr' 

+ ^ jdt' jp' (ZeV + FeV + Z.'to') dr' 


= ^^JdE' + ^f[XK;]dt'. 


Let the system move as before, so that its centre of gi’avity 
remains at rest referred to S\ then = and if in addition 
the forces are zero outside the time limits considered, the second 
integral vanishes and therefore 





iJtLJli Jf UlJTJLiJli XiXSjJUiiuXX V XX X 


The momentum is therefore also a function of the energy referred 
to axes moving with the moving system and of the relative 
velocity q (= v) of the latter referred to the standard system. We 
have in fact 

__ vjc^ 

9^0 Vl— 


so that 




V Eq 

Vl - 'V^f^ 


-t- {v). 


(v) is obviously the momentum when Bq = 0. This has already 
been determined for a point charge, and it is clear that for the 
whole uniformly moving system 




where S/x is the sum of the masses contained in the system. The 
complete expression for the ihomentum is thus 




S , -®o 


J 


(25). 


Thus the effect of the internal energy Bq on the momentum of 
the system is equivalent to an increase of the mass by the amount 
Bo/c“y in agreement with the change we have found it to produce 
in the energy itself. 


Forces Continuously Operative. 


Let us now consider the case referred to on p. 317 when the 
forces continue to act outside the limits of the time t, still con- 
fining ourselves to the case where the centre of gravity of the 
moving enclosed system remains at rest relative to /S', so that for 
any instant t\ is still equal to zero. Under these circum- 

stances the integral / (ZKJ) dt' would vanish if the limits of 
integration were given values of but as they are given values 
of t it does not. Let the time limits with respect to S be ti and 
^o; then the limits for t' are determined by the equation (see p. 300) 


h 

/3 


• - x' and — ■ 
and ^ 


^ / 
~x. 


They are therefore 
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The limits for t' thus depend on the x coordinate as well as on t. 
We may split the integral to be evaluated into three parts thus : 


r 

h 

^2 




+ 

+ 


Jf-l V j 


ft. 


iS 

(3 




The middle integral vanishes, since its limits do not depend on 
X , We are not able to evaluate the other two integrals in the 
general case in which varies in an arbitraiy manner with the 
time. However, the most important case practically is that in 
which the change of during a time comparable with vx'j& is 
negligible, and in this case the integrals assume a very simple 
form. Under these conditions we have 


(j 


The sum of the two integrals may evidently be written 




The calculation of the energy and momentum is now easily carried 
out in the manner previously employed, and w^e- obtain 




Vl — v^/c- 


cV\/l-z;Vc- Vl -v^/c^ t, 

= Sm+ .. 


= SZ'ajV - c- IfM . . .(26), 


In these formulae EJ is to be interpreted as the x' component 
of the external force and x' the x' coordinate of its point of applica- 
tion, both referred to the system S\ In the particular case where 
Kx arises from a uniform external hydrostatic pressure acting on 
the boundary of the system, equal to po when referred to the system 
of axes then if Fq is the volume of the enclosed space referred 
to the same axes, 

ti 




/ V 1 — v^j c- V 1 — v^j c‘ 


...(28), 


^=.Tr 


S - 1 - ^0 Vo ^0 
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Examples. 


If the moving system consists of electromagnetic radiation 
enclosed in a massless closed boundary, the energy and momenta 
referred to axes relative to which the system is moving with 
velocity v are 


E ■ ■ ■ 

Vl — 

030), 

^ Vl - v-ji? 

(31), 


where is the energy of the system referred to axes moving 
with it. 


These are the values on the assumption that the boundary 
walls are rigid. If, however, the boundary is perfectly flexible 
the radiation pressure will have to be balanced by an external 
pressure p^ given by the relation 


In this case 


Vi - v^jc^ 



V 

c- 


The principle of relativity leads to the conclusion that almost 
all physical quantities are functions of the velocity v of the system 
relative to the axes of reference. It would lead us beyond the 
scope of this book to go into the matter in detail, but the following 
table of corresponding values is instructive : 


Physical Quaiitity 

Value referred to axes 
moving with system 

Value referred 
to system S 


Pressui’e of hydrostatic tyjje 

Po 

p=Po .... 

-m, 

Confined energy 

Eq 

1! 

o 

..(33), 

Temperature 

To 

V^Vo 

..(34), 

Entropy 

Vo 

,..(35). 


The reader who is interested in this subject may be referred 
for further information to Planck (^‘Zur Dynamik bewegter 
Systeme,” Sitziingsber. d. kgL Preuss, Akad. der Wisseoischaften, 
1907) and Einstein (JahrhucJi der Radioakt u. Elektronik, vol. iv. 
p. 451, 1907). 
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The Principle of Relativity and the Aether, 

Before leaving this part of our subject it is desirable to review 
the bearing of the principle of relativity on the question of the 
existence of the luminiferous aether. We have seen that if we 
start from the hypothesis that electromagnetic actions have their 
seat in a medium, the aether, which is at absolute rest, the known 
facts can be explained on the hypothesis of Fitzgerald that bodies 
contract when in motion relative to the aether. This contraction 
can be shown to be a plausible consequence of the motion through 
the aether. If this contraction is the only change due to the 
motion, the effects in moving systems would not be exactly cor- 
related with those in fixed systems, although the differences, so 
far as the writer is able to judge, would not have been detected 
in any experiments which have been carried out up to the present. 
Any effects which might arise which were not accounted for by 
such a scheme might be explained by making the velocity of 
light a function of the motion of the system through the aether. 

On the other hand, the principle of relativity, which is in 
accordance with all the known facts, describes them in a simpler 
and more symmetrical manner. It is clear that if the principle of 
relativity and its consequences are valid, electromagnetic experi- 
ments can never yield any information as to the state of rest or 
uniform motion of an aether. This follows since, in the last 
analysis, all the effects are then made to depend on the relative 
motion of matter. It is, in fact, quite unnecessary ever to bring 
the word aether into the discussion. 

From this standpoint it is desirable, perhaps, to state the 
matter somewhat more explicitly. To specify any physical event 
it is necessary to locate it in time and space, that is to say, to 
determine the four coordinates t, x, y and 5: of the time and place 
at which it occurs. The question arises as to whether we can be 
sure that two events which appear to occur at the same place at 
successive times t and t' really occur at the same place. Can we 
be sure that the place which appears to be the same has not 
changed its position in the interval? It is clear that such a 
discussion is futile until we have fixed on a set of axes Ox, Oy, Oz 
in terms of which we can specify the position of the points 
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Let US suppose that we have fixed upon such a set of axes 
and that they are so chosen that the physical system in which the 
events occur is at rest as a whole when referred to these axes. 
Having marked off our axes in terms of measuring rods, which 
we may suppose to be part of the system, we should naturally turn 
our attention to the measurement of time. This could be done 
by means of a series of clocks which we could compare with one 
another at some fixed point, let us say at the origin. It would, 
however, be necessary to have some means of comparing them 
when they were moved away so as to be at a considerable 
distance from one another. This could be done by sending 
light signals. The simplest assumption we could make would be 
that the light was propagated in spherical waves. By considering 
the case of a wave propagated from the origin we see that x, y, z 
and t would satisfy the relation z^— cH^ — 0, where c is the 

velocity of light in space. The coordinates as thus determined 
would be consistent with each other and would be the simplest 
ones in terms of which the events in that system could be 
described. If we had no opportunity to investigate other systems 
we should probably conclude that our system was at rest relative 
to the medium in which the light was propagated. 

Now suppose that we have another system, let us say a distant 
solar system, which is moving with the velocity v relative to the 
first. An investigator located in the second system would be able 
to discover a framework of axes and a set of coordinates x^,y^, z^ 
and in terms of which light would in his system be propagated 
in spherical waves. He would find these coordinates the simplest 
in terms of which he could describe the events occurring in his 
own system, and he would have the same reason for concluding 
that the second system was at rest relative to the aether that the 
first observer had had for concluding that his was. It is evident 
that one of the two conclusions must be fallacious, and there is 
nothing to favour one rather than the other. 

The coordinates x, y, z, t and x^,y^,z^, which refer to a given 
event are of course different for the two systems. Each set is 
preferable to the other for describing events in its own system; 
but if we are to describe events in a universe in which both 
systems exist there is nothing to choose between them. It is 
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reference corresponding to all the possible values of v, and each 
one is as good as another. In fact, if we wish to represent the 
whole universe in the simplest and most elegant manner, we 
cannot thus arbitrarily separate time and space, but we must 
rather consider the whole as a four-dimensional manifold of 
X, y, and L 

Four-dimensional analysis has now been devised with the 
object of effecting such a representation. It is found that the 
electromagnetic equations then assume a more symmetrical form 
than that in which we have considered them. The reader who is 
interested in these questions may be referred to the following 
authorities : — 

Minkowski, Raum and Zeit Leipzig, 1909. 

Sommerfeld, Ann. der Physik, vol. xxxii. p. 749, and vol. 
xxxiii. p. 649. 1910. 

M. Laue, Das Relativitdts Princip. 

To sum up we may say that the Principle of Eelativity fur- 
nishes no evidence either for or against the existence of an aether. 
It denies the possibility of determining the motion of such a fluid 
if it exists. In so far as Relativity is a Universal Principle it 
finds the aether a superfluous hypothesis. 



CHAPTER XV 


RADIATION AND TEMPERATURE 

It is a very familiar fact that when material bodies are heated 
they emit electromagnetic radiations, in the form of thermal, 
luminous and actinic rays, in appreciable quantities. Such an 
effect is a natural consequence of the electron and kinetic theories 
of matter. On the kinetic theory, temperature is a measure of 
the violence of the motion of the ultimate particles ; and we have 
seen that, on the electron theory, electromagnetic radiation is 
a consequence of their acceleration. The calculation of this emis- 
sion from the standpoint of the electron theory alone is a very 
complex problem which takes us deeply into the structure of 
matter and which has probably not yet been satisfactorily resolved. 
Fortunately we can find out a great deal about these phenomena 
by the application of general principles like the conservation of 
energy and the second law of thermodynamics without considering 
special assumptions about the ultimate constitution of matter. 
It is to be borne in mind that the emission under consideration 
occurs at all temperatures although it is more marked the higher 
the temperature. 

The problem which we set before us is that of finding the 
nature of the radiation which is found in an enclosure containing 
material bodies and maintained at a constant temperature. Suffi- 
cient time is supposed to have elapsed for any secular changes in 
the enclosed matter to have come to an end, so that the nature 
and condition of any element of the matter does not vary. Special 
radiations of chemical or radioactive origin are therefore eliminated 
in so far as they involve progressive material changes. Even in 
the steady state the interchange of radiation will be accompanied 
by an interchange of electrons arising from thermionic and photo- 
electric emission (see Chap. xviiiY The efFeet of f.hift nn 
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calculations may be eliminated by special devices, for instance by 
surrounding the radiating surfaces by an envelope of ideal matter 
which is perfectly transparent to radiation but perfectly opaque 
to electrons, and as it makes no difference in the final results we 
shall, for the sake of brevity, leave it out of account. 

In considering a train of plane electromagnetic waves, the 
intensity is defined as the amount of energy which they transport 
in unit time across unit area of a surface perpendicular to their 
direction of propagation. If the normal to a surface is inclined 
at an angle Q to the direction of propagation, the amount of energy 
which it would receive per unit area, in unit time, is equal to the 
intensity multiplied by cos 0. In the case of the radiation in an 
enclosure the specification of the intensity is not so simple ; for 
here the wave trains are travelling indiscriminately in all directions. 
Let be an element of solid angle and an element of area 
described normally about the axis of dw. If i (co) dSdco is the 
energy of the radiation, incident on dS in unit time, whose 
direction of propagation is comprised within the element of solid 
angle doo, then i (co) is the intensity of this radiation. The notation 
i(co) is employed to indicate the possibility that this quantity 
may depend upon the direction of the axis of dco. We shall see 
that one of the characteristic properties of the radiation present 
in an enclosure maintained at a constant temperature is that i (co) 
is independent of this direction. It is clear that if the normal to 
dS is inclined at an angle 6 to the axis of dco, the energy incident 
on dS in unit time which is propagated in directions l}dng within 
dco is 

i((o) cos 6 dS dco. 

The radiation under consideration involves other elements in 
its composition beside the solid angle dco. We know that by 
means of a prism or other analysing device it can be split into 
elements having different frequencies (v). The result of this 
analysis is independent of the instrument used provided the latter 
does not absorb or transform the energy in any way. The process 
is, in fact, a physical resolution into the equivalent Fourier’s series. 
It is therefore legitimate to express ^ as an infinite sum of terms, 
or as an equivalent definite integi’al, extending over all the 
possible frequencies between 0 and oo . To complete the speci- 
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plane of polarization. This will be determined if the intensities of 
the equivalent beams, polarized in any two mutually perpendicular 
planes containing the direction of propagation, are given. We 
may fix these planes by making one of them that which contains 
the normal to some arbitrary fixed plane as well as the axis of 
propagation. The second plane is the perpendicular plane which 
contains the direction of propagation. We shall distinguish the 
intensities of the two corresponding plane polarized beams by 
the suffixes 1 and 2 respectively. In the light of these explana- 
tions we may express the energy, incident on dS per unit time, 
whose frequency lies between v and v -f dv, and whose direction of 
propagation lies in a cone of solid angle dco described about an 
axis making an angle 6 with the normal to dS, in the form 

[ii {vco) + 4 6 dS dvdo) ( 1 ). 

We shall now consider what happens to the radiation which 
falls on any small material object placed inside the enclosure at 
constant temperature which contains the radiation whose properties 
we are investigating. Part of this radiation will be reflected from 
the surface and part may escape after penetrating the interior 
and undergoing refraction, internal reflection and so on, but the 
remainder will be absorbed. By absorption of radiation we under- 
stand its conversion into some non-radiant form of energy, so that 
it becomes temporarily stored in the matter. Let A denote the 
proportion of the incident energy which is not absorbed. In 
general A will depend on the nature of the substance, the 
frequency of the radiation, the plane of polarization and the 
azimuth 9, It might also depend on the incident intensity, 
although this is usually assumed, on experimental grounds, not 
to be the case. For the whole surface the net absorption of 
energy in unit time may evidently be written 

(1 - A,) + (1 - A.)} cos 9 dSdvdco . . .(2). 

0 

The radiant energy emitted from the whole surface may be 
written in the form 


m 27r 

(6i -1- eo)cos 9 dSdv dco (3), 

0 

where and eo may depend on the nature of the substance, the 
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frequency v, the angle 6, and the plane of polarization as well as 
on the temperature. 6^ and eg must he independent of and 
provided the enclosure contains radiating matter other than the 
body S and provided the area of 8 is vanishingly small compared 
with that of the other matter. 

The only way in which the body 8 can either gain or lose 
energy is by interchange of radiation, so that the net rate at which 
its energy increases is 

r Too /'27r 

I I {fi(l “^i) — €1 +4(1 — ^ 2 ) — ^ 2 } COS ...(4). 

j s J 0 J 0 

The value of this integral must always be zero, otherwise the 
temperature of 8 would alter. This would contravene the 
second law of thermodynamics ; since the difference of tempera- 
ture thus established could be used to furnish available work, 
which would then be obtained from a source at a constant 
temperature. 

This conclusion must be true whatever the shape, size and 
nature of the body 8, whatever its position in the enclosure and 
whatever the nature, shape and size of the enclosure and the 
other matter contained in it may be; provided only that the 
enclosure is maintained at a constant temperature. 

The fact that the integral (4) vanishes under all these con- 
ditions enables us to establish many important properties of the 
functions i, A and e. In the first place the radiation must be 
isotropic ; that is to say, i must have the same value at a given 
point for all directions in space. It cannot be a function of If 
it were, the intensity of the radiation in some directions would be 
stronger than in others. By taking /S to be a flat object it could 
be turned so as to receive more or less of the stronger radiation 
in different positions. Differences of temperature would thus be 
set up which would contravene the second law. This result must 
be true for all frequencies and all planes of polarization. This is 
clear since 8 may be a substance which absorbs some frequencies 
and transmits others, or it may be a plate of a material like 
tourmaline which has much more intense absorption for light 
polarized in certain planes than in others. 

T3 * ^ ^ 4.1^^ *1^ .r-\ y'? — . -1 + r\ -P + T-\ 


angle 6 between the direction of the ray and the normal to dS we 
may write (4) in the form 

Stt [ I* [ {ii(l — 61 4-4(1 — ^ 2 ) — ^ 2 } = 0...(5). 

J SJ Q J 0 

By considering bodies of varying composition to make up S we 
can vary € 1 , eg,. Ai and Aq independently of ii or as functions 
of either S, v, x or the plane of polarization. It follows that the 
equation 

i (1 — = € (6) 

is identically true for every wave-length, plane of polarization and 
element of angle. Thus for any assigned range of each of these 
quantities the part of the radiation incident on dS which is 
absorbed is equal to the similar radiation which is emitted from 
dS. 

Next consider the case of a body which absorbs all the radiation 
which falls on it. Such a body has been called by Kirchhoff 
perfectly black.” The term black body is convenient, although 
it may be rather a misnomer, as such a body may be very bright 
when the illumination is due to its own temperature radiation. 

For a black body, then, we have A = 0, so that i = e. It follows 
that the intensity i of the radiation in the enclosure is equal to 
the emissivity e, as defined by the preceding equations, of a per- 
fectly black body. It is clear that € must have the same value 
for all perfect absorbers at the same temperature ; so that i must 
be independent of the nature of the materials present in the 
enclosure. Thus % is a function only of the frequency and plane 
of polarization of the radiation and of the temperature T of the 
enclosure. By symmetry so that the way in which the 

plane of polarization enters into i is a very simple matter. The 
determination of ^ as a function of v and T will be considered 
later. 

If a denotes the proportion of the incident radiation which is 
absorbed, then a = 1 — ^ for each wave-length and so on. Whence 
e/a = ^ has the same value for all substances at the same tem- 
perature. Thus the emissive power divided by the absorption 
coefficient for any substance depends only on the frequency and 
plane of polarization of the radiation and the temperature, and 
is independent of the nature of the substance. This result, which 
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was discovered by Balfour Stewart, is usually known as Kirchhoff ’s 
Law. 

The foregoing results require amplification when the nature of 
the medium varies from one point of the enclosure to another. 
The relation ^ = e no longer proves that i has the same value 
everywhere in the enclosure, since the emissivity 6 of a black body 
may depend, and in fact does depend, on the nature of the 
surrounding medium. If we call I the function which has the 
same value at all points in the enclosure it is clear that the 
relation between % and I must be determined by properties of the 
medium which have nothing directly to do with absorption or 
emission. For if we consider a portion of the medium where 
there is no emitting or absorbing matter, but which is characterized 
by a particular value of the velocity of transmission, the appro- 
priate value of i will somehow have to be established. In order 
to find I it is not therefore necessary to concern ourselves directly 
with the way in which e may be modified according to the nature 
of the medium in which the emitting system is embedded. All 
that is necessary is to consider the passage of radiation across the 
interface between two portions of the medium characterized by 
different velocities of transmission. 

Let us imagine that one of the regions in question is separated 
from the other by a perfectly reflecting interface. The intro- 
duction of this cannot make any difference to the nature of the 
radiation. The interface is punctured at the point A, leaving 
a small opening of area dS. In the upper medium, where the 
velocity of transmission is F, is a perfectly reflecting hemisphere 
with equal and symmetrical apertures at B and G which subtend 
equal infinitesimal solid angles dco at A. If AD is the direction 
of the refracted ray corresponding to the incident ray BA, it is 
clear that with this arrangement the only radiation which can get 
from the lower medium to the part of the upper medium outside 
the hemisphere is that comprised in a small solid angle dco' about 
AD and the equal beam which is symmetrical about the normal 
AF, The rest is all reflected by the hemisphere and returned 
through dS, 

The ratio of the two elements of solid angle is 


and the law of refraction gives 

sin ^7sin^=F/F. 

If i^dv denotes the intensity of the incident radiation of frequency 
between v and v + dv, in the upper medium, then the energy of 
this range of frequency which is incident on dS in unit time is. 
K dvdS cos 6 dco. The energy reflected along AC is 

pi^dvdS cos $ dco, 

where p is the coefficient of reflection. If p' is the coefficient of 
reflection for the lower medium the proportion of incident energy 



which is refracted is 1 — p', so that the energy transmitted into 
the upper medium is 

(1 — p) dvdS cos 6' do)\ 

where ij is the value of iy for the lower medium. If the distribu- 
tion of energy in the spectrum of the radiation in the two media 
is to remain invariable, we shall have 

(1 p) iy dvdS cos 0 dco = (1 — p') ij dvdS cos 0' dco'. 
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Thus 


ui* 


cos 6 d(o __1 — p 
ij cos 6' dco' 1— p' 
VH, 1 -/ 
V'%' ~ l-p“ 


in 


If the composition of the radiation in either medium were to 
change, the temperature of a material particle in it which possessed 
selective absorption would be altered. This would contravene the 
second law of thermod 3 mamics, so that equation (7) must be true. 

Now the left-hand side of (7) is independent of the direction 
and plane of polarization of the radiation, since the latter is 
isotropic at any given point. Thus if we can determine the value 
of the fraction on the right-hand side for some particular angle of 
incidence and plane of polarization we shall have determined it for 
all values. If d is the polarizing angle and the light is polarized 
perpendicular to the plane of incidence no light is reflected at 
the boundary and p = p' = 0. • It follows that p must always be 
equal to p' and must always be equal to so that the 

quantity which is invariable, which we previously denoted by I, 
is not the intensity % but % x Thus must be a universal 
function F(i^, T) of v and T which we shall seek to determine. 
Also, if is the energy per unit volume of the radiation whose 
frequency lies between v and v + dv, we observe that cc VL^, 
so that is also a universal function of v and T. 


Stefans Laiv. 

We shall first find how the density of the complete radiation 
depends upon the absolute temperature T. Suppose that at some 
j)oint of the wall of our enclosure at constant temperature T there 
is fitted a cylinder in which a piston may be made to work up and 
down. Both the walls of the cylinder and the face of the piston 
are perfect reflectors of radiation. The effect of an outward 
motion of the piston is to increase the volume which is filled by 
the radiation and, in addition, work is done by the pressure p of 
the latter on the piston head. If the increment of the entropy 
of the system which is produced by a small displacement is 
denoted by dS, we have 

fSV 
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where dU is the increment in the internal energy and dv is the 
increment in the volume. If L is the energy of the complete 
radiation per unit volume, then dU == Ldv. We have seen (Chap. 
X, p. 212ythat the pressure of isotropic radiation on a surface 
bounding it is p = ^L. Since the process contemplated is a re- 
versible one dS must, from thermodynamic principles, be a perfect 
differential ; so that 
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or 

log L = 4 log 2'+ const. 


Thus 

L-AT* 


(10). 


It follows that the energy per unit volume, in vacuo, of the 
radiation in equilibrium in an enclosure at the absolute tempera- 
ture T, is equal to a universal constant A multiplied by the fourth 
power of the absolute temperature. Since the intensity of the 
radiation is equal ’to the energy per unit volume multiplied by the 
velocity of light, it follows that the former must also be pro- 
portional to the fourth power of the absolute temperature. More- 
over, if E is the total emission from unit area of a perfectly black 
body, we see from p. 330 that E=A'T\ where A' is a new uni- 
versal constant. This result is usually known as Stefan’s Law. 
It was suggested by Stefan^, in the inaccurate form that the total 
radiant energy emission from bodies varies as the fourth power of 
the absolute temperature, as a generalization from the results 
of experiments. The credit for showing that it is a consequence 
of the existence of radiation pressure combined with the prin- 
ciples of thermodynamics is due to Bartolif and Boltzmann:|;. 

* Wiener Ber. vol. lxxix. p. 391 (1879). 

+ Bartoli, Sojpra i movimenti ‘prodotti dalla luce etc., Firenze, 1876. 
i Ann. der Phys. vol. xxii. n. 31 ^1 884-1. 
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Since L, i and e may be split up into their spectral components 
it follows that each of these will have to satisfy equations of the 


type 



6 ^) dv — const. X 


( 11 ). 


Reflection of Radiation at a Moving Mirror, 


There is another elfect, in addition to those already contem- 
plated, which is produced when light or radiation is reflected at a 
moving surface. This results in a change in the wave-length or 
frequency of the light, which is akin to Doppler s effect. By con- 
sidering the simple case in which the mirror is moving parallel to 
the direction of propagation of the radiation, which is incident 
normally, it is clear that the frequency of the light is diminished 
after reflection by an amount which is proportional to the velocity 
of the reflector, when this is in the same sense as that of the 
incident radiation. If the reflector is moving towards the incident 
beam the frequency of the reflected beam is greater than 
that of the incident beam. The complete resolution of more 
complex cases is effected most easily by means of the principle of 
relativity. 


We shall consider the case of a plane reflector moving with 
uniform velocity v parallel to the direction of its normal, wliich 
we shall take as the axis of x. In the case of a ray incident at 
an angle 6 the vectors which specify it will only contain the 
space and time coordinates through the factor 


, ^ X cos 6 + z sin 6 
cos n 1 1 H ; h 7 


if the plane of incidence is that of the x and ^ axes and 7 is a con- 
stant which specifies the phase. The corresponding factor for the 
reflected ray is 

/ X cos 0 — z sin 0 ^ 

cos n \ t h 7 1 , 

provided the reflector is at rest. If the reflector is in motion 
these expressions must be unchanged when all the quantities are 


mirror is at rest. The relation between d, y', z' and t' and x, y, z 
and t is given by the equations 

x=^{x-vt), y' = y, z' = z, = and ^ = ( 1 -d 2 /c 2 )-J, 

Thus referred to axes moving with the mirror, the vectors 
which specify an incident ray will be expressed by 


a cos t' + 


al cos & + / sin ff , A 


+ 7 


c ’ j‘ 

where a is a constant, the corresponding quantity for the reflected 
ray being 


, . , cos / sin 
a cos [t + 7 ) • 


In terms of the coordinates referred to axes at rest we shall have 
for the incident ray 


/. / ON {x - vt) cos 6’. -f- sin , 

a cos n’ — vx/c^) + h 7 


= a cos n' |/3 ^ cos 6'^ 1 4- 


^ (cos 6' — v/c^) X -j- z sin 6' 


4*7 k 


and for the corresponding reflected ray 


' ]D /4 / 2 \ /S “ '^0 cos 6' -z sin 6' , 

a cos n \^{t- vxlc^) — ; 4- 7 


= a cos nM/3 1 + - cos d‘ 


'V /.A . /3 (cos 6' 4 - v/d-) X — z sin 6' 




4 . ry' 


The frequencies referred to axes x, y, z and t at rest in space are 
proportional to the coefficients of t. Thus if is the frequency of 
the incident and of the reflected ray as measured by an observer 
referred to whom the mirror is moving with velocity v, we have 


1 4- - cos 6' 
V 2 c 


c 


but from equations (11), Chap, xiv. 


cos 6' = 


cos ^ 

C 
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thus — 1 + 2 - COS 0 (12X 

1 — 2 - cos u — - 

C 0- 

neglecting (y/c)^ and higher powers. 

The corresponding relation between the wave-lengths is 



Wiens Law. 

The foregoing considerations, coupled with thermodjmamical 
principles, enable us to take another step forward towards the dis- 
covery of the function F {v, T). This advance is due to Wien^. 
The argument resolves itself into two parts. In the first place, if 
we start with an enclosure containing only thermal radiation, such 
as we have seen to be characteristic of some temperature Tj and 
then alter the nature of this radiation by means of a motion of 
some part of the perfectly reflecting boundary wall, we shall be 
able to show that the resulting radiation is invariably such as is 
characteristic of some other undetermined temperature T'. Having 
established this proposition, the second step consists in making use 
of it so as to find out as much as we can about the nature of the 
function F {v, T). 

Consider the cylinder with perfectly reflecting walls showm in 
Fig. 41. The ends are closed by plates of radiating matter main- 
tained at the temperatures and To respectively. is greater 
than Ti. The transverse partitions are perfectly reflecting and 
are provided with shutters and Do which can be opened 
or closed at will. The partitions can also be caused to slide 
along the cylinder. We now imagine the following processes to 
occur : — ■(!) D 2 is shut and Di open. Then G is filled with radia- 
tion characteristic of To and A and B with radiation characteristic 
of Di. When equilibrium has become established Dj is closed. 
(2) The radiation in G is allowed to push the piston F and so 
compress the radiation in B until the pressure of the radiation 
in B is equal to that in G. On account of the Doppler effect 
the nature of the radiation in B wull have become changed 
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by the motion. Let us examine the consequence of supposing 
that the radiation now in B is not homogeneous with that in 0. 
Since the total pressures in B and C are equal, the pressure, or 
density, for some frequencies will be greater in B and for others 
greater in 0. (3) Place some selectively reflecting material over 

the opening in Da, choosing it so that it transmits more of the 
rays whose density is greater in B than in G. Open the shutter an 
instant and then close it. The pressure in C is now greater than 
that in B. (4) Allow G to expand until the total densities again 
become equal. External work can be done by this expansion. 
(5) Open the door Dg and allow the two radiations to mix. 
Leaving the door open push F back to its position after .the 
displacement in (2). Then (6) close Da and push F back until 
the pressure in B is equal to that in A. In this step the work 
lost in the second step is exactly recovered. 



Fig. 41. 


In the complete cycle, we have obtained work equal to that- done 
by the expansion of the radiation after selective mixing without 
any transference of heat to the cold body T^. The heat which is 
the equivalent of the work done must have come from the body 
Tg. As the process might be repeated indefinitely it is clear that 
the whole of the heat of T 2 might be converted into available 
work in this way. As this is contrary to the second law of 
thermodynamics it follows that the inequality supposed in (2) 
does not exist. Thus the following theorem must be true: — If we 
start with a perfectly reflecting enclosure containing nothing but 
radiation characteristic of a certain temperature, the nature of the 
radiation will be changed if the walls are allowed to expand or 
contract, but the resulting radiation will always be identical with 
that temperature radiation which exerts the same total pressure. 

Now let us suppose that we have a cylinder fitted with a 
movable piston and filled with radiation characteristic of scmA 
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temperature T. The face of the piston is perfectly smooth and 
perfectly reflecting. The walls of the cylinder reflect completely, 
i.e. without loss of energy, but irregularly in all directions. This 
device keeps the radiation isotropic and so makes it unnecessary 
for us to consider certain complications which would otherwise 
arise. The sectional area of the cylinder is A and its height h. 
h will vary with the position of the piston. Let L (X) dX denote 
the energy per unit volume of the cylinder which belongs to wave- 
lengths between X and X + d\, then J=AhL(}S)dX is the total 
energy belonging to these wave-lengths which is present in the 
cylinder. Owing to the motion of the piston the value of J will 
tend to change. It will tend to decrease because the radiation 
whose wave-length is near X will join some other group when it 
is reflected at the moving piston, and it will tend to increase 
because other radiation will have its radiation changed to values 
near X when it is reflected. The rate of loss of energy by the 
group is clearly equal to the total amount which is incident on 
the moving piston in unit time. The proportion of J which belongs 
to rays whose direction of propagation lies within any small solid 
angle dco = 27r sin is dcoj^Tr, since the radiation is isotropic. 
Thus the amount of energy belonging to these wave-lengths 
which is incident on the piston in unit time in directions lying 
within the cones whose semi-angles about the normal are 9 and 
0 + d9 is 

^ L {X) dX . sin ddd . cA cos 6. 

The rate of loss of energy by the group will be obtained by inte- 
grating this expression over all angles 9 which lie between 0 and 
7r/2. It is thus equal to 

\AcL {X) dX (14). 

The calculation of the rate of gain of energ}" by the group is 
more complicated. If we consider a ray of wave-length X' inci- 
dent at an angle 9 the wave-length of the reflected ray will be 
given by 

X' = X ^ cos 9^ by (13). 

The change of sign is due to the fact that we are now taking 
V to be positive for an outward motion of the piston, which 
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characterized by V, dX and 6 are changed into the group com- 
prised between X and X 4* d\ where 

d\' = d\ — — cos (15). 

The energy incident in unit time in the group of waves defined 
by X', d'X!, 6 and dd is 

\ Ac L {}J)dX' sind (to^ddd (16). 

Only part of the energy of the X' group is changed into energy of 
the X group. The balance is equal to the work done by the group 
on the moving piston. The pressure exerted by the X' group may 
be written 

2Aj cos ^ d if i L (X") d \' . 


The work done by this pressure per unit time is thus 

2Aj cos^ 6 . V, 

By combining this result with (16) we see that the rate at which 
the energy of the group X is increased by reflection from the 
group X' is 

J-jc cos 0 ~ 2 cos^ 0 . 'y (17). 

But j = ^ sin 6d6 L {X') dX' and 

L (X') = Z ^X — ~ X cos 0^ , from (13), 

r /-nn ^ 0X(X) , . , , 

=Z (X) cos 0 . X - + higher terms, 

c oX 


by Taylors theorem. By moving the piston slowly enough vjc 
can be made as small as we please, so that only the lower powers 
of this ratio need be considered. By substituting for dX' from 
(15) and neglecting higher powers of v/c than the first, we find 


J = - 


sin 0 dd 


l-2~cos0)Z(X)- 


2v /) . (X) 

• — cos 0 . X ' 
c dX 


dX ...(18). 


After substituting this value of j, (17) becomes 

2t; _ aZl 


sin0cos0(Z0f/ V 2?; ^ ^ dL] , ^ 

AdX — J n — 2 - cos0j Z (X) — ~ cos 0 . X ^ M c — 2y cos 0) 

AcdX 


sin 0 cos 0 dO \L (X) - 2 - cos 0 ^2Z (X) + 


2 
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to the same order in vjc. The total gain in energy is obtained by 
integrating this over all values of 9 from 0 to 7r/2, giving 

^ cZX |cZ (X) - 1 (2Z (X) + X ?^>)} (19). 

By combining this with (14) we see that the net increase of 
energy of the group X in unit time due to an outward motion 
of the piston is 


dJ 

dt 




( 20 ). 


But by direct differentiation we have 


= 4(^x|i;Z(X)+/i^:^^[. 


Thus, from (20), 


3Z(X) 

dt 


= k(- 5Z(X)- 


dL(x) \ 


ax ; 


where /c = ^ is a function only of the time t 


.( 21 ), 


The differential equation (21) gives the relation between L (X) 
and the time t as the piston is moved. As we have seen, the 
effect of the motion is to change the radiation in such a way that 
it is always identical with the radiation which characterizes some 
temperature T. Thus for each time t there is a corresponding 
temperature T, and T must, therefore, be a function of t only. 
Thus it must be possible to replace t in (21) by some function of 
T only. This can be determined if we make use of Stefan s Law 
together with certain simple properties of the radiation which may 
be regarded as given by experiment. 

Consider the total energy density A = I L(X) dX. Integrating 

J 0 

both sides of (21) with respect to dX from 0 to x , we have 

Now the form of the experimental curves connecting L{X) and X. 
shows that the product XL (X) vanishes at both limits, so that 

dL 







But by Stefan’s law i = J-iT*, where is a universal constant. 
Thus 


— Kdt = - 


so that (21) may be written 

rrSLO-). 


r™ = 5i(X) + X 


dL{\) 


If the variables are changed to 2’i = log2’, Xi = logX and 
ii = logi(X), (22) becomes 

dZ dXy' 

Now change the independent variables from Tj and Xj to and tti, 
where tti = Ti + Xj. Denoting the new partial derivatives by S, we 
have 

0Xi StTi SX] BTi 6Xi BtTi ’ 
and , 

so that = 5, 

Oij 

and Li = 5Ti + 

where is an arbitrary function of ttj . Substituting for the 
logarithms and multiplying both sides by dX we find that 

L (X) dX = (TX) dX (23) 

= X-^ (Txy (f> (TX) dX 

= X-’>X(T'X)dX (24), 

where (p and % are undetermined functions of the product TX 
only. 

It is known from experiment that L(X) has the value zero 
when X = 0 or x> and a single maximum between these limits. 
Differentiating (24) by X we see that the maximum and minimum 
values of L (X) satisfy the equation 

- 'n>t - „ 
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The value zero at X = oo is clearly indicated, but the value at 
X. = 0 cannot be foreseen without further information about the 
function % , Presumably the maximum value is given by 

(25). 

If this equation has a single root XT = b, then the value of 
X, for which L (X) is a maximum, will vary with the temperature 
in such a way that the product X^P' is always constant. This 
result, which has been well established by experiment, is known as 
Wien s displacement law. 

It is probable that the relations (23) and (24) which involve 
the universal undetermined functions ^ and % of the argument XT 
are as far as we can get, from such very general considerations as 
have been employed above. To determine these functions more 
particularly it is probably necessary to consider the constitution of 
the radiating matter in a manner more explicit than we have done 
hitherto. 


The Formula of Rayleigh and Jeans. 

We have seen that the properties of the radiation in an 
enclosure at a uniform temperature are determined by the 
temperature alone and are independent of the nature of the 
material bodies which are present in the enclosure. Thus if the 
enclosure contains nothing but radiation, the latter will have 
exactly the same constitution at a given temperature whatever 
the walls are made of, provided they have even the smallest 
power of emitting every possible kind of radiation. On the other 
hand it is evident that the nature of the contained radiation, 
when equilibrium has been established, must be determined as 
the result of an equality between the emission from and absorption 
by the walls. The constitution of the radiation ought therefore 
to be determinate if we can calculate the rate of emission and 
absorption of different types of radiation in any particular case. 
Since the nature of the radiation is independent of that of the 
matter it makes no difference what constitution we assume for 
the matter, which we make use of in carrying out the calculations, 
nrovided that it is a Dossible tvne of matter and also is one which 
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has some capacity for emission in every part of the spectrum. 
To facilitate the calculations one naturally assumes the simplest 
type of hypothetical matter which is compatible with these 
requirements. 

Of the attempts to solve the radiation problem which have 
been based on the principle thus outlined, the earliest to rest 
on a substantial foundation, and the most successful, is due to 
Planck. Before considering Planck’s theory we shall briefly 
indicate another method of attack which has led to results that 
are quite inconsistent with the experimental data. It is a well- 
known result in molecular dynamics (see Chap, xvii) that if any 
s^f-contained dynamical system possessing sufficient complexity 
is provided, with a certain amount of energy and left for a 
sufficient length of time, a state of statistical equilibrium will 
finally become established. This state of equilibrium is charac- 
terized by the fact that each degree of freedom, or each coordinate 
which is required to specify completely the whole energy of the 
system, possesses the same average amount of energy. Now 
consider a perfectly reflecting enclosure containing a small amount 
of matter. The matter contains a finite number N, let us say, of 
molecules and each of these will have some finite number, p on 
the average, of degrees of freedom. On the other hand the aether 
which the enclosure contains will be capable of an infinite number 
of modes of vibration. These are determined by the geometry of 
the perfectly “reflecting boundary and extend from the gravest 
mode of vibration to vibrations of infinite quickness. There is 
thus an infinite number of degrees of freedom in the aether, 
whereas the number in the matter remains finite. Consequently, 
since each degree of freedom receives equal energy, all the energy 
will be found in the aether, in the final equilibrium state, and 
none in the matter. Moreover, for a given range d\ there are 
many more possible modes of vibration the smaller X is, so that 
all the energy tends to accumulate in the waves of infinitesimal 
wave-length. By calculating the number of natural wave-lengths 
between X and X 4- dX and by supposing that there is an infinite 
amount of energy in the whole system, so that each wave-length 
acquires the amount WJ! which is appropriate to two degrees of 
freedom in the matter at the same temperature, we can find the 
amount of energy which occurs in the stretch of radiation between 
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X and X + d\, By carrying out a calculation of this kind, Jeans ^ 
has shown that 

L(X)dX = ^'^d\ (26), 

or in terms of frequency instead of wave-length 

L(v)dv = 8-7r%RTdv (27). 

A rather similar conclusion had previously been reached by 
Lord Eayleighf. 

From this point of view the radiation problem reduces to a 
determination of the number of modes of \dbration in the aether 
comprised within given limits of frequency. A simplified form of 
Jeans’s calculation which is due to H. A. Lorentz J may be stated 
in outline as follows : Consider the temperature radiation in equi- 
librium with a small amount of matter in a rectangular box, whose 
sides are parallel to the coordinate axes and of lengths di, d.,, d^. 
The walls are smooth and perfectly conducting so that no radiation 
is absorbed or emitted by them. In the steady state the box will 
be filled with stationary waves, satisfying the condition that the 
tangential electric intensity vanishes at eveiy point of the 
boundary. Any parallel beam of radiation which is travelling 
in any one of the eight directions given by the combinations of 
the direction cosines ±1, ± m, + will always after reflection be 
travelling in one or other of this group of directions. The totality 
of such groups will therefore represent the number of modes of 
vibration of the aetherial part of the system. On account of the 
two planes of polarization which are required fully to specify the 
beam of radiation, each mode will have associated with it an 
amount of energy 2i?T equal to four times that of a single degree 
of freedom. If X is the wave-length of the radiation under 
immediate consideration, the condition at the conducting boundary 
requires that 

2ldi _ j 2mdo _ j 2ndj _ j 

"x~ XT-*" 

* Phil. 3Iag. voJ. x. p. 91 (1905). 

t Phil. Mag. vol. xlix. p. 539 (1900) ; Coll. Papers, vol. iv. p. 483. 


where h, and are integers. Since + ni^ -f = 1, we have 

h ^ A 

A/j n/o rt/S “ 

Thus kj, k. 2 , and k^ can have any integral values which satisfy 
this equation. Since the equation is that of an ellipsoid whose 
coordinates are ki, and and whose semi-axes are 2c?i/\, 
OiiiA. 2d^l\, the number of vibrations whose wave-lengths lie 
between \ and X -f dX is equal to the number of points having 
coordinates which are positive integers which lie in the volume 
between the ellipsoids whose parameters are determined by X and 
X + dX respectively. The number of such points is equal to the 
volume lying in a single octant between the two ellipsoidal shells. 
The number is therefore A7rdidAdXlX‘^ and the energy per unit 
volume of the box and wave-lengths between the limits X and 
X^- dX is S 7 rRTdXlX\ It has been found that every purely 
dynamical method of calculating the radiation formula leads to 
(26) and (27). 

Although the value of i(X) given by (26) satisfies Wien’s 
functional relation (24) it is quite inconsistent with the results of 
experiments on the complete temperature radiation. The experi- 
ments show that L (X) has a maximum for a value of X whose 
position is governed by Wien’s displacement law and has the value 
zero when X = 0. But (26) would make L (X) increase indefinitely 
as X approached zero. There are a number of ways in which this 
contradiction might conceivably be avoided. Jeans has suggested 
that the final state of equilibrium, if it could ever be attained, 
would be given by (26); but that the rate of emission of the 
energy of short wave-lengths by matter is so slow that the 
distribution given by (26) would only become established after 
an indefinite lapse of time, and in any finite time would not even 
be approximately realized. According to this view the observed 
distribution is one of intermediate equilibrium due to less 
fundamental causes. Nevertheless the causes which establish the 
intermediate distribution must be sufiSciently fundamental to be 
common to all types of matter; otherwise the degree of con- 
sistency which has been observed in experiments on thermal 
radiation would not be found. 

Another way of escape is to deny the applicability of the 
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theorem of equipartition of energy to aetherial, as opposed to 
material, systems. There are a number of reasons why this is not 
a very satisfactory alternative. In the first place the same kind 
of objection may be made against the applicability of equipartition 
to material systems. Thus the specific heats of gases are not 
what would be given by a naive application of this theorem, par- 
ticularly when one considers the large number of electrons present 
in the atoms and that each electron ought to have its quotum of 
energy. On the other hand the law of equipartition has been so 
successful in other directions that it is difficult to believe that its 
deduction from dynamical principles involves a fundamental error. 
In the second place the dilemma in question does not seem to be 
connected with the law of equipartition alone, so that denial of 
the validity of this would not really remove the difficulty. It 
appears that a number of calculations which use the first method, 
that of equilibrating the absorption and emission of energy, lead 
to Eayleigh’s formula (see for example Chap, xvii, p. 433). In 
fact this formula appears inevitably to arise whenever the emission 
and absorption of radiant energy by matter is assumed to be a 
continuous process subject to dynamical and electrodynamic laws. 

Although it may appear very revolutionary to some, it seems 
to the writer that the only logical way out of these difficulties is 
to deny the adequacy of dynamics and electrodynamics for the 
explanation of the emission or absorption of radiation by matter. 
If we leave the familiar guidance of dynamics behind it is necessary 
to find some other set of fundamental principles to rely on. 
Although the matter cannot yet be regarded as fully and satis- 
factorily worked out, a valuable start in this direction has un- 
questionably been made by Planck and his followers. 

Planck's Law. 

We have stated that Planck has shown how theoretically to 
deduce a radiation formula which is in good agreement with the 
results of experiment. It would take up too much space adequately 
to consider the various vicissitudes which this theory has undergone 
at the hands of Planck and his critics, so that we shall practically 
confine ourselves to the discussion of the most recent form* of it. 


Although this involves special assumptions which seem rather 
strange at first sight, it is free from self-contradiction and from 
assumptions, such as that of the discontinuous nature of energy, 
which appear to do violence to the fundamental ideas of physics. 
So much could not be said of the earlier forms. 

We shall suppose the radiating properties of the matter to 
arise from the presence in it of an indefinite number of minute 
electrical oscillators. To fix our ideas we may take the picture 
afforded by the electron theory and suppose each oscillator to 
consist of an electron in equilibrium in a . certain position, when 
free from the action of external forces, and subject, when dis- 
placed, to a restoring force which is proportional to .the displace- 
ment from the equilibrium position. If 6' denotes the moment of 
the doublet which is equivalent to the displaced electron, then the 
potential and kinetic energies are equal respectively to and 
where M and N are constants. The total energy is 

+ (28). 

If the component, along the axis s of the doublet, of the external 
force due to the incident radiation is the differential equation 
satisfied by s is 

Ms + m=E, (29), 

if we neglect the reaction arising from the radiation. The natural 
frequency of the oscillator is 



When the small force arising from the reaction of the emitted 
radiation is included (see Chap, xii, p. 266) the equation for s 
becomes 

( 31 ). 

The first step in the solution of our problem is to find the rate of 
emission and absorption of radiation by any particular oscillator. 

The method originally adopted by Planck is an immediate 
application of the principles of electrodynamics which we have 
already developed. The radiation is determined by the acceleration 
of the electron, the rate of emission at any instant being pro- 
portional to the square of $ in accordance with formula of 
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Chap. XII. The energy absorbed is equal to the work done by 
the external force Eg on the oscillator, so that the instantaneous 
rate of absorption of energy is EgL Now the force Eg is the 
component which lies along the axis of the doublet of the electric 
intensity in the radiation. However complicated the radiation 
may be it will be possible to express Eg as a function of the time t 
by means of a Fourier’s series in the form 

(32), 


where the C’s and S’s are undetermined constants and T is an 
arbitrary time which is greater than every t By substituting 
this value of Eg in (31) and solving for s, we can show^ that the 
mean value U of the energy of the i^esonator, which is equal to 
Ms^ since the kinetic and potential energies must be equal on the 
average, is 



where denotes the mean value of all the coefficients 0^ for 
which n lies near VqT, It happens that the distant terms do not 

contribute anything to the energy. But the energy f L{y)dv 

Jo 

per unit volume of the radiation when expressed in terms of the 
electric and magnetic intensities is equal to half the mean value 
of E^- + E,f Ez^ + + Hy^ + iT/ Since the radiation is iso- 

tropic the mean value of each of these terms is the same, so that 


L {v) dv — ^Ei 


(34). 


By putting dv = AnjT, where An is a large number, the integral on 
the left can be expressed as an infinite series, and by comparing 
with the value of Eg- which results firom (32), it follows that 


whence from (33), 

L(v,) = 8ir'^U (36). 


This result is in formal agreement with equation (27), since 
the oscillator has two degrees of freedom and the energy per 
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degree of freedom when equipartition holds is ^RT. Thus it 
appears that if equipartition of energy is established among the 
oscillators by actions going on in the matter (these may be 
supposed to be independent of radiation) we are again led to 
Rayleigh s formula. This formula in fact appears to result from 
every method of calculation which makes both the absorption and 
emission of the energy by the matter take place in a continuous 
manner. It is well to point out that the Rayleigh formula 
expresses the experimental results satisfactorily when v is small 
and T is large, that is to say when the energy of the radiators is 
large. There is therefore at least an element of truth in it. 

In order to arrive at a formula which does not make L{y) 
infinite when v is infinite, it is necessary to introduce discontinuity 
somewhere, and thus bring probability and entropy considerations 
to bear on the state of the radiant energy. In his earlier papers 
the assumptions made were equivalent to postulating that the 
energy itself had a discontinuous structure, but Planck has now 
shown that equivalent results may be obtained by merely sup- 
posing that the radiant energy is emitted by jumps, the absorption 
taking place continuously. As the emission of radiant energy 
might be expected to be conditioned by the breaking up of some 
structure present in the matter, this seems a very natural 
hypothesis. 

The investigation which follows involves a number of additional . 
hypotheses. In the first place we assume that the energy JJ of 
the oscillators is determined entirely by interchange of radiation : 
that the influence of any direct dynamical interaction of the 
oscillators, if it occurs, has negligible consequences. We shall 
assume that the absorption of energy by the resonators is con- 
tinuous and follows the requirements of the classical laws of 
dynamics and electrodynamics. It is thus determined by the 
conditions laid down on p. 349. On the other hand we shall 
assume that emission of energy is not a continuous process but 
one which never takes place except when the energy U of an 
oscillator is an integral multiple of a certain element of energy 
e = hvo. In this expression Vq is the frequency of the oscillator 
and A is a universal constant. The element of energy is thus 
proportional to the frequency of the oscillator. We also assume 
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of its energy. It is clear that the oscillator must not invariably 
emit when its energy is an integral multiple of e, otherwise the 
integral multiple would never exceed unity. We shall assume 
that whenever one of the critical values is reached, the ratio of the 
probability that no emission takes place to the probability that 
emission takes place is proportional to the density L of the 
radiation surrounding the oscillator. If t) is the probability that 
emission takes place, the probability that emission does not take 
place is 1 — 7 / ; so that 

( 36 ), 

V 

where j:) is a constant quantity which we shall determine later. 
The mean energy U of an oscillator in the steady state may now 
be determined in terms of 77 , as follows : 

Out of i\r oscillators selected at random that have completed 
an emission Nt) will emit when they have accumulated a single 
element of energy, iV'(l — 77)77 when they have accumulated two 
elements of energy, i\^(l — 77 )’^“^ 77 when they have accumulated 
n elements of energy, and so on. Thus, in the steady state, out of 
If oscillators selected at random simultaneously, 

N7}==NFq will possess energy between 0 and e, 
iV(l - 77)77 =i\^Pi „ „ „ „ € „ 2 e, 

i\^(I -77)'^'"^77 = iV'P,i_i „ „ „ „ (?^-l)e „ 7?e, 

where = (1 — vT V is the probability that the energy of an 
oscillator lies between ne and ( 7 ^ + 1 ) e. The mean energy of an 
oscillator is therefore 



since the average value of the fractions of an element of energy 
which intervene between any two consecutive integral multiples 
is 1-6. Thus from (36) 

U={pL(vO+i]€ (38). 

We shall determine p so that (38) agrees with the corresponding 
equation (35) of the former theory when U is large. In this case 
the ^ in (38) can be neglected, so that, by comparing with (35), 
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Thus the mean energy U of the oscillators, and also, since 

- = 1 -\-pL (Vq), 

V 

the division of the energy among them in the steady state, is 
completely determined. 

In order to introduce the temperature T it is necessary to 
calculate the entropy S of the system. This is equal (see Chap. 
XVII, pp. 400 and 407) to R times the logarithm of the probability 
of the system, defined in a similar way to that introduced by 
Boltzmann* into the kinetic theory of gases. The present case 
is a little different from that contemplated in the kinetic theory, 
inasmuch as it is only the part of the energy of the resonators 
which is an integral multiple of e that is a matter of chance and 
therefore subject to probability considerations f. The probability 
sought is the number of ways in which the N resonators can be 
arranged so as to have the given distribution of energy units, 
subject to the condition that the same distribution arises when- 
ever the resonators which have a given number of units are 
interchanged among themselves. This probability may be 
calculated as follows: 

Along the positive energy axis lay off marks at the points 
0, le, 2e ...me ... oo e. From these marks draw lines perpendicular 
to the axis and on them lay off NPq, RfPj, iVPo ... ... PP* 

equidistant dots. Altogether there are l^NP^. = A" dots and their 
distribution over the diagram is a geometrical representation of 
the way in which the resonators are distributed about the energy 
of the system. Since the dots which have equal numbers of units 
are considered to give rise to systems which are indistinguishable, 
the number of independent ways in which the N dots can be 
arranged to form the given distribution is 

TF = A!-n(PPj! 

where 11 denotes the continued product for all the values of m 
from 0 to 00 . Thus 

S = R\ogW = R\ogN\--RX log (NP ,,,) ! , 


* VorJesungen ilber Gastheorie, p. 41, Leipzig (1896). 
t Planck, Sitzber. der K. Pr. Akad. d./>r rrrA 
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and since we may use Stirling’s approximation for the factorials 
when iV" is large 

= iJ log i\r 1 - fiS (log ~ 1) + 1 log 27riVP^} 

= R {log Nl-NlogN + N^^X log 27rN} - iVPSP^ log P,„ 
using 2Pn = 1 and remembering that the neglected term 

fsiogP,, 


vanishes compared with the others when N is indefinitely large. 
The first term on the right depends only on iV and is therefore 
constant. It may be assimilated with the undetermined constant 
which is always included in the entropy. The value of this 
constant does not enter into our calculations, so that, leaving it out 
of account, we have for the entropy Sj^ of the N resonatoi*s 


.SV = ~iV'P I P^logP,, 

7?l = 0 





= NS. 


And since, by the definition of entropy, 


U 1 

~ + K 



1 cl8 R, e 2 

T dU 6 t7 1 

01), 


6 2 



Itv 


and e — liv, 

j j hv + 1 

^ 9 hy 

02 ). 




Finally, from (38) and (39), 



r / 37rz^-€ fU j 

L{v)dv= ^ .^yiv 

03 ) 


Stt hv^ 7 

hv 

04 ), 

and 
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If i^dv is the intensity of a plane polarized constituent of the 

877 - 

radiation, travelling in a given direction, we have — k=L(v), 

0 

since the radiation is isotropic. Thus 




liv^ 


.2 hv 
JBT, 


.(46). 


If the medium is one in which the velocity V of radiation differs 
from the value c which it possesses in a vacuum the right-hand 
side of (46) will have to he multiplied by since, according to 
the conclusions on p. 333, VH^ is the function which has a uni- 
versal value. Corresponding changes would have to be introduced 
in (44) and (45). We shall, however, confine our discussion to the 
case of the radiation as it is found in a vacuum. 

Formulae (44) and (45) are those which are known as Planck’s 
radiation formulae. They are in agreement with the functional 
relations (23) and (24) demanded by Wiens argument. These 
formulae have been derived theoretically in other ways^ which 
differ in important points from that which has just been given. 
But in order to obtain them it has always been found necessary to 
introduce discontinuity somewhere, either in the constitution of 
the radiation itself or in the mode of its absorption or emission. 

When XT is small, or vjT large, it is evident that unity may be 
neglected compared with the exponential in the denominator of 
the fraction, so that for small wave-lengths, or high frequencies, 
and low temperatures, 

3 

L(v)dv=STrh-^e~^dv (47), 

c 


rh - — 

L(X)dX=S7r^^e ^^^dX (48). 

When V is large the exponential factor in (47) diminishes much 
more rapidly than increases, so that Z (z/) = 0 when v= oo . For 
the same reason L(X) = 0 when X = 0. Thus the conditions 
referred to on p. 341 are satisfied by Planck’s formula. On the 
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other hand when vjT is small or \T large, (44) and (45) de- 
generate into 


L{v)dv = %i^RTdv 

(y 

r>rn 

L{X)dX = ^'nr^dX 


(49). 


They are then identical with Kayleigh’s formulae (26) and (27), 
which, as we have already pointed out, are in agreement wuth the 
results of experiments which are made subject to these conditions. 

In fact throughout the whole range of the variables X (or v) 
and T, which has been tested, the differences between the experi- 
mental results and those given by Planck’s formulae lie mthin 
the limits of experimental error. 


NiimeHcal Values of the Constants. 


For the density in space of the black body radiation in a 
vacuum we have 

hv^ 




eST_i 


48irjR'‘ 


aP = aT* 


.(50), 


where a = 1 + ^ + i + ^ + ...= 1-0823. 

The absolute constant a which occurs in the expression of 
Stefan’s law is thus defined in terms of It, c and h. Accurate 
measurements of a have been made by Kurlbaum*, who finds f 

a = 7*06 X 10"^® erg cm."'^ deg.“^ 

Another relation between the constants is given by the value 
of X for which L (X) is a maximum. If we differentiate L (X) by X 
and equate to zero, the equation which corresponds to (25) is 

h{e-^-l) + x= 0 (51), 


* Ann. der Phys. vol. lxv. p. 759 (1898). 

t Some recent values of a are much higher than this. Thus Geriach (1912) 
finds a value about 10 % higher, and Fery and Drecq (1911) find a value more 
than 20 °/o higher than Kurlbaum’s. Most of the determinations, however, have 
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where x = (51) has two real roots, viz. « = 0 and a! = 4-9651. 

KKi 

Thus the maximum value is given by substituting * = 4-9651 in 

....(52). 


According to the measurements of Lummer and Pringsheim* 
h = 0*294 cm. deg. Solving (50) and (52) for R and h we find 
R = 1*346 X 10“^® erg deg.“i| 

h = 6*548 X lO'"^’^ erg sec. | ^ 

Since R is the constant in the gas equation pv = RiT reckoned 
for a single molecule, this value of R enables us to deduce the 
value of N, the number of molecules in a cubic centimetre of a 
gas under standard conditions, and the charge e on an ion, from 
well-known data. We have pv = NRT, where 

j) = 76 X 13*6 X 981 dynes cm.”^, ^;=lcm.*' and r= 273 deg. 
Whence W = 2*76 x 10^**^ per cm.^. 

Since the charge which is required to liberate half a cubic centimetre 
of hydrogen, measured under standard conditions, in electrolysis is 
0*4327 E.M. units (see Chap, i, p. 6) it follows that 

Ne — 0*4327 E.M.U., 

whence e = 4*69 x 10“^® electrostatic units 

= 18*9 X 10“^® in our units. 


These values of W and e are in excellent agreement with those 
which have been found by Millikan, Rutherford and others, using 
more direct methods. This agreement must be regarded as sup- 
porting very strongly those assumptions in Planck's demonstration 
which are necessary to produce the formulae finally obtained. 

We shall see that Planck’s radiation theory has recently received 
unexpected support in two other directions. One of these will now 
be considered. 


Radiation and Specific Heat 

From the phenomena exhibited by absorption bands, the 
residual rays, and so on, we know that something like Planck’s 
oscillators must exist in actual matter and possess natural 
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frequencies not far from the frequencies of the radiation forming 
the visible spectrum. From (42) we can calculate the energy 
corresponding to any one of these natural frequencies at a given 
temperature. 

Einstein ^ suggested that practically all the energy stored in 
simple bodies might belong to a few frequencies, and, on this 
hypothesis, was able to calculate the specific heat as a function 
of the frequency. If this hypothesis were not true it would be 
necessar}^ to suppose that the number of systems ha\ung a given 
frequency is much smaller than the number of atoms present in 
the substance; otherwise the specific heats of bodies would be 
much larger than those which they actually possess. 

Let us suppose that there are N oscillators per unit mass of 
any substance, and that they all have the same natural frequency j/. 
The total energy of the oscillators in unit mass of the substance at 
the temperature T is, by (42), 


iV 


Iw 



If all the heat is in this kind of energy, the specific heat will 
be given by differentiating this expression with respect to the 
temperature, so that 



7/r 



...(54). 


At low temperatures, according to this formula, 


a 



7^ 

RT 

•) 


since we can neglect unity compared with the exponential in the 
denominator. Thus Cy rapidly becomes extremely small with 
decrease of temperature. At high temperatures approximates 

7iv 

to NRe^^ = NR approx. It thus becomes independent of the 
temperature; and if we suppose that there is one natural fre- 
quency per atom, so that N' is the number of atoms per unit mass 
of the substance, the value NR agrees quantitatively with Dulong 
and Petit’s Law. 
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: ■ An elaborate investigation of the specific heats of a large 
hninber of substances, particularly at low temperatures, has 
recently been carried out by Nernst* and his pupils. They find 
that the relation between and T is of the same general character 
as that called for by (54), but that a better agreement is obtained 
when a slightly different equation is used, viz. 



The second term, which was introduced by Nernst and Lindemann, 
was obtained empirically. 

The agreement between the results of experiments and (55) is 
shown by the following numbers, which represent typical cases 
selected at random from a paper by Nernst and Lindemann f. 


Copper (Cu) 


NaCl 


Diamond (0) 

Abs. 

Cp 

Cp 

Abs. 

Cp 

Cp 

Abs. 

Cp 

Cp 

Temp. 

(cal.) 

(obs.) 

Temp. 

(cal.) 

(obs.) 

Temp. 

(cal.) 

(obs.) 

23-5 

0-15 

0*22 

25*0 

0*32 

0*29 

30 

0*000 

0*000 

27-7 

0*31 

0-33 

25-5 

0*34 

0*31 

42 

0*000 

0*000 

33*4 

0-59 

0*54 

28*0 1 

0*48 

0*40 

88 

0*006 

0*03 

87.-0 

3*37 

3*33 

67*5 

2*88 

3*06 

92 

0*009 

0*03 

88-0 

3*39 

3*38 

69*0 

2*95 

3*13 

205 

0*62 

0*62 

137 

4-65 

4 *.57 

81*4 

3*49 

3*54 

222 

0*78 

0*76 

234 

5 -.52 

5*59 

83*4 

3*64 

3*75 

262 

1*16 

1*14 

290 

5*75 

5*79 

138 

4*90 

4*87 

306 

1*59 

1*58 

323 

5-81 

5*90 

235 

5*73 

5*76 

358 

2*08 

2*12 

4.50 

6-03 

6*09 

— 

— 

— 

413 

2*55 

2*66 

i ~ 

1 


— 

— 

— 

! 

1169 

5*41 

5*45 


Op is the specific heat of the solid substance at constant 
pressure and is the quantity which is given by the experiments. 
The calculated values of Cp are obtained from the values of 
given by (55), together with the known relation, based on thermo- 
dynamic considerations, 

ap=(7,(i + 9|~r) 

* Zeits.fur Elektrochemie, vol. xvii. pp. 265, 817 (1911). 


( 56 ). 
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where a is the coefficient of linear expansion, V is the atomic 
volume, and K the compressibility. The difference between Gp 
and Cy is only appreciable at the higher temperatures. 

It will be observed that (55) contains only one adjustable 
constant, the frequency v, so that the agreement sho^vn by the 
table is quite convincing. In fact in the case of KCl, KBr and 
NaCl the value of v has been taken from the experiments of 
Rubens and Hollnagel on the residual rays from these substances. 
Thus in these cases the complete thermal behaviom may be pre- 
dicted from the determination of a single optical constant, and 
shows an excellent agreement with the observed results. In other 
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cases, for instance mercurous chloride, it is necessary to use a 
formula involving a summation over two different values of v; 
but there are good reasons for assigning at least two frequencies 
for compound substances, so that this cannot be considered to be 
an argument against the general position. 

The general character of the relation between (7^ and 


given by (54) and (55), is shown by the accompanying diagram 
(Fig. 42) taken from Einstein’s paper. The ordinates represent 
the values of the right-hand side of (54) and the abscissae those 


of 


Iw 

w 


NR is taken = 5*94. 


The calculated values of are 


shown by the broken curve. The circles I'epresent the older 
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of V being assumed. The newer observations agree better with 
(55) than with (54), but the general character of the curves is the 
same. 

In a recent paper P. Debye * has deduced formulae for the 
specific heats at various temperatures which agree even Tbetter 
than (55) with the experimental results. Debye s method, which 
is a very interesting one, brings the specific heats quite directly 
into relation with the elastic constants of the substances concerned. 
The formulae obtained are also quite simple and general, and only 
contain the same number of parameters as those of Einstein and 
Nernst-Lindemann. This also represents an important advance, 
as (54) is known to be inaccurate and (55) has never received a 
satisfactory theoretical explanation. 

Another direction in which Planck’s theories have received 
interesting support will be considered under the heading of photo- 
electric action in Chapter xviii. 


Ami. der Phys. vol. xxxix. p. 78D (1912). 



CHAPTER XVI 


THE THEORY OF MAGNETISM 

When we regard magnetic phenomena from the point of view 
of the disturbance produced by the material^ media in which the 
effects take place we are struck by the gi'eat variety of phenomena 
manifested as compared with those in the electrostatic case. 
When a plane slab of dielectric is placed in a uniform electric field 
in free space, so that the lines of force are perpendicular to the 
face of the slab, the electric intensity is invariably smaller inside 
the dielectric than in the surrounding space. In dealing with 
magnetic phenomena an effect of this nature is by no means the 
invariable rule. 

In comparing the behaviour of magnetic media they are found 
to belong to one of three distinct classes. 

1. Diamagnetic media. Substances of this class are character- 
ized by a permeability which is less than the value unity attributed 
to free space. They therefore tend to move into the weakest 
parts of the magnetic field, as this arrangement makes the 
potential energy of the system a minimum. 

2. Paramagnetic media. The permeability is constant and 
greater than unity. These substances tend to move into the 
strongest parts of the field. Their behaviour is thus analogous to 
that of homogeneous dielectrics in the electrostatic case. 

3. Ferromagnetic media. The permeability is greater than 
unity but is not constant. The polarization (magnetization) tends 
to reach a saturation value as the magnetic intensit}’ is increased. 
The high value which the polarization may reach is a characteristic 
feature of this class of bodies. 

There is another very important and fundamental difference 
in the magnetic and electric behaviour of matter. It is never 
possible to separate the positive and negative magnetic charges 
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in different portions of matter in the way in which the electric 
charges can be separated. This would be extremely unlikely to 
be the case unless the fundamental magnetic element contained 
both positive and negative magnetism and were therefore similar 
to an electric doublet rather than to the positive and negative 
charges of which such a doublet is constituted. 

This basic difference receives a ready explanation on the 
electron theory. According to that theory magnetic forces can 
arise only from the motion of electric charges and, in the last 
analysis, from the motion of electrons. Now there is no possible 
motion of electrons which can give rise to an isolated magnetic 
pole; but there is a very simple type of motion which gives 
rise to a system which is the magnetic analogue of the electric 
doublet, i.e. a system which has positive magnetism on one side 
of it and negative on the other. Many years ago Ampere built 
up a theory of magnetic media on the assumption that the atoms 
were the seat of circular electric currents. As is well known, such 
a current behaves like a small magnet, and the hypothesis is there- 
fore all that is required to account for magnetic polarization and 
hence, from the analogy with dielectrics, for magnetizable media. 
Now we shall be able to show that an electron revolving in a 
closed orbit is equivalent to a small magnet in the same way that 
Ampere’s atomic currents were. This theory, whose develop- 
ment is due largely to Weber and Lange vin, will be shown to give 
a simple explanation of diamagnetism as well as paramagnetism. 
With certain further assumptions which do not seem improbable, 
it can be made to give a good account of the more complex 
phenomena of ferromagnetism as well. 


The Magnetic Force due to a 


Electron. 


We have seen (Chap. XI, p. 221) that the components of the 
magnetic intensity due to an electrically charged particle moving 
with the uniform velocity lo parallel to the ^ axis are 
/3 a</>i ^ /3 




Hz = 0, 


where ^=^ wjc. When ^ is small, which we shall suppose to be 
the case in the motions we are dealing with, we can put 

<f)i = ejr, = X and = y. 
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The magnetic force is evidently distributed in circles about the 
axis of motion. 


The value of the magnetic force above is that for a charge e 
in uniform rectilinear motion. It will, however, give the instan- 
taneous value of H in cases of curvilinear motion provided the 
acceleration is not too great (see Chap. xii). We shall suppose 
that this condition is satisfied by the intra-atomic motions 
which give rise to the magnetic quality of bodies. Let us seek 
an expression for the component in any direction of the magnetic 
intensity at any point Q due to an electron moving in a closed 
orbit. 


Let it be required to find the component of the magnetic 
intensity H eit Q (Fig. 43). Resolve 
the velocity at every point of the orbit 
into two components, one parallel to ^ 

Ojs and the other perpendicular to 0^. 

The components parallel to Oz con- 
tribute nothing to the value of The 
other components can, for the whole 
orbit, be represented by the projection O 
of the original orbit on a plane perpen- 
dicular to Oz. Let PMJSf be this pro- 
jection. Let the velocity at P in the 
projected orbit be along PR, and take Fig. 43. 

the origin 0 so that it lies in the plane 

( >f the original orbit. Pi¥iV and PR then lie in the plane ajOt/. 
Join PQ. The instantaneous resultant magnetic intensity H at Q 
due to a moving charge at P is perpendicular to the plane PQR. 
Let it be equal to Q8 and draw SZ perpendicular to Oz. Draw 
QR perpendicular to PR and join OR. Then all the lines OZ, ZS, 
SO. OR and OR 



SZQ, 8QR and QOR are right angles, so that the triangles ZQS, 
QRO are similar and the angles ZQS, QRO are equal. Thus 

H,IH = ZQIQ8 = ORjRQ = pjr sin 6, 


where p is the length of the perpendicular drawn from 0 on the 

projection of the line of motion, and r, 6 are the coordinates of Q 

with respect to the point P as 

origin and the projection of the 

line of motion as axis. But we 

have seen that the resultant 

magnetic intensity H in the 

ev sin 6 , 

- , whence 



same notation is 




.(3). 


cr- 
epv 
cf^ 

We shall now apply this re- 
sult to find the average value of 
the components of the magnetic 
force at any point P arising from 
the motion of an electron in 
an approximately circular orbit. 
Let QRS (Fig. 44) be the orbit, 
0 its centre and ON the polar 
axis. Let the angle PON = 6, 
We shall call the average com- 
ponent of magnetic intensity along OP the radial component and 
the average force at right angles to OP in the plane of the paper 
the tangential component. 


The Radial Component 

Consider the motion at any point Q of the orbit. It may be 
resolved into two parts, one parallel to OP and the other in the 
direction of the tangent at Q' to the projection Q'RS' of QRS on 
a plane perpendicular to OP. The component of velocity parallel 
to OP contributes nothing to the radial component of the force 
at P. The direction of the force arising from the component of 
velocity in a direction perpendicular to OP will always be per- 
pendicular to the radii QP, SP and so on. It will thus lie along 
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the lines PPi, PP 2 and so on. The radial component arising in 
this way will thus have the same sign as we proceed round the 
orbit. Provided the dimensions of the orbit are small enough it 
mil evidently not matter if we take the moving point S to be at 
S', Q at Q' and so on. To the same order of accuracy we can 
treat the lines PQ = PS — r as constant. Hence from (3) the 

average value of the force along OP is Hr=—^pv. Now the 

average value pv is clearly equal to twice the area of the curve 
Q'PS' divided by the periodic time r of the orbit, p being the 
perpendicular from 0 on the tangent to this curve. Hence if S 
is the area of the original orbit QRS, pv = 2S cos Ojr and 

— , - cos e (4). 

C/**' T 


The Tangential Component. 


This is not so readily found, but a similar method of treat- 
ment may be applied with success. Take OP as the axis of z. 
The tangential component of force sought is the force in a 


direction PT (Fig. 45) perpendicular to 
OP in the plane PON. Call this the 
axis of y. The axis of x is thus per- 
pendicular to the plane PON. Resolve 
the velocity at any point S of the orbit 
into its components x, y, z. y being 
parallel to PT will contribute nothing 
to the tangential component at P. Let 
us consider the effects of the i and x 



components separately. Let the dotted ^ 

curve represent the projection of tins 

original orbit on a plane containing' OP and pcrpcndiculai' to l.ln^ 
plane NOP. The dotted curve will thus be ;i rc^presentation of 
the x and i veh.cities and its area = .S' sin 0. tlon.sider th.^ i coni- 
ponent of velocity first. The y component of magnetic force at P 
aiising fiom this is always in the same dirt^ction whethei’ tJie 
paiticle IS above or below the plane of the paper, on aceniint of tJie 
change of sign of the velocity. 



The magnetic force at P arising from this component of the 
motion at Q is equal to • ; : 

ei . QR 


ez 


sin QPP = 


ezQR Q'R 


This force is perpendicular to the plane POQ. What we want is 
the component along PT which is perpendicular to the plane 
POQ'. This is equal to 

ezQ'B 
^QP^’ 

since PR is the line of intersection of the planes QOP and Q'OP. 
On account of the effect being in the same sense all the way 
round the orbit we may to the first order in OQjOP put 
PQ = OP = r = const. 

The component arising in this way is thus the average value of 

,dz 


or 


1 e 
T cr 




dz y c ^ Q 

x-j-dt — — : — sm 0. 
dt cr^ T 


Now consider the y component of the force at P which arises 

from the X component of velocity in 
the orbit. Let VQR (Fig. 46) be the 
orbit, V'Q'R its projection in the 
plane of xz. Let SOU be the dia- 
meter perpendicular to OP and 0N\ 
this diameter will be perpendicular 
both to the element of the actual 
orbit at S and to its projection. Con- 
sider two points Q\ R' symmetrically 
situated with respect to the axis 0 U. 
The corresponding points in the orbit 
are Q, P. It will be seen that the 
tangential force at P arising from the 
X motion at Q and R is oppositely directed at the two points. If 
the coordinates of R are x, y, z, those of Q are x, —y, — z. More- 
over 

PR'=OP + z, Pq = OP-z. 

If OP is sufficiently great compared with the dimensions of the 



orbit the average force in the y direction at P arising from the ih 
motions at Q and is . 


2c [(OP - ^ (OFT^^j ■ 2cOP^ tv op) V OP 


__ ed' 2z 

~c70F^^ OF' 


The average value of this taken all round the orbit is 


e 1 f doc ^ e area/SF'Q'J?' _ 9 — 
c . OP^ Tj'dt ^ G.r^ r c.'i 


S . . 
- sm u. 


The sign of this force is determined by the direction of the 
motion at the side of the orbit nearest to P and is evidently 
opposite to that arising from the component i. The balance of 
tangential force is thus 

j£ = -1- - QixiO (5). 

c . T 


The average value of the component of the magnetic force 
perpendicular to both OP and PT vanishes. Because if AB is 
the line of intersection of the plane JSfOP with the plane of tlie 
orbit the latter can be divided into pairs of elements dSj, dS.^ 
which are symmetrical about AB and are equidistant from P. 
These elements produce equal and opposite effects at P so far as 
the component under consideration is concerned. The orbit can 
thus be divided into mutually interfering pairs of points so that 
the average value of this component is zero. 


It is evident from formulae (4) and (5) that the average valium 
of the magnetic field of force due to the revolving electron is 
exactly equivalent to that which would be given by a small magnet 
whose moment is 



or 




and whose axis coincides with the axis of revolution of the 
electron. 


An atom may in general contain a number of electrons t‘ota,ting 
in closed orbits as well as others which execute snuill oscil hit ions 
about a position of static equilibrium. The orbits may Ix^ 
numerous and distributed in various azimuths insi(l(‘ tln^ atom, 
so as to furnish no resultant mao-rietic mommit : oi* th(‘v ma,v 
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possess an axis of symmetry with a resultant magnetic moment. 
In every case we shall see that a phenomenon analogous to 
diamagnetism occurs ; but in the case of the atoms for which the 
revolving electrons have a .resultant magnetic moment there are 
reasons for believing that this is marked by the paramagnetic or 
ferromagnetic effects which supervene. 

In developing a theory of the action of an external magnetic 
field on the revolving electrons it is necessary to make some 
hypothesis about the nature of the forces which hold them in 
their orbits and which determine the orientation of the orbits 
with respect to the atoms. We shall suppose that the forces are 
determined by the structure of the atom and that the planes of 
the orbits are determined by the symmetry of the atom. When an 
external field is applied, forces are brought to bear on the re- 
volving electrons which derange the previous state of motion. This 
displacement will give rise to a force acting on the neighbouring 
parts of the atom which will, in general, cause the axis of the 
atom to turn and so change the plane of the orbit. The state of 
things we are imagining is in fact much the same as if the electron 
were revolving in a channel cut in a rigid non-conductor (the 
atom). If in the absence of an external magnetic field the orbits 
are arranged so that the atom has no magnetic axis, these forces 
will not give rise to any tendency to change the orientation of 
the atom as a whole. In such cases we shall see that the effects 
produced give rise to phenomena like those exhibited by diamag- 
netic substances. The same results would follow if the atoms were 
held rigid by interatomic constraints ; but as a number of liquids 
are diamagnetic such a supposition would not help in explaining 
diamagnetism. The hypothesis that the revolving electrons can 
be treated like currents flowing round their orbits, which are more 
or less rigidly attached to the atom, simplifies the mathematical 
calculations very considerably. 


Diamagnetism. 

Let us suppose that, for reasons of symmetry or otherwise, the 
external field has no tendency to alter the orientation of the orbits 
in space. We can calculate the magnetic permeability of a substance 

if in f.Vk A AAmiTiolATn'f vn Af ■j'.llA 
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revolving electrons produced by the application of a given external 
field H. Let be the area of the orbit projected on a plane 
perpendicular to H. Then the establishment of an external field 
H will cause a flux HS' of magnetic force through the orbit. If 
the orbit is circular this will give rise to an electric intensity E 
tangential to the orbit, where 

\Eds = - - 4 {H8 cos d) = - 
J G at CT 


= -^J(HScose) 


in 


where 6 is the angle between H and the normal to S, r is the 
periodic time, « the angular velocity and S denotes the change 
per revolution. 

But the moment of the force Ee will cause an increase in the 
moment of momentum of the electron. Thus 


since 

So that 
and 


her = -7- (mr-'w) = 2 7- , 

^ e dt ' 

^ Cl)/*- 

CT c 2 ’ 

dM = -- Erdt = „ ■— Eds, 
zmc zmcco 


B2I = -r^- lEds = - 


2771CCO J 


4<7r7nG“ 


-S{HScos 6), 


neglecting the change in co during one revolution. Hence 

Sil/ _ T e h (HS cos d) 

21 4f7r me S 


If we neglect the change in S compared Avith S, and if we take 
T = 10“^^ sec, to correspond with spectral lines, since 


- = 1-77 X 10’ X c V'47r, 
m 

821/21 is of the order x SH. Since the greatest attainable 
magnetic fields correspond to < 10® it follows that the effect we 
are considering will not change the magnetic moment of the orbits 
by more than about 10“'^ of its value. 
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We shall now consider the conditions under which the field 
H cos 9 will change the area S of the orbit, limiting ourselves to 
the case of a circular orbit under a central force. If this is f{r) 
at distance r, then the condition for steady motion in the absence 
of the magnetic field is 

mco^r = f(r). 

After the magnetic field is applied this becomes 

H 

ma)V + mcio^Br + 2mo)rSco H cos 6 ecor = f (r) + (r) Sr, 

0 


neglecting squares and higher powers of Sr and S^d. Thus 

Kf (^) == 2mrai So) + - wr iy cos d. 

c 


But 

S(|«r^) = g (H8cos e) = -^Hcos 6, 

^ e 4i7rmc ^mc 

since we are neglecting terms involving the product of H and Sr 
as small. Thus 

Q 

— 4m<w^Sr = 2ma)rha) + - wr JT cos 9. 

c 


Whence [f' (r) + gr = 0. 

It follows that either 

(1) Sr = 0 and So) — — 

^ zmc 

or (2) f' (r) = — or f' (r)//(r) = — 3/r, 

and /(r) = constant x r“^. 

Thus, except in the special case in which the force varies inversely 
as the cube of the distance, Sr = 0, and there will be no change in 
the area of the orbit. The only effect of the magnetic field will be 
to change the angular velocity. 

It is clear that the component of the magnetic intensity H sin <9, 
in the plane of the orbit, will not change the area of the latter, as 
it only gives rise to displacements perpendicular to this plane. 
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Calculation of the Magnetic Permeahility. 

The effect that we have been considering involves a diminution 
in the component of the magnetic moment of the elementary orbits 
resolved along the direction of the external magnetic field. The 
phenomenon is, in fact, precisely analogous to that of the induction 
of currents in linear conductors occupying the same positions as the 
orbits. The net result is a creation of polarization of the elements 
of the medium in a direction opposite to that of H. Since the 
creation of positive polarization in the electrostatic case leads to 
a dielectric constant greater than unity it is clear that the present 
effect will lead to a magnetic permeability less than unity. In other 
words the effect we are now considering leads to diamagnetism and 
not to paramagnetism. The value of the diamagnetic constant can 
readily be calculated. 

We have seen that the increment in M per orbit due to the 
establishment of H is 

4i7rmc- 


where H' — H cos 6 is the component of H along the normal to the 
orbit. Suppose that the atoms of the body considered possess no 
resultant magnetic moment, then the only effect of the field H will 
be to produce this change B3L Suppose that there are v atoms 
per unit volume, each of which contains n electrons executing 
orbits whose areas are >Si, &, ... Sn- Let the normal OPfp to the 
plane of any orbit make an angle 6p with the direction of H. On 
the average all directions are equally probable for the line ONp, 
so that, out of any number of orbits considered, the proportion 

which lie between 6 and d + dO will be . For each 

477 


orbit of type p 


SMp=- 


6~ Sp 
4}7rmG^ 


H cos 6p, 


and to get the resolved part of this parallel to H we have to 
multiply again by cos 9p. Thus if there are Vp orbits of this t}q)e 
in unit volume their contribution to the magnetic moment of the 
medium will be 




Vp Sp f SI 

Jo 


sin d cos- 6dd 


1 e^H 


a 
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To get the intensity of the polarization I we have to sum this for 
all the different orbits in the atom. Thus 


p—n 1 > 2 ' 

T- S M =-i— — H S 
3 47rmc^ pTi 


VpSp» 


The force in a cavity perpendicular to the lines of force is 
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6"^ ^ Vp Sp 
1 

127rmc'^ 


so that 


2 vpSp 
1 

127rmc'^ ’ 


and 


2 VpSp 

127rmc^ 



It is necessary to show that the known values of 1 — do not 
lead to absurd values of Sp the areas of the orbits. Of the known 
substances bismuth has the largest value of 1 — namely 3T x 10~®. 
Let us suppose each atom to contain one orbit of each kind, then 
Vp becomes v the number of atoms in unit volume. We can now 
estimate 2>Sp the sum of the areas of all the orbits in the atom. 
As a sufficient approximation we shall take 

e/m = 1*8 X 10^ x c V47r, e = x c VivT, 

9-78 

and ^ ^ ^ 

9*78 being the density of bismuth, 207 its atomic weight, and 

n 

the mass of the hydrogen atom. Thus 2 = 10”^^ for 

1 

bismuth. If the area of the orbits were comparable with the 
cross section of the atom we should have S = 7 rxl 0 ~^^ so that, 
treating all the orbits as of equal area, 7 i = 30 approximately. 
In the case of other substances, whose diamagnetism is less 
pronounced, the values of n would be smaller than this. The 
atomic weight of bismuth is 207, and there are good reasons for 
believing that the number of electrons in each atom of the different 
elements is comparable with the atomic weight. It is thus clear 
that the diamagnetic coefficients are of the order of magnitude 
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We have seen that the effect of applying a magnetic field is to 
change the periods of the orbits projected into a plane perpen- 
dicular to the magnetic field, the component of the motion 
parallel to the latter being unaltered. Since the revolving 
electrons are accelerated they will in general be radiating, and the 
frequencies of the radiation will be determined by the periods of 
revolution. There will thus be a change in the frequencj^ of the 
radiation produced by the magnetic field. The displacement of 
the spectral lines due to this cause was discovered by Zeeman in 
1896. The foregoing method is not a satisfactory one for deter- 
mining quantitatively the changes in the frequency and character 
of the radiation which arise in this wa}^ as it does not suflSciently 
consider the motions perpendicular to the orbit. This deficiency 
will be remedied when the theory of the Zeeman effect is con- 
sidered in Chapter XX. Without going more deeply into the 
matter at this stage, it is evident from what has been said, that 
the magnetic displacement of the spectral lines and the pheno- 
menon of diamagnetism are very intimately related, on the theoiy 
we are discussing. 

It appears that the occurrence of electrons revolving in orbits 
is quite unnecessary to account for diamagnetism. The same kind 
of effects occur even if the electrons are at rest before the magnetic 
field is applied. This is shown very clearly by the following in- 
vestigation which is due to Lorentz^. 

We shall confine ourselves to aiTangements of electrons which 
are isotropic with respect to three mutually perpendicular directions. 
Let the coordinates of any particular electron with respect to any 
set of rectangular axes, whose origin 0 is the centre of mass of the 
system, be oo, y, z. Then — '2y=^z — 0, taken over the whole 
body. Let its moment of inertia about any axis through 0 be 
I=:2mk, Then 

k = = 'ty- = and ^xy = 'Exz = '^yz = 0. 

Let E be the resultant electromotive intensity of external origin 
at any point, then the force acting on an electron has the com- 
ponents eEs^, eEy, eE^, and the couple about 0 has the components 

e^iyE.^zEy), el{zE^--xE,), e^{xEy^yE,), 
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If the whole system is very small E will not vary much from 
point to point of it, so that we can put as a sufficient approxi- 
mation : 




dFx , dFx 




dFx 
d2 ’ 




, dFy , 

+ ‘<>-K^ + y-^+^ 


dx 


dFy 

dz ’ 


Ez'=^ Fz-\- X 


dF, 

dx 


. Si?’. 

+ 3/^ + - 


dF, 
dz ’ 


where F is the value of E at the origin. Hence since 2 a; and 
^xy, etc. vanish, the components of the conple become 







or 


-kHx 


■IhHy, -IhH,. 


c c 

0 * 

There is thus an angular acceleration about the axis of jBT = — H, 
and the creation of a field H therefore results in the creation of 


angular velocity — H. 


If we take the system considered by Lorentz to be one of the 
atoms of the substance we see that the effect of placing it in a 
magnetic field of strength H will be to set all the electrons in the 
atom in rotation about the axis with the uniform angular velocity 

— H. This rotation, whose axis is parallel to H, will give rise 

to an intensity of magnetization in the same sense as that given 
by Langevin’s theory. Moreover the magnitudes are the same in 
both cases provided we replace Scos6 by where r is the 
distance of an electron from an axis, parallel to H, which passes 
through the centre of figure of the atom. The resulting value of 
the permeability is easily shown to be 


8mc^ 


( 10 ), 


where v is the number of atoms in unit volume, and the summation 
is extended over all the electrons in the atom. The order of 
magnitude of 1 — yu is evidently the same as before, and is equally 
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in agreement with estimates of the number of electrons in the 
atom which are derived from other sources*. 

The theory outlined brings diamagnetism into agreement 
with the fact that the Zeeman separation results in sharp lines. 
The alteration in the frequency of the emitted radiation depends 
only on the magnitude of H and is independent of its dmection. 
In general the Zeeman effect is much more complicated than that 
outlined by this theory which, nevertheless, probably contains the 
gist of the matter. 

Two important deductions about diamagnetism may be drawn 
if it is admitted to be identical in nature with the phenomenon 
recognized optically as the Zeeman effect. In the first place the 
Zeeman effect is exhibited by practically all the spectral lines of 
every substance, so that we should expect every substance to have 
diamagnetic quality. This does not really involve any contra- 
diction with experience, as the diamagnetic property is necessarily 
very feeble, and is therefore easily masked by small paramagnetic 
effects. There seems to be no valid reason for supposing that the 
same kind of actions which produce the diamagnetism of bismuth 
do not occur and produce similar effects even in substances like 
iron. 

The other point is that — 1 is proportional to a universal 

constant multiplied by v'tr-. Now, pro\nded the unit of 

symmetry we have considered is the atom, we should expect v 
and both to be independent of temperature within the order 
of accuracy to which ya — 1 can be measured. Of the substances 
for which the variation of //, — 1 with the temperature ^vas measured 
by Curie t, water, quartz, KNO 3 and molten bismuth showed no 
detectable variation. In the case of solid bismuth on the other 
hand the value of 1 — which was large at ordinary temperatures, 
fell off in a linear manner as the temperature increased to the 
melting point, when there was a sudden drop to the small value 

* It is not necessary that all the electrons in the unit considered should be able 
to rotate about the axis of symmetry. The momentum calculated above will be 
communicated to all of them, but some may be prevented from rotating by 

+ ^ +1-4+1TTQ V£lC?+/-\vi VI Of -f/IV/lOO HT Vl £1 TTQ 1 11 rtf fU/i <liQryiQnrYiQ+.i/» /in'ncfQn+ tuqtt 






characteristic of the fused metal. It seems probable that these 
changes are connected with the crystalline structure of the 
substance. 


Paramagnetism, 

To explain the magnetic qualities of bodies, other than dia- 
magnetic, we shall make the hypothesis that, in some cases at any 
rate, when the resultant magnetic moment of the atom is not zero, 
the applied magnetic field is able to turn the planes of the orbits 
of the constituent electrons of the atoms towards the plane perpen- 
dicular to its direction. We do not know the precise nature of the 
mechanism by which the turning is brought about ; but in defence 
of the hypothesis we are able to urge that such a rotation tends to 
make the potential energy of the system a minimum, and will 
therefore tend to occur if there is any means by which it can be 
accomplished. Superposed on this there will in every case be the 
diamagnetic effects already discussed; in many cases, however, 
these are insignificant compared with the effects which arise from 
the turning of the orbits. 

The couple which tends to turn the axis of an orbit depends 
on the mutual energy of the external magnetic field Hq and that 
of the revolving electron. Let the magnetic force Hi, due to the 
revolving electron at any point, consist of two parts, an average 
value JTi and an oscillating part H,2. Then Hi — Hi and H — O, 
where the bars denote mean values of the vectors taken over 
a complete revolution. The energy per unit volume at any 
point is 

- 1 - 2 (HeHi) + 2 - 1 - 2 (HiH,)\, 

where (H^ + JTi + H^) denotes the vector sum of these vectors. 

The mean value of this taken over a revolution is 

i{H} + H? + m + 2{HeHi)}, 

since the average of the other terms is zero. Thus the mean 
value of the mutual energy, per unit volume of the medium, is 
(HeHi), and does not depend on Ho, It follows that the forces 
which on the average produce a given rotation of the planes of the 
orbits will be the same as those which would produce the same 
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effect on a similarly situated equivalent current. The revolving 
electrons can therefore be replaced by the equivalent cun'ents 
so far as the rotational effect of an external magnetic field is 
concerned. 

If there were no other actions than those arising from the 
magnetic fields, the orbits would all set themselves with their 
normals parallel to the external magnetic force, as this is the 
arrangement in which the potential energy is a minimum. The 
tendency to complete alignment will however be resisted by the 
thermal motions of the atoms and also by the interatomic forces 
of other than magnetic type. The latter embrace the forces which 
give rise to cohesion and to chemical effects and which in all 
probability are mainly electrostatic. One effect of the application 
of a magnetic field will be to convert the mutual potential energy 
of the orbit and the field into kinetic energy of the matter which 
moves with the orbit. In the simplest case, as perhaps in a gas 
where the elastic and chemical forces may be neglected, the mutual 
energy will be entirely transformed into the kinetic form. This, 
however, will change the distribution of kinetic energy among the 
different atoms or sub-atoms so that it is no longer that which 
was characteristic of the substance at the original temperature. 
One of the effects of magnetization then may be that of changing 
the temperature of the substance. 

If the magnetizable substance is in a field of strength H and 
its intensity of magnetization is changed fi^om 7 to / + dl, the 
work done by the magnetic force in increasing the magnetization 
is Hdl. If heat dQ is communicated to the substance it will 
partly be used in changing that part of the internal energ}- U 
of the substance which does not depend directly on the intensity 
of magnetization, and partly in altering the latter. Thus we 
shall have 

dQ^dU + Hdl. 

In general U and I may be functions of H as well as of the 
absolute temperature T, For processes which are reversible, 
that is to say, where there is no hysteresis, the increment of 
entropy 


dQ I [dU 


dl 


I fdU 


5 A ^rn 
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must be a perfect differential. Thus 

A ii. (— -I- H 

dT [T \dH^ dH, 


J jl + 7T?l' 
dS Ir [dT dT, 


di 


or 


di H^id_u_ 
dT^ TdH TdH 


In general U will probably involve H on account of the strains 
produced in the material by the magnetic field. With gases 
1 0 

will be zero and in most cases it will probably be very small; 

1 oH 

so that we obtain as an approximation covering a majority of 
cases, the equation 

di Hdi .... 

dT^TdH ^ 


This is satisfied by / = /(HjT), where /is any function. 

In the case of paramagnetic substances I is directly pro- 
portional to H, so that, if the conditions above are satisfied, 

( 12 ), 


where J. is a constant independent of T. Curie found that for a 
number of'typical paramagnetic substances the susceptibility I/H 
was inversely proportional to the absolute temperature. For such 
substances it would seem to follow that U does not depend ap- 
preciably on H, that the only important change produced by H 
is in the potential energy of the elementary magnets and that the 
energy of the accompanying strains, if any, is negligible. 

The result contained in equation (12) was first discovered by 
experiment, and is often referred to as Curie’s Law. The quantity 
A is also sometimes called Curie’s constant. A considerable 
number of exceptions to the law have been found particularly at 
low temperatures. Some of these have been attributed to changes 
in the crystalline or other configuration of the material. 


* Cf. Kammerlingh Onnes and Perrier, Konin'k. Akad. Weterisch. Amsterdam 
Proc. vol. XIV. p. 115 (1911). 
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Paramagnetic Gas. 


An instructive case, which has been considered by Lange vin, 
is that of a paramagnetic gas such as oxygen. In this case the 
kinetic theory of gases enables us to calculate the form of the 

function / in the relation I = which is required by the laws 

of thermodynamics. We know from Boltzmann’s Theorem (see 
Chap. XVII, p. 403) that if the molecules of a gas in a closed vessel 
occupy positions in which they have varying amounts of potential 
energy, then there will be a greater number per unit volume in 
the positions in which the potential energy is less. In fact the 
ratio of the concentrations of the gas at two points where the 
potential energy differs by w is where R is^the gas con- 

stant for a single molecule. 

In the present instance lu will be the potential energy of the 
equivalent magnet in the field H, i.e. — MR cos 0, where 6 is the 
angle between the magnetic axis of the molecule whose moment 
is M and the field R. The number of molecules dn whose magnetic 
axes lie within the two cones whose semi-angles are 6 and 9 + dd 
respectively is 

dii=^27rAe~^^""" sin 9 d9, 


where A is a constant as yet undetermined. The total number R 
of molecules considered is evidently 

R = 'IttA I e sin 9d9 
J 0 


= 2irA 


RT 

MR 


mi 

RT 


— e 



Thus 


R MR j . .MR 
47r Rf! RT ■ 


The resultant intensity of magnetization I is in the direction of 
R, by symmetry, and is given by 

r r-]-! 

1= j M COS 9 dn = 27rAM j xe dx 

, . , r (cosh a sinh al 

= 4,r.47¥' - .r . 
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where a == MHjRT. 


But A == Naj^ir sink a, so that 
^cosh __ 1\ 

Uinh a a) 


I^MN 


.( 13 ). 


Since if is determined by the structure of the molecules, we 
see that for a given density of gas I depends only on a, i.e. I is 
a function only oi HjT in accordance with the conclusion already 
reached by thermodynamic reasoning. We also note that / is. 
proportional to iV, i.e. to the pressure of the gas. 

It has not been possible as yet to test this formula by experi- 
ments on gases on account of the smallness of the intensities of 
magnetization which they acquire. It has, however, been extensively 
used by P. Weiss in building up a theoiy of the behaviour of 
ferromagnetic substances, as we shall see. 


Ferromagnetic Substances, 

The main difference between the ferromagnetic and the 
paramagnetic substances lies in the very high intensities of 
magnetization attainable by the former, in the fact that they 
are capable of permanent magnetization, and that the magnetiza- 
tion is not in general a definite function of the external magnetic 
force H, The magnetization does not change reversibly with H 
and substances of this class therefore exhibit the phenomenon of 
hysteresis. It results that the heat Q which is developed 

when H is made to pass through a cycle of changes, no longer 
vanishes but has a finite value. 

Weiss ^ has attempted to explain the facts of ferromagnetism 
on the hypothesis that the only forces which it is necessary to con- 
sider as acting on the elementary magnets or revolving electrons 
are (1) the impressed magnetic field Hi of external origin, and 
(2) the molecular field arising from the elementary magnets 
of the neighbouring atoms. It is also necessary to take into 
account the kinetic reactions arising from the thermal agitation of 
the molecules, just as in Lange vin’s theory of a paramagnetic gas. 

The assumption of a molecular field uniform throughout the 
substance will naturally be no more accurate than the similar 
assumptions as to uniformity which are almost invariably made in 

* Journal de Phusiotie. vol. vi. x). fifil noovr 
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dealing with molecular physics. This field will vary greatly from 
point to point but we may reasonably expect to get valuable 
indications of the way in which a real body would behave by 
assuming for H 2 a uniform value equal to its average value 
throughout the substance. The theory entirely omits to consider 
interatomic forces of non-magnetic type. This is clearly legitimate 
until it is shown that such forces do play an important part in the 
phenomena under consideration. 


Permanent Magnetizatio n . 


Weiss’s theory accounts for the existence of permanent magneti- 
zation in the following fashion. Bearing in mind that the molecular 
magnets are in equilibrium under the influence of thermal 
agitation and the intensities and the value of I for a given 
value of H will be determined by the equations 


I _ cosh a 
Iq sinh a 


1 

a' 


ME 
''' RT 


and H Hq, 


where Iq — i¥iV is the maximum possible intensity of magnetization 
which is attained when the axes of the elementary magnets all 
point in the same direction. Moreover is proportional to the 
intensity of magnetization and may be written where 

X is some constant. Permanent magnetization corresponds to the 
absence of external field, so that = 0, and we have the two 
independent equations 


1 _ cosh a 
Iq sinh a 


- and 
a 


I ^ 

/o 


(14). 


The values of I which satisfy these equations may be found 
most readily by a graphical method (see Fig. 47). Let 0J?P be 

the graph of ^ ~ and OQP that of y a. Ac- 

^ ^ Iq sinh a a A \MIq 

cording to the simplest hypothesis which can be made R, X, M 

and Iq are constants independent of T and H, so that OQP is a 

straight line which makes an angle a with the axis of a;, where 

RT 

tan a = is proportional to the absolute temperature T. The 


possible values of ///„ are given by the intersections of OQP and 
ORP. There are thus always two possible values of /, one of whieli 

ID 1 J J 1 1 I 
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the point 0 to an unstable condition of the substance. To show 
this/ let us suppose that by means of an external field the in- 
tensity of magnetization is made to undergo a slight decrease, 
so that it is now determined by the line ST parallel to the axis of 
a. This state of magnetization gives rise to an internal field which 
is proportional to 0 U, whereas to overcome the thermal tendency 
to disorganization it is only necessary to have a field proportional 
to 0 V. The magnetization of the substance will therefore increase 
automatically ‘until the state corresponding to the point P is 
reached. The reverse happens if the magnetization is given a 
virtual increase beyond that which corresponds to the point P. 
Thus P represents a stable configuration of the material. In the 
same way it can be shown that 0 represents an unstable condition. 

The permanent magnetization exhibited by the paramagnetic 
metals is not as definite as this theory would lead one to expect. 



The indefiniteness may, however, be due to the fact that these 
materials are not microscopically homogeneous, as well as to the 
occurrence of microscopic local reversals of magnetization. There 
are also, in all probability, complications arising from the crystal- 
line character of these materials. 

As the temperature rises the slope of the line OP increases 
until at a certain temperature To it coincides with the tangent to 
the curve at the origin. At higher temperatures than this the 
only possible solution would be / = 0, so that the substance would 
be incapable of permanent magnetization in the absence of an 
external magnetic field. The temperature Tq may therefore be 
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To determine the slope of the tangent to the curve at the 
origin we have 


d /I\_ d /cosha_U 
da ~ da \sinh * 


(e^+fzy+L 


= 4 when a = 0. 

Thus 

1 d /I\ / I \ _ RTo 

3~ da V/o L <t-o ’ 

and 

rj, 

BB 

^ I . , • ^ • /. / N cosh a 1 

On this theory if we write /(a) tor ^ we 


.(15). 


llI,=f(MH,IEn 

where /is the same for all substances. Since we have 



so that IIU^4>{TIT,) (16), 

where the function is the same for all substances. Thus if we 
express /, the intensity of permanent magnetization, in torins of 
the maximum possible intensity of magnetization Z, and T the 
absolute temperature in terms of the absolute critical tempera,tur<.^ 
To, we obtain a characteristic equation for the intensity of 
permanent magnetization which is identical for all ferroinagiK^tic 
substances. 


It is probable, as we shall see later, that the magnetic, 
properties of the ferromagnetic metals are too much complicated 
by various secondary causes to afford a satisfactory t<‘st of th<‘ 
above theoretical conclusions. The properties of various erystullim^. 
ferromagnetic minerals, thougli complex enough ol* thems(‘lv(‘.s, 
are in some respects simpler than those of tlu' lerromagnetic 
metals and are bettor suited for carrying out a t(‘st of this 
character. The mineral magnetite has hvvu found to h(‘ (‘SjxauaJly 
suitable for this Hof/n-o iliur.noL-.i'rw.- .0 
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data which have been obtained with this substance we shall 
consider briefly the remarkable magnetic properties of another 
mineral, pyrrhotite, which seem likely to shed much light on the 
nature of ferromagnetic substances in general. 


The Properties of Pyrrhotite. 

The magnetic properties of this ferromagnetic mineral, which 
is a sulphide of iron having a composition very near to FeS, but 
with a slight excess of sulphur, have been investigated in detail 
by Weiss. The crystal has three mutually perpendicular planes 
of symmetry which may be indicated by the axes Ox, Oy, Oz. 
The crystals are much more easily magnetized parallel to one 
of these axes Ox than in any other direction, and furthermore the 
susceptibility parallel to Oy is much greater than that parallel to Oz. 
The plane xOy is called by Weiss the magnetic plane. 

The magnetic phenomena exhibited by a uniform crystal when 
placed in a magnetic field parallel to Ox are characterized by 
remarkable simplicity. If the crystal shows no magnetic polarity 
to start with, the intensity of magnetization remains zero until H 
reaches a critical value -f when the intensity of magnetization 
suddenly assumes its saturation value which remains constant 
for all positive values of H and for all negative values greater 
than — Hq. As soon as — He is reached the intensity of magnetiza- 
tion suddenly becomes — J^, and retains that value until the field 
becomes = or > Hq. The I, H curve is thus a rectangle and the 
phenomenon is irrevei-sible. 

If the magnetizing field is inclined to Ox the phenomena are 
very different^. For different values of H the curves for I obtained 
by rotating the direction of H in the magnetic plane are shown in 
the accompanying figure. If H exceeds about 12,000 gauss the 
value of I is constant for all values of the field, but unless H is 
very great 1 is not in the same direction as H. This effect is well 
exhibited by the curve for H — 4000, The short lines represent 
the direction of the resultant magnetization for a field of intensity 
H = 4000 gauss inclined to the axis Ox at an angle given in 
degrees by the numbers alongside. For a variation in H of 5° 


* P. Wfiiss. .Tmi.V'nnl tip Phnainii.p vril 
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from the axis Oy the direction of the intensity of magnetization 
varies more than 45°. The component of the intensity of magneti- 
zation parallel to the field is a minimum when the angle 6 between 
H and Ox is a maximum, for small fields. For larger fields the 
minimum occurs at intermediate values*. 

The curves in Fig. 48 can he represented quite closely by 
a simple trigonometrical formula. If 9 is the angle between 



the axis Ox and E, and that between Ox and /, then it appears 
that 

H sin {9 — (j))-' nl sin (f) cos (p — 0 (17), 

where n is a constant quantity. The phenomena in the plane xOz 
may be represented by a similar formula but with a different value 
of n, 

A simple physical interpretation can be given to the foregoing- 
equation. In addition to the field H the elementary magnets will 
be acted on by forces which depend upon the magnetization of the 

* P. Weiss, loc. cit. p. 487. 



medium. These forces will certainly be partly magnetic, arising 
from the intermolecular magnetic field. They will not, at any rate 
necessarily, be entirely magnetic^ They may arise as reactions, of 
elastic or other type, to the displacement of the elements of the, 
material, from the normal equilibrium position, which is produced 
by the magnetic field. Since I measures a displacement of the 
elements from either a more normal or a less regular arrangement, 
the potential energy of the system which is due to these forces 
will be proportional to /- even though the forces are not actually 
magnetic. On account of the aeolotropy of the medium the 
coefficient of will be different along the different axes. Thus 
in general when H and I make angles d and ^ respectively with 
the axis of cg, the x component of force per unit magnetic moment 
of an elementary magnet maybe represented by H cos d + Xi Jcos (/> 
and the y component by ff sin 0 4- XgJ sin where \i and are 
constants depending on the structure of the material. Thus 
taking moments about the centre of mass of the elementary 
magnet 

{H cos 6 4- Xi/ cos (p) sin ^ = (iT sin ^ + Xo/ sin </>) cos <^, 
or H sin (0 — 0) - (Xi — X 2 ) I sin cos <^ = 0. i 

This is the same as the former equation if Xi — X 2 = 7?. For the 
plane xOz we have only to replace Xj — Xo by Xj — Xg. It appears 
from the experiments that (Xi — Xg) J= 7300 gauss and 

(Xi — Xg) /= 150,000 gauss, 

whereas the maximum (saturation) value ' of / is about 47 gauss. 
The gi’eat difference between these numbers is somewhat surprising. 
If they were really magnetic forces one might expect them all to 
be of the same order of magnitude. 

One of the most striking features of these phenomena is the 
very small field which can reverse the magnetization along the 
axis Ox' compared with the fields which are required to produce 
any appreciable magnetization along the perpendicular axes. This 
is the more striking as the reversal of the magnetization would 
appear to involve the intermediate passage of the elementary 
magnets through the perpendicular orientation which is so difficult 
to produce, throughout the mass of the material, at any rate, by 
the application of an external field. There is not, however, any 
essential difficulty here. It seems clear that there are in general 
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two stable positions of the elementary magnets, namely the positive 
and negative diz^ections along the axis of oo. In the pi^esence of 
an external field which exceeds f He in magnitude, one of these 
becomes unstable. As the equilibrium is a kinetic and statistical 
one, as is shown (see p. 388) by the variation of the intensity 
of pemianent magnetization with the tempeiatui-e, there will be a 
continuous passage between the two states, so that in a very short 
time the molecules will have ananged themselves with the axes 
of the magnetic atoms all oscillating about the position of stable 
equilibrium. This condition will ultimately be reached, no matter 
how great the forces wdiich oppose the intervening motion. 

Permanent Magnetization and Temperature, 

Broadly speaking the properties of other feiTomagnetic ciystal- 
line minerals, such as hematite and magnetite, exhibit the same 
general features as pyrrhotite. The other minerals have not been 
examined so thoroughly as p}Trhotite, and there are important 
differences in detail; but they all possess different magnetic- 
properties along the different axes of symmetiy, and the three 
minerals referred to all possess one axis of conspicuously easy 
magnetization. The phenomena in the dmection of this axis 
enable some of the most important consequences of Weiss’s hypo- 
thesis of molecular magnetic fields to be tested. We have seen 
that the hysteresis curves for magnetization in this direction are 
very simple compared with those of the ferromagnetic metals. In 
the case of the minerals there is one stable value of the intensity 
of magnetization P which is practically independent of the external 
field. The direction of may be positive or negative, depending 
on the previous treatment of the specimen, but otherwise it is 
quite definite. The evidence for regarding the value = 0, which 
is also permanent within a more limited range of treatment, as 
a mixture of equal amounts of -f-Ic —Ic seems quite satis- 
factoiy: the most important argument being that there is no 
continuous change but a sudden jump from /=0 to /=±/c- 
The minerals thus possess a definite value Ic of stable intrinsic 
magnetization which is different from zero. This is in accordance 
with the requirements of the theory. The reason why the ferro- 
magnetic metals maybe expected to be less definite in this i-espect 
will be briefly referred to later*. 



We also saw on p. 382 that this theory led to a simple relation 
between the intensity of permanent magnetization and the tempe- 
rature (equation (16), p. 383), This relation is the same for all 
substances, provided the intensity la is expressed in terms of the 
greatest possible value of la (the' value at T—Q) and the tempera- 
ture T in terms of the temperature Tq at which the ferromagnetism 
disappears: that is to say, the maximum value of la and the 
absolute temperature are to be taken as the units of intensity 
of magnetization and temperature respectively. This theorem has 
been tested experimentally by Weiss* in the case of magnetite. 
He finds that the theoretical curve is followed with great accuracy 
except in the immediate neighbourhood of T=Tq and at very 
low temperatures. Even in these regions the deviations are not 
very large. The experiments extend from -- 79'' C. to the critical 
temperature ro= + 587°C. When one considers the wide range 
of temperature covered, and the fact that there are no disposable 
constants in the formula, this agreement must be regarded as a 
remarkable confirmation of the theory. 


There is one point which seems to call for further discussion at 
this stage. Equation (16) is derived from the equations 


I __ cosh a 
/o sinh a 


1 

a' 


_MH 


and 




by putting the external field Hi equal to zero and = X/, the 
derived equation (15) being used to eliminate the constants. 
Since / is a continuous function of T when JTi = 0 it should also 
be a continuous function of Hi and T when Hi is allowed to vary. 
At first sight this appears to be contradicted by the experimental 
results. For, so far as the experiments have shown, there is no 
appreciable change in the value of / = as the external field Hi 
is increased from zero to the highest values available in the 
laboratory. This would seem to be a fatal objection to the theory 
unless the values of the internal field XZ were so great that the 
largest values of Hi attainable were negligible in comparison. In 
that case the behaviour would be sensibly the same as for Hi — 0 
even in the highest fields which can be obtained. We shall see 
in the next paragraph that it is possible to deduce the values 
of the coefficients X by an independent method, from experimental 


Journal de Physique, vol. vi. p. 665 (1907). 
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data. The values of X so obtained show that Xl is extremely 
large compared with the magnetic forces at our disposal ; so that 
this objection falls to the ground. 


Properties near the Critical Teynperature. 


In this neighbourhood we have seen that 

Tri’ 

Thus + 

The critical temperatui’e is T„ — — . Thus 





El'ii 
XI, T 


rr jy 

or 


,(18). 


It follows that at temperatures sufficiently near to Tq the product 
of the intensity of magnetization I, and the difference T—Tq 
between the actual and the critical temperature, will remain 
constant when the magnetizing force Hi is maintained constant. 
The /, T curves will be portions of rectangular hyperbolas whose 
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parameter is proportional to the field strength H, That this is 
at least approximately true is proved by the accompanying diagram, 
which represents the results of measurements by P. Curie on a 
specimen of iron in the neighbourhood of the critical temperature. 
The values of H are written alongside the corresponding curves. 

It is evident that equation (18) may be used to determine 
the values of the coefficient X, since T, Tq, I and are given by 
the experiments. From measurements of this kind the following 
values of X and have been deduced by Weiss : 

Iron X = 3,850 H. == 6*56 x 10« E.M.u. 

Nickel X = 12,700 = 6 35 x 10« „ 

Magnetite X = 33^200 J? 2 == 14*3 x 10^ „ 

The values of are enormous compared with the magnetic fields 
which can be obtained in the laboratory, so that the peculiar 
result that Ic does not appear to vary with the external field is 
accounted for satisfactorily. 

Abrupt Changes in Magnetic Properties. 

At high temperatures iron exhibits a number of more or less 
abrupt changes in its magnetic properties. Below 756° C. it 
exhibits the characteristic ferromagnetic properties usually asso- 
ciated with the metal. Between 820° C. and 920° C. it appears to 
be incapable of permanent magnetization, but it exhibits the rapid 
diminution of susceptibility with rising temperature which, as 
we have seen, should characterize ferromagnetic substances in 
the neighbourhood of the critical temperature. Between 920° C. 
and 1280° C. it behaves like a typical paramagnetic substance, 
the susceptibility varying as the inverse absolute temperature. 
Above 1280° C. it has similar properties, except that there is a 
sudden increase in the susceptibility at this temperature. This 
varying behaviour has been attributed to the existence of different 
modifications of iron within each of the limits of temperature 
specified. These modifications are denoted by Fe or, Fe^, Fe 7 
and Fe h. 

It has been pointed out by Weiss ^ that the constants which 
determine the magnetic behaviour of these different forms of iron 

* Journal de Physique^ vol. vi. p. C85 (1907U 
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exhibit simple numerical relations. These may be determined as 
follows : 


Fe a. In the neighbourhood of Tq when I and a tend towards 
zero 

j_ra loMH 

SRT ~ ' U^RT ’ 

where is the number of magnetic molecules per unit volume 
of the material. But NM — 1q and NRT is the pressure p which 
would be exerted by the substance if it were gaseous and occupied 
the same volume at the same temperature. Thus if 8 is the 
density of the substance the constant 

This formula is derived on the supposition that each kinetic 
molecule forms one magnetic molecule. If however n of the latter 
go to make up one of the former the right-hand side will have to 
be multiplied by n. Putting in known values of 7o and S, and the 
value of p derived from obvious data, one finds that 

(7 = ^r=0*00165n. 

Fe We may attribute the quasi-ferromagnetic beha\dour 
of this body to the fact that the external field ifj is helped by the 
molecular field \I, Thus if is the true susceptibility (3 = density) 
and is the true value of Curie’s constant 


T I + I , . . 

^ X I X 

where is the measured value of the susceptibility. Comparing 
this with the equation 


I(T^To)==- 


X 


we see that, since Sj is arbitrary, 

C=^T,lxB = x'iT-T,\ 

Substituting the experimental value of %'= oT3 x 10“^ at 820'’ C. 
one finds 

0=0*00164x2. 


Fe 7 . The experimental values of the susceptibility of this 
paramagnetic body give the following values for 0. At 940° C., 


0= 0-00172 X 2. and at 1280° C.. 0= 0*00182 x 2. 



Fe S. In a similar way the value of C for this paramagnetic 
body is found to be 0*00198 x 3 at 1280° C. and 0*00173 x 3 at 
1336° C. 

The interesting point is that all the values of C above are 
equal, within the limits of experimental error, either to twice or 
to three times the common factor 0*0017. 

The occurrence of sudden changes in the magnetic qualities is 
by no means confined to iron. Similar features are presented by 
the other ferromagnetic substances which have been examined. In 
fact abrupt changes also occur even with diamagnetic substances. 
Thus Curie found that there was a large drop in the value of the 
diamagnetic constant of bismuth when fusion occurred. Moreover 
the diamagnetic constant of the molten bismuth was independent 
of the temperature, whereas this was not the case with solid 
bismuth. In the case of tin, which is sometimes diamagnetic and 
at others paramagnetic, according to the temperature, a number 
of transition points have been observed*. These facts support the 
view that a considerable part at least of the magnetic properties 
of bodies are determined by the occurrence of systems of consider- 
able size rather than the atoms or sub-atomic structures f. It 
is of interest to form an estimate of the local strength of the 
molecular fields on the hypothesis that the apparent saturation 
of iron is due to the equilibrium between the internal fields and 
the kinetic energy of thermal agitation. Weiss (loc. cit p. 688) 
estimates that for iron at ordinary temperatures ///^ = 0*91 about, 
whence, making use of Lange vin’s formula, a== 11*3. Thus 

MH NM.H NM.H 

iir "" NRf ^ p 

where p is the pressure exerted by the magnetic molecules, sup- 
posed gaseous, and filling the same space as the metal. Putting 
NM = 2000 gauss and jo = 2 x 10^ dynes per sq. cm. one finds 
1?= about 11 X 10® lines per sq. cm. This rough calculation agrees 
as to order of magnitude with the more accurate estimate which 
was obtained on p. 390, and supports the conclusion to which 
we have already been driven that the behaviour of simple 

* Du Bois aud Honda, Versl. Kon. Ah. van Wetensch, Anisterdarn, vol. xii. 
p. 596 (1910). 

t Of. Oxley, Camb, Phil Proc. vol. xvi. p. 486 (1912). 
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ferromagnetic substances, in the fields available in the laboratory, 
will be practically the same as when Hi = 0. 

Other Properties of the Fei'romagnetic Metals. 

Whatever the ultimate explanation of the very interesting 
properties of ferromagnetic crystals like pju'rhotite and magnetite 
may be, it is probable that they furnish an indication of the 
direction in which we should look for an explanation of the 
behaviour of ferromagnetic metals. It is well known now that 
all metals are complex aggregates of minute crystals. When the 
metals are impure, as is the case with most specimens of iron, for 
example, the crystals may vary considerably in composition as 
well as size. It is therefore reasonable to expect the beha\iour 
of iron to resemble that of an irregular matrix of small crystals 
of, let us say, pyrrhotite. The behaviour of such a matrix can 
readily be calculated. If, for the moment, we neglect the small 
susceptibility, parallel to the y and ^ axes, of any crystal selected at 
random, the latter will not develop any magnetization until the 
oj component of H reaches the critical value Hq. Thus all the 
crystals, supposed initially in random azimuths, will not become 
magnetized simultaneously, and the intensity of magnetization will 
not approach saturation suddenly, as with a single crystal, but 
gradually. This agrees, of course, with the behaviour of iron. 
On the other hand there would on this view be no magnetization 
until H = He, whereas iron has a definite susceptibility for H=0. 
This can be accounted for when the small magnetizations parallel 
to Oy and Oz are considered, and by considering such additional 
factors as the lack of homogeneity of the material and the possi- 
bility of local inequalities in the magnetization, it is probable that 
the behaviour of any particular specimen of iron could be imitated 
exactly by a model of this kind. For these reasons the study of 
ferromagnetic crystals is probably of fundamental importance 
towards the understanding of ferromagnetic materials in general. 
It is worthy of remark that in the case of iron deposited electro- 
lytically in a magnetic field, hysteresis curves have been obtained 
which are almost rectangular like those given by pprhotite in the 
magnetic plane 


* Manrain. Journal de Plnisiaue. Ser. 3. vol. x. d. 123 ('19011 



The Ultimate Magnetic Elements, 

In the case of magnetite above the critical temperature, Weiss'^ 
finds that the value of % is not proportional to T'~^ as in the case 
of the typical paramagnetic substances, but that the graph of 
against T consists of a series of straight lines at different inclina- 
tions. Since where C is Oiirie’s constant per unit 

mass, m is the molecular weight, and /j the saturation intensity of 
magnetization per unit mass, this result might be interpreted as 
arising from a variation of either m or 1^, or both. Weiss rejects 
the variation of 771 on the ground that it does not lead to simple 
results. On the other hand, if m is assumed to be constant, the 
resulting values of Ij calculated from the experimental values of G 
are to each other, within the limits of experimental error, in the 
ratio of the numbers 4, 5, 6, 8 and 10. To explain this Weiss is led 
to make the hypothesis that the magnetic properties of substances 
arise from the presence of an ultimate unit, the “ magneton,” in 
the atoms of the substance. It is apparently necessary that these 
elements should be capable in some way of annihilating each other 
temporarily, as the same substance may contain different numbers 
of magnetons at different temperatures. 

In the case of other substances the number of these elements 
per gramme atom or molecule may be determined in different 
ways. In the case of ferromagnetic substances it may be deduced 
from the saturation intensity of magnetization at the absolute zero. 
In the case of solutions of paramagnetic substances all that is 
required is the value of the constant G — In these 

ways values of this number have been deduced for nickel, cobalt, 
iron and a large number of salts of iron, cobalt, manganese, 
chromium, copper, uranium, vanadium and the rare earths. The 
integral numbers vary from 4 to 56 in different cases. In the 
case of two salts of vanadium there is no indication of an approach 
to simple integral multiples ; but the agreement in a great many 
cases in which the integral number is small is so exact that thei’e 
seems little room for doubt that the idea of the magneton rests on 
a substantial basis of fact. 

It is worth while to add that a theory of the behaviour of the 
atom which has had very considerable success in some other 
* Le Radium, vol. viii. p. 801 (1911). 
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branches of physics leads to the existence of a magneton. This 
theory supposes the atoms to be made up of rings of electrons, 
revolving round a positive kernel of small dimensions, having 
a charge equal and opposite to the sum of the charges on the 
electrons. The steady motions are subject to dynamical laws and 
do not give rise to radiation in appreciable quantities. Radiation 
occurs when the electrons move from one stable configuration to 
another, and its frequency v is determined in accordance with the 
quantum hypothesis by the equation hv — W, where li is Planck’s 
constant, and W is the change in energy which accompanies the 
change in the configuration. Nicholson^ and Bohrt have shown 
that under these circumstances the value of Tjv, where T is the 
kinetic energy of the electron and v its orbital fi'equency, is always 
an integral multiple of A/ 2. Now we have seen that the average 
magnetic moment of the magnet, which is equivalent to n electrons 
revolving in a circular or elliptic orbit, is M = neS’r, where S is 
the area of the orbit and r the time of description. Thus if 711 is 
the mass of an electron 

27rm V 


Thus it follows from this type of theory that il/ will always occur 
in integral multiples of Mq, where 


Putting ejm = 1*77 x 10^ e.m.u. and 6*55 erg sec., this gives 

il/o = 9-23 X 10--^ 

This is nearly sixt times as large as the value of the magneton 
found by Weiss from experimental considerations. The experi- 
mental value of the magneton is 1'64 x 10“-^ in the same units. 


Mechanical Reaction caused hy Magnetization, 

On the theory of magnetism which we have been discussing 
it appears to the writer | that we might expect to observe a 
rotational mechanical reaction when a bar of iron is magnetized. 

* Monthly Not. Boy. Astr. Soc. vol. lxxii. p. 679 (1912). 

t JPhil. 3Iag. vol. xxvi. p. 1 (1913). 

X Since this was written I have learnt from a conversation (July 1913) with 
Dr Bohr, who had made similar calculations, that a more exact experimental 
value of the magneton makes this ratio exactly five. 


For simplicity suppose that the magnetizatioii arises entirely from 
the orbital motion of negative electrons whose charge is e. Let 
there be N of them per unit volume, and let denote the average 
value of the projections of the areas of the orbits perpendicular to 
the axis of magnetization, divided by the times in which they are 
described. Then the magnetic moment per unit volume, is 

given hj Iz = The resultant magnetization is taken to be 

parallel to the axis of 2 ^. 

We shall now calculate the moment of momentum of the 
revolving electrons about the ^ axis. Consider any approximately 
circular orbit, the coordinates of whose centre are given by 
Let the coordinates of the revolving electron referred to this 
centre at any instant be t], The moment of momentum of 
the electron about the <2 axis is then 


m -I (ajo + ^) ^ - (2/0 + ’Z) If !• = «*•( «„ 


dt 


drj 

U ' 


dj 

di' 


a 


Averaging this over a complete revolution tlie mean values are 


drj 


= 0 = 2/0 






and 


^drj area of projected orbit , 

''t — 


Hence the average moment of momentum about any axis is 
independent of the position of that axis so long as its direction is 
the same. It is equal to 2niAz- The moment of momentum Uy 
per unit volume is 

= = ( 19 ). 


It is thus equal to the intensity of magnetization multiplied 
by 2m/e. 

By the principle of the conservation of momentum the moment 
of momentum thus created must be balanced by an equal moment 
about the same axis. This reaction might conceivably occur either 
(1) on the electromagnetic system producing the exciting field, 
or (2) on the atoms of the magnetic material. In the former case 
the effect should depend simply on 1^ and not involve ejm. In 
the latter ease the effects observed depend on the looseness of the 
atoms. If they were free to rotate without affecting the neighbour- 
ing atoms, the moment of momentum of the orbits might be 
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compensated by local rotations of the non-magnetic matter. In 
that case the magnetic material would not have any tendency to 
turn as a whole. On the other hand the fact that the magnetic 
properties of the material are very susceptible to changes of 
temperature makes it very unlikely that the connection between 
the magnetic atoms and the neighbouring matter is a loose one. 
It seems therefore most probable that the moment of momentum 
created in this way will be compensated by a motion of the 
magnetic material as a whole. Experiments which have been 
made to detect this effect have not led to a decision as to whether 
it exists or not. 

Specific Heats of Ferromagnetic Substances, 

If a substance is magnetized to an intensity I in a field of 
strength H, and I is proportional to H, the energ\^ of the system 
is changed by an amount On account of the very large 

magnitude of the internal fields this energy is comparable with the 
whole thermal energy in the case of the ferromagnetic substances. 
This is true even when the average intensity of magnetization is 
zero. As the energy of the molecular fields is a function of the 
temperature, a very considerable part of the specific heat may 
arise in this way. The molecular magnetization diminishes with 
rising temperature so that additional energy must be supplied in 
order to overcome the attraction of the elementary magnets. The 
effect thus involves an increase in the specific heat of the sub- 

\I dl 

stance. Since i/o=.X/ this part of the specific heat is ~j 

where J is the mechanical equivalent of heat. Since I disappears 
suddenly at the critical temperature so will this additional specific 
heat. Weiss and Beck* have shown that the part contributed by 
the internal magnetic energy in this way accounts quantitatively 
for the anomalous specific heats of ferromagnetic substances. 

* Joimial de Physique, Ser. 4, vol. vii. p. 249 (1908). 



CHAPTER XVII 


THE KINETIC THEORY OF ELECTRONIC CONDUCTION 

Thermodynamics and the Kinetic Theory of Matter. 

(i) Entropy and Probability. 

When a material system is isolated in such a way that its 
total energy U and total volume v remain constant, its physical 
state will nevertheless, in general, change with lapse of time. This 
is evident since the two variables U and v do not completely 
specify the condition of the system — if we understand by the 
condition of the system the way in which it reacts to instruments 
which measure such quantities as pressure, volume and tempera- 
ture, which characterize matter in bulk rather than the individual 
molecules of which we believe it to be composed. For example, 
we might have two systems having the same material composition 
and the same values of U and v, but the temperatures of corre- 
sponding points of the two systems might be different. The two 
.systems if left alone would then change in different ways as time 
elapsed. The changes which ensue are not capricious but definite. 
So far as physical measuring instruments are sensible of them, 
they tend to the establishment of a definite end condition. The 
final state is characterized by the fact that a certain function 
■called the entropy (S) of the system has attained the maximum 
value consistent with the imposed conditions. 

The entropy may be considered to be defined by the dif- 
ferential equation 

dS=^{dU-^ pdv) (1), 

where T is temperature and p pressure. From this definition and 
the second law of thermodynamics, it may be shown that any 
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reversible change occurring in an isolated system leaves the value 
of S unaltered, whereas any irreversible change increases S. 
Thus the final state is that for which is a maximum. It may 
also be shown that the change in S produced by any reversible 
action depends only on the initial and final states of the system 
and not at all on- the way in which the change has been effected, 
provided it is reversible throughout. Thus S is a perfect differential 
with respect to the independent variables in terms of which the 
state of the system is described. 

The final state is only steady as regards quantities like pressure, 
temperature and so on, which are usually taken to be sufficient to 
describe the behaviour of matter in bulk. If we made use of 
instruments fine enough to determine the motions of the individual 
molecules there is every reason to believe that the system would 
be found to be the seat of very lively, never ceasing changes. The 
final steady state is therefore one of statistical equilibrium merely. 
The actual spatial distribution of the individual molecules and the 
distribution of the momentum and velocity which they possess are 
both constantly changing. On the average, however, and actually 
if the system contains an indefinitely large number of molecules, 
the distribution of the molecules in space and of momentum and 
velocity among the molecules is definite. We shall now attempt 
to discover what this law of distribution is. 

The number of ways in which a given amount of energy may 
be distributed among an indefinitely large number of molecules is 
clearly infinite to a very high order. Some of these are much 
more probable than others and there will be one distribution which 
is the most probable. Jeans has shown that in the statistically 
steady state which is independent of the time the most j)robable 
distribution is infinitely probable compared with the others; so 
that if we can find the most probable distribution we shall have 
obtained the actual distribution for all practical purposes. 

Boltzmann pointed out the intimate connection between the 
probability of a given state of a system and the entropy of the 
system. In the final state of an isolated system we have seen 
that both the entropy and the probability of the system have 
attained a maximum value. In the intermediate stages both 


Dynamical Theory of Gases, Chap. iii. 



quantities are moving towards the maximum. Let us now intro- 
duce the hypothesis that the entropy of a system is a function 
of its probability only. This course is evidently permissible, since 
we have not yet defined the probability of a system precisely. 
We shall have to take care, when we come to do this, that our 
definition does not conflict with the hypothesis. Let us see what 
conclusions we may arrive at from the general conceptions of 
entropy and probability with the aid of our hypothesis. 

Consider two entirely separate material systems, let us say two 
stars so far apart that the interaction of their radiations may be 
disregarded. Then we have, by hypothesis. Si = f(wi) and S 2 = /(%)> 
where and are the entropies and tUi and iVo the probabilities of 
the systems separately. If 8 and w are respectively the entropy 
and probability of the two systems considered together, we have 

f(w) = = Si + & =/(tUi) +f(wo). 

But W=WiW2y 

hence / {wi Wo) =/ *4- / (laj), 

so that S = h log %u (2), 

where h is a universal constant. Thus the difference between 
entropy and probability is only that one combines by addition and 
the other by multiplication. 

Of the total number of molecules under consideration let us 
suppose that in the steady state the fraction 

f(x, y, z, p, q, r) dxdydz dp dqdr (3) 

have their centres between x and x + dx, y and y + dy, and 2 : and 
5 + dz, and their momenta between the components p and p + dp, 
q and q-\-dq, and r and r dr. We shall suppose that the six 
variables x, y, z, p, q and r completely describe the state of the. 
particles. This is equivalent to treating them as massive points 
subject to the action of forces, and although not general enougli 
for many problems in dealing with gases, is suflSciently so for the 
electrical problems in which the particles under consideration are 
electrons. Another interpretation which may be given to /( ) is 

that it is the probability that a particle selected at random should 
have its six coordinates within the assigned limits. We shall 
suppose that / is a continuous function which can be differentiated, 
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and proceed to determine the probability of the state of the gas 
which corresponds to any assigned form of the function /. 

We may consider the gas to be represented by a series of 
points in a six-dimensional space, lengths measured along the 
axes of which give the values of x, y, z and p, q, r, the components 
of the distance of each particle from a fixed centre and of its 
resultant momentum respectively. Each particle is represented 
by one point, and if we know the density of such points at every 
part of the six-dimensional diagram we shall have a complete 
picture of the state of the gas. Now divide up the whole of the 
space so that the six-dimensional elements of volume 

dxdydzdpdqdr = da 

are everywhere equal. We shall define the probability of a given 
distribution / as the number of ways in which the given distri- 
bution may be constructed by distributing the total number n 
of particles among the different elements of volume. We shall 
consider the elements da to be so small that the state of the 
particles which are defined by the limits of da is to be considered 
precisely the same for all of them. This would introduce a 
difficulty if we considered the diagram to represent an actual in- 
stantaneous state of the system. The difficulty can be overcome 
by considering it to represent a large number of successive states. 
In the former case the number of particles in each element of 
volume is necessarily limited ; in the latter case it may be made 
as large as we please by contemplating a sufficiently large number 
of successive states. Since f is given, the number of particles in 
the element da is nf da. Since the particles in any element are 
to be treated as alike, any rearrangement of them within the 
element will not give rise to a fresh distribution. The problem 
therefore is to find the number of ways in which n like objects 
may be distributed among the totality of the compartments da 
which make up the whole of the space, when the same distribution 
is considered to arise wherever the same particles occur in the 
same elements of volume, no matter how they are arranged within 
the element of volume. The number of ways is clearly 

?i! -h n {nfda)\ (4), 

where 11 denotes the continued product taken over all the elements. 
As an example we may consider the number of ways in which all 


the particles may be given the same position and momentum. 
This is evidently equal to one, which is also the value given by (4), 
since, for all the elements da except the one in which the particles 
lie, we have {nfda)\ = 0! = 1, and for the remaining element 

(??/(icr)! = n!. 

Since the size of the elements dcr is arbitrary the expression 
for the probability above will only be the value in terms of some 
arbitrary standard. It is not necessary, however, for us to determine 
the value of the standard, since it is possible to arrive at results 
which are independent of da without doing so. 

By combining (4) with (2) we have 

)S = A;log7i!~-/ir21og(?^cZcr)! (5). 

Now we can always make nf da as large as we please by taking 
n big enough. When N is any very large number we have 
Stirling’s well-known approximation 

fN\N . 

V27ri\r 

or logJV! = iV(logiV-l) + ^log27riV[ 

= i\^(logiV-l) / 

with sufficient approximation, since we may neglect logW com- 
pared with W when N is large. Thus (5) may be written 

S=^k log n\ — k$ nfda (log nfda — 1) 

= k log nl — kX nfda (log nf+ log da -- 1) 

= k [log nl — n (log — 1)] — k 2 nfda . log nf 


since all the das are equal and 'Z nfda = n. Since n is constant 
we obtain 


S = const. — k 



(7). 


If the particles under consideration make up the whole of the 
system then (7) will be the complete expression for the entropy. 
Without any more elaborate analysis we may add to a part 
which is independent of the particles under consideration and 
therefore independent of f With this understanding we may 
put 


S = SQ~-k nflog nfda 


.( 8 ) 
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where Sq is made up of the entropy of the foreign parts of the 
system together with an arbitrary constant. 

(ii) The Laiv of Distribution, 

Now if the total energy and volume of the system are constant, 
the final steady state is characterized by a maximTim value of S, 
This fact is sufficient to determine the function ?^/. We shall 
suppose the energy U of the system to consist of three parts, 
(1) a part Uq which is independent of the n molecules, (2) the 
potential energy W of the n molecules, and (3) their kinetic 


energy L \ i.e. 

(9), 

where TF = (^ (^, y, z) fda = J Wr/dcr (1^)? 

^ = f (11)- 

Thus Wr and La are independent of f. Since the entropy is to he 
a maximum for the actual function /we have by varjdng ?i/ 

SS = j* (log ?/+ 1) S (nf) da — O (12) ; 

also since the total number n of particles is constant 

0=j8{nf)d<T (13); 

finally since the total energy of the system is constant 

0=J(F. + X.)S(n/)fZ<7 (14). 

These equations are satisfied for all possible variations of nf if 
log nf = - ^'o ( TTt + La) + const., 
where fco is constant throughout the system. Thus 


7 ifdxdydzdpdqdr=Ae dxdydzdpdqdr...{lb), 

where A is constant throughout the system. 

We may determine Icq from a knowledge of the mean kinetic 
ener^v Lin of the narticles. We have evidently 
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Moreover since 
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-//////■ 

=.£.-‘-.7x///: 




74 = 


3^1 yii' 
4i7rmLJ 




dr 


.(17). 


From equation (15) we see that if j/^ dr is the number of particles, 
with no restriction as to momentum or velocity, in the element of 
volume c?T= dxdydz, then 


dp dqdr 


-h)Wr 7 

ne dr 


III 




...(18). 


Thus if we compare any two different elements of volume dr 
and dr' 


log^-i=*„(F;-F7) (19). 

i/y 

If we denote the probability that a particle situated in the 
element of volume dr has components of momentum which lie 
between p and p + dp, q and q + dq, and r and r + dr, by 

■^(P* ?. 0 dpdqdr, 

then 

'^fdxdydzdT>dodr = i/_ dT F d.t^drvdA- — .o “■ ^*’o r+l^a-) ?_ 



It follows from equations (20) and (21) that F is entirely 
independent of the potential energy of the particles in the 
element dr. The distribution of velocity among the particles, 
and also of kinetic energy, is entirely independent of their potential 
energy. We see from (19) that the variation of the potential 
energy causes the numbers of particles in equal volumes to vary 
from point to point, although their mean kinetic energj^ is the 
same everywhere. 

An apt illustration is furnished by the equilibrium of a column 
of gas, in an enclosure at constant temperature, subject to the 
action of gravitation. The mean kinetic energy of the particles 
is the same at every point, as also is the waj^ in which the kinetic 
energy is distributed among the particles. On the other hand, 
the density of the gas is gi-eatest at the bottom of the vessel 
where the gravitational potential energy is least. The law of 
variation of density with height is readily deduced from equation 
( 19 ). 

The pressure p exerted by the particles at a point where the 
number in unit volume is v is easily calculated. Consider a smooth 
impenetrable surface, whose plane is perpendicular to the axis of 
X, to be placed at the point. On impact with the surface each 
colliding particle will have its x component of momentum reversed. 
The momentum communicated to unit area of the surface in unit 
time is evidently 



Since we are neglecting effects which depend upon the size and 
mutual potential energy of the particles they will behave like 
a perfect gas and satisfy the equation pv^R^^T. If R is the 
value of i?i reckoned for an amount of gas equal to one molecule, 
this may be written 


p = rRT 

(23). 

By comparison with ( 22 ) we see that 


fco=l/iJr 

(24), 

L 3 

and the average kinetic energy ” = 9 TtT. 

We shall frequently 

make use of (19) in the form 




RT ■■ 

(19 (x). 


(iii) The Constant h. 


Having determined the nature of the function nf we can now 
write the expression ( 8 ) for the entropy of the system in the form 

-Sf= So + A: [a (ifco { Tf. + L,] - log A) e ~ dxdydzdpdqdr 

(25). 

To determine the universal constant k we need only consider 
the simplest case, that of a monatomic gas for which Wr is every- 
where zero. Equation (25) then becomes 

S = S, + /cVr A(koU-logA) e ~ ^ dp dq dr 


= SQ + kn 
= Sd-\- kn 




pogL + logV 


n 


....(26), 


where S^' is a new constant, which is independent of L and V. 
In the present case L is the total energy of the system, .since the 
potential enei'gy is zero ; so that 


dS = 


dL+pdV 

T 


d^\ 

dL) 


V 



f^\ _p 

[8VJi~T 


whence 


(27). 
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On the other hand we obtain from (26) 



whence, by comparison with (27), 

•pY — knT 

and by comparing this with the equation of a perfect gas we 
have 

k = R-^(Tko)-\ 

The numerical value of R is known to the same degi’ee of pre- 
cision as that to which we know the value of the mass of an atom. 
With the accuracy which has recently been reached in this branch 
of physical measurement the different methods of determining R 
are consistent to within about 1 7o* values, 

deduced by Planck (see Chap, xv, p. 356) from the constants in 
the complete radiation formula, is 

R = k = 1-346 X 10-“ 11?^— ■ . 

sec.- deg. 

The Theoi'y of Metallic Conduction, 

The view, that the transportation of electricity in metallic 
conductors, like the corresponding phenomenon exhibited by 
electrolytes, is due to the motion of minute charged particles, 
was a definite feature of the old Weberian formulation of electro- 
dynamics. The modern development is due to the labours of 
Riecke, Drude, J. J. Thomson and others. According to the 
most prevalent form of the theory, and the one which we shall 
adopt, the atoms of the metal are regarded as continually dis- 
sociating into a negative electron and a positive!}- charged 
residue. It follows ft*om the kinetic theory considerations which 
we have just discussed that the electrons will be moving in all 
directions in the interior of the metal with very high speeds. 
They will in fact possess the same distribution of velocity as 
would an uncharged molecule of equal mass, and their mean 
kinetic energy will be proportional to the absolute temperature. We 
should rather expect that the atoms and positively charged residues 
\vould have an equal distribution of kinetic energy, but it is 


coming about. Whether the atoms and positive residues are 
able to move or not, they are to be regarded as only oscillating 
about fixed positions and not travelling from point to point of 
the material. 

We now suppose that the effect of applying an electromotive 
intensity is to superpose on the haphazard motion of the electrons, 
which arises from thermal agitation, a velocity of drift which, 
since they are negatively charged, is in the opposite direction to 
the applied force. This motion constitutes the electric current, 
which is thus carried entirely by the negative electrons. A priori, 
one might be tempted to suppose that the positive residues would 
also drift along under the influence of the electric field. If any 
such effect exists it must be extremely small. For if it were 
appreciable we should expect an electric current to transport 
atoms of one metal into the other across the junction between 
two metals. Careful experiments have been made to detect 
such effects, but they have always led to negative results. This 
objection would be removed if we supposed the positive particles 
to be of the same nature in different materials. There are, how- 
ever, two serious objections to such a view. In the first place 
there is no other evidence of the liberation of such particles from 
atoms under conditions which can be considered at all analogous to 
those which hold inside conductors. In the second place the 
hypothesis appears to be incapable of removing such difficulties as 
are presented by the simpler theory. 

The strongest arguments in favour of the view which asserts 
that the currents in metals are carried by negative electrons are 
as follows : 

(1) Conductors when heated or illuminated are found to emit 
electrons into the surrounding space. The mass of the electrons 
thus emitted from a hot wire may, in favourable cases, be large com- 
pared with the number which, on any reasonable hypothesis, may be 
expected to be present in the wire at any instant, showing that 
electrons are continuously flowing into the wire from other parts of 
the system'^. 

(2) The typical good conductors at low temperatures are all 
metals : i.e. electropositive elements which are known from other 
phenomena to liberate electrons from their atoms readily. 

* Cf. 0. W. Richardson. PhiL Man. vnl -i^ qak 
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(3) If the particles which carry the current did not possess, 
an extremely small mass in proportion to their charge we should 
not expect to get the well-known effects produced by a magnetic 
field in electric currents, e.g. the change of resistance in a mag- 
netic field and the Hall effect. These effects are unquestionably 
very complicated, and so far the electron theory has not been able 
to furnish an adequate quantitative explanation of them. On the 
other hand it is the only theory which has been able to account 
for them qualitatively. 

The Simple Theory of Conduction. 

In order to illustrate the problem presented by electric and 
thermal conduction in metallic conductors we shall consider the 
behaviour of the electrons to be much simpler than it is likely to 
be in any real case. A more exact treatment will be given later. 
For the present we shall make the following assumptions : (I) that 
the electrons all move freely for the same distance X between two 
collisions, (2) that they all have the same velocity of thermal 
agitation v and (3) that the motion of an electron subsequent to a 
collision is entirely independent of its history previous to the 
collision. We shall also assume that the only force acting on the 
electrons throughout the free path X is the applied electric intensity 
X. It follows from assumptions (1) and (2) that the free time t^Xjv 
is the same for all the electrons. To be consistent with the 
requirements of the kinetic theory of matter we take the kinetic 
energy, ^mv\ of the electrons to be equal to the mean value ^RT 
of the same quantity for the atoms of a monatomic gas at the 
same temperature. Subject to these simplified assumptions the 
electrical conductivity of a metal may be calculated as follows : 

If e is the electric charge of an electron, the force acting on it 
during its free path is Xe and its acceleration is Xejm. If the 
component of the velocity of the electron, parallel to the electric 
intensity, at the beginning of its free path is u, the value of this 

Xe 

component at the end of the path will be a + — t, where t is the 

free time. The average velocity in the direction of the electric 
1 e . 

field is therefore 2 ^ since, all directions of v being equally 
probable, the average value of u over a large number of electrons 
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1 6 X/ 

the direction of the electric field may be written ^ X . If ri is 

the number of electrons in unit volume, the number of them 
which, in unit time, drift across a unit area drawn perpendicular 

1 e \ 

to the direction of the electric force X will be ^ nX . Each of 

A m V 

these carries a charge a, so that the quantit}^ of electricity trans- 
ported across unit area in unit time or, in other words, the electric 
current density i, will be 

. n e^X ne^Xv ^ 


Thus the specific electrical conductivity a is 

i _ ne^Xv 




( 28 ). 


It is a well-known result of experiment that for the pure metals, 
which are good conductors, a is almost exactly inversely proportional 
to the absolute temperature T except at very low temperatures. 
Now e and R are universal constants and do not vary with tempera- 
ture. Hence if our assumptions are to be compatible with the facts 

it is necessary that liXv should be independent of T, Since v <x T'^ 
this requires that yiX should be inversely proportional to ^T. 
At present we are not in a position to say whether this variation 
with T is to be attributed to the variation of n or X or of both 
of them. 


Comparison with Thermal Conductivity. 

The best conductors of electricity are als<j the best conductors 
of heat. Under the circumstances it is natural to attribute the 
two effects to the same cause, viz. the motion of the electrons. 
From this point of view the problem of the conduction of heat 
in a metal is the same as that in a gas having the same number 
of molecules in unit volume, the same free path and the same 
molecular weight and temperature, as the electrons in the metal. 
In our calculations we shall suppose that the amount of heat 
which is distributed by radiation and by the dynamical action 
of the molecules and positive residues on each other is negligible 
compared with that distributed by the rapidly moving electrons. 
The results can therefore only be expected to be true for good 

1 OO 1 n J-'U ^ L - 1 - J * I 
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appreciable thermal conductivity. Under these restrictions the 
problem of determining the thermal conductivity is mathematic- 
ally identical with that of finding the thermal conductivity of the 
corresponding gas. In the notation we have previously employed 
the thermal conductivity k of the corresponding gas, which is given 
in any standard text-book on the kinetic theory of gases is 


k — ^nXvR (29). 

Comparing this with equation (28) we have 

(30). 


Equation (30) is the expression of a simple and very remark- 
able conclusion. The ratio of the thermal to the electrical con- 
ductivity has the same value at the same temperature for all good 
conductors : for different temperatures the value of the ratio is 
proportional to the absolute temperature. The first part of this 
generalization is known as the law of Wiedemann and Franz, by 
whom it was announced as an experimental discovery about 1850 ; 
the law of temperature variation was discovered experimentally 
by L. Lorenz somewhat later. 

The more recent experiments of Jaeger and Diesselhirst 
enable an accurate comparison with equation (30) to be carried 
out. They determined the values both of the ratio of the two 
conductivities at 18"’ C. and of its temperature coefficient, for a 
large series of metals and alloys. The values they found are 
exhibited in the table on p. 412. 

Assuming that the charge on the electron is equal to that 
carried by a hydrogen atom in electrolysis the evaluation of Rje 
does not require any unfamiliar data. If n is the number of 
molecules in one cubic centimetre of a gas at 0° C. and 760 mms. 
pressure, then nR is the value of the constant R^ in the equation 
pv = RiT, where = 1 cm.®, p — 7Q x 13*6 x 981 d}mes/cm.® and 
T= 273° abs. On the other hand, since the molecule of hydrogen 
is diatomic 7ie is equal to the quantity of electricity which passes 
through a water voltameter when ^ c.c. of H.. is liberated at 0° C. 
and 760 mms. This is equal to *4327 E.M. unit, so that the value of 

P2 

3 at 18° C. = 6*5 x 10^". It will be observed that for the pure 
e^ 

metals which are good conductors the experimental value of the 



; Temperature 

Thermal Conductivity Coefficient of this 
Material to Electrical Conductivity Eatio, per cent. 


Copper, commercial 

6-76 X 10’“ 

at 

18“ 

C. 



Copper (1) pure 

6-65x10’“ 

at 

18“ 

c. 

•39 

Copper (2) pure 

6-71 X 10’“ 

at 

18“ 

c. 

•39 

Silver, pure 

6-86 X 10it> 

at 

18“ 

c. 

•37 

Gold(l) 

7-27 X 10’“ 

at 

18“ 

c. 

•36 

Gold (2) pure 

7-09xl0^^> 

at 

18“ 

c. 

•37 

Nickel 

6-99 X 10’« 

at 

18“ 

c. 

•39 

Zinc (1) 

7-05x10’“ 

at 

18“ 

c. 

•38 

Zinc (2) pure 

6-72 X 10‘“ 

at 

18“ 

c. 

•38 

Cadmium, pure 

7-06 X 10’“ 

at 

18“ 

c. 

•37 

Lead, pure 

7-15x10’“ 

at 

18“ 

c. 

•40 

Tin, pure 

. 7-35x10’“ 

at 

18“ 

c. 

•34 

Aluminium 

. 6-36x10’" 

at 

18° 

c. 

•43 

Platinum (1) 

. 7-76x10’“ 

at 

18“ 

c. 

— 

Platinum (2) pure 

. 7-53x10’“ 

at 

18° 

c. 

•46 

Palladium 

. 7-54x10’“ 

at 

18“ 

c. 

•46 

Iron (1) 

. 8-02x10’“ 

at 

18“ 

c. 

•43 

Iron (2) 

. 8-38x10’“ 

at 

18“ 

c. 

•44 

Steel 

. 9-03 X 10’« 

at 

18“ 

c. 

*35 

Bismuth 

. 9-64x10’“ 

at 

18“ 

c. 

•15 

Constantan (60 Cu, 40 Ni) 

.11-06x10’“ 

at 

18“ 

c. 

•23 

Manganin (84 Cu, 4 Ni, 12 Mn).. 

. 9-14x10’“ 

at 

18“ 

c. 

•27 


ratio is very close in all cases to the theoretical value. The 
deviations are greater for the poorer conductors and in almost 
all cases are in the direction of values greater than the theoretical. . 
This is what would happen if the part of the thermal conductivity 
which does not depend on the motion of the electrons were to 
become appreciable. Thus the deviations lie in the direction in 
which they would be expected to occur. The behaviour of alloys 
is exceptional, but so are most of their electrical properties. In 
fact Lord Rayleigh * has pointed out that the electrical resistance 
of alloys may be expected to be unduly high on account of the 
existence of a “ false resistance ” arising froiri the Peltier heating 
effect at the junction of parts of the material of varying com- 
position. It is also desirable to mention that Leesf has found 
that the divergence of the values of k/aT for different substances 
is greater at the temperature of liquid air than at ordinary 
temperatures. On the whole, however, the concordance of the 
values of this quantity for so many metals over so wide a range 
of temperatures is more striking than the differences, when one 
considers the number of factors which might enter. 

The percentage temperature coefficient required by the theory 

* Nature, vol. liv. p. 154; Scientific Pa'pern, vol. iv. p. 232. 

t Phil. Trims. A. vol. ccviii. p. 381 Q908'l. 
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is 0-366 7o- The experimental values for the good conductors 
are practically equal to this within the limits of experimental 
error. 

More Complete Theory of Conduction. 

The extent to which the preceding calculations account for the 
observed relations between the electric and thermal conducti\dties 
of good conductors is the more surprising wdien one considers the 
approximate nature of the assumptions on which the calculations 
are based. For example, we assumed that all the electrons moved 
through equal free paths with equal velocities. Now the results 
of the kinetic theory considerations at the beginning of this 
chapter lead us to expect that instead of possessing equal veloci- 
ties the electrons would have a velocity distribution in accordance 
with Maxwells law. This requirement is not obviated by the possible 
fact that the electrons may be subjected to very intense forces; 
for the distribution of kinetic energy amongst the particles is, 
as we have seen, independent of the potential energy. Moreover 
the fact that the atoms, with which the electrons collide, are so 
massive that the velocity of an electron does not alter in mag- 
nitude during a collision with one of them makes no difference, 
for the encounters of the electrons with one another will ensure 
that Maxwell’s law of distribution of velocity is established. 

The following calculation^ is much more general than the one 
we have considered. It assumes that when no external force 
acts on the conductor and it is all at a uniform temperature the 
velocity of the electrons is distributed according to Maxwell’s law. 
When an electric force acts, or when the temperature varies ff'om 
point to point of the material, we shall suppose the law of distri- 
bution to be slightly modified. We shall neglect the immediate 
effect of collisions between electrons compared vith that of those 
between electrons and atomic or sub-atomic structures, and shall 
treat the latter as though they were immovable centres of force. 
The theory is therefore incomplete, since we assume that the 
normal distribution of velocity is that of Maxwell and at the same 
time that the collisions take place with particles which are im- 
movable and are therefore unable to change the resultant velocity 

* Of. H. A. Lorentz, Theory of Electrons, p. 266; N. Bohr, Studier over metal - 
lernes Elektrontheori, Copenhagen (1911) ; 0. W. Ricliardscn, Phil. Mag. 
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of the colliding particles. Thus, so far as the set of assumptions 
we are dealing with is concerned, a complete theory would have 
to take into account the occurrence of collisions between electrons, 
or something which produces the same effect, in order to account 
for the existence of Maxwell’s distribution under normal con- 
ditions. The mathematical difficulties of a more complete theory, 
unfortunately, appear insuperable. Our method of attack will be 
to try to find a law of distribution of velocity, slightly different 
from the normal one, which will make the distribution at every 
point a steady one when electric or other forces act on the 
electrons in the metal. 

Consider the causes which tend to change the number of 
electrons, at any point, which have assigned components u, v, w 
of velocity. These are two in number, viz. (1) the free motion 
of the electrons from one part of the conductor to another, and 
(2) collisions. Let us imagine the distribution of velocity among 
the electrons at any point to be represented by a three-dimen- 
sional velocity diagram. The diagram is drawn so that the 
resultant velocity of each electron at the point is represented by 
a radius from the origin. The density of the points which are 
the ends of such lines and which lie within any element of volume 
d(T = dudvdw of this diagram will represent the number of elec- 
trons at the given point which have velocity components between 
■u and u -h du, v and v -h dv, and w and w + diu. In this discussion 
we mean, of course, by the expression the number “ at any point ” 
x,y, z the number in an infinitesimal element of volume dr—dxdydz 
which contains the point x, y, Let us denote the number of 
electrons which have velocity components w, v, w at the point 
X, y, z at the instant ^ by / {u, v, w, x, y, z, t) da dr. If the 
electric intensity in the metal is X it will give rise to an 
acceleration of each electron equal to Xejm. X is supposed to 
be parallel to the x axis. If there were no collisions these 
electrons would be found in a different element da dr of the 
velocity and space diagram at a later instant t 4- dt. Owing to 
the motion the new velocity coordinates would evidently be 

%i X — dt, V, w, and the space coordinates x+ udt, y -\-vdt and 
m ^ 

z-^'wdt instead of u, v, w, x, y, z respectively. Corresponding 
points would be displaced equally in each diagram so that 
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have as the condition for the existence of a distribution of 
velocity invariable with the time, that : 

-f X ^ dt, V, 10, X + udt, y + vdt, z + lodt, t + d^ 

^f(u, V, w, X, y, z, t). 

The occuiTence of collisions, however, makes it necessary to 
modify this equation. The number of electrons in the elements 
da dr at t + dt is equal, not to the number in the element da dr at 
time t, but to the latter minus those which have disappeared from 
the original group plus those which have come into the group 
from other groups, owing to the occurrence of collisions. Since 
these quantities are each clearly proportional to the range of 
velocity and space covered by the gi’oup and to the interval of 
time dt, we may write them in the form adadrdt and bdadrdt 
respectively. The condition for the existence of a steady distri- 
bution of velocity may therefore be written : 

f ^ X ^ dt, V, tv, X + udt, y + vdt, z + lodt, t + dt}j 
V, to, X, y, z, + (6 — a) dt, 

and on expanding 

f X ^ dt, etc. j 


by Taylor’s theorem, we have 
A" 


6 0 / 0 / 0 / 9 / , 7 

m OIL ox oy oz dt 


.( 31 ). 


If we can evaluate h and a in terms of / we shall evidently obtain 
an equation from which, if we are able to solve it, the function f 
may be deduced. 

The evaluation of a and h is a particular case of a more general 
calculation given by Maxwell^. In the present instance we are 
treating the centres of force with which the electrons collide as 
immovable. This will correspond very closely with the facts on 
account of the small mass of the electrons. The relative velocity 
of the colliding particles is thus equal to the actual velocity 
V — Vw- -¥0^ -¥00"^ of the moving electron. Strictly speaking, any 
moving electron will be influenced by all the centres of force at 
every instant ; but we shall suppose that when the important 
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•deflections take place the influence of one of the centres is very 
great compared with that of all the others. As the term collision 
is often understood to imply the occurrence of geometrical con- 
tact, like that between hard elastic spheres, we shall replace it by 
the more general term encounter, throughout the rest of this 
discussion. The sequence of changes which characterize an en- 
counter is then to be represented mathematically as follows. As 
the previous history of the electron cannot affect the results of the 
calculation we can suppose it to have been moving for an indefinite 
time with the uniform velocity F in a straight line. As the en- 
counter begins to occur the linear path becomes curved, but the 
magnitude of V is unchanged. As we are neglecting all encounters 
in which more than one centre of force plays an important part, 
the orbit of the electron will lie entirely in one plane, that which 
contains the direction of its original motion and the perpendicular 
from the centre of force upon it. If the orbit is an open one it 
will end by becoming asymptotic to a straight line inclined at an 
angle, which we shall call 20, to the direction of the original 
.straight path. 0 is evidently the deflection up to the apse, about 
which the orbit is symmetrical. If the perpendicular distance 
from the' deflecting centre to the original straight path is &, the 
number of collisions made in unit time by a single particle whose 
speed is F, such that the distance 6 lies between b and b^db and 
the plane of the orbit lies in an azimuth between ^|r and yjr -f d^lr, 
where ^|r is measured from a fixed plane passing through the 
direction of F, which is taken as the axis about which yjr is 
measured, is nrbdbd^lr, where n is the number of the deflecting 
•centres in unit volume of the substance. This follows since the 
expression above is equal to the number of centres in the region 
between two circular cylinders of radii b and b + db, whose height 
is equal to the velocity V of the moving particle, which is cut off 
by the two planes 'yfr and yfr + d'ylr which pass through F and 
■determine the plane of the orbit. Since there are f(u, v, w) da 
particles with velocity components about u, v, w in unit volume, 
it follows that the number of particles which leave the group 
ii, v, w, x, y, z in unit time owing to deflections through angles 
which lie between 20 and 2 (0 -h dO) in an azimuth between 
and 'v/r -1- d^\r is 
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The relation between h and 6 may be found from the theory of 
central orbits*. The law of force being KjcP, where d is distance 
and K is positive when the forces are repulsive, let 




.(33), 


where i/i is the mass of an electron and d/o that of one of the 
centres of force. Then 




where x is the least positive root of 

O / /y\ 3 1 



Evidently a is a function of 6 and s only. 

Since Jlfi/ifa is very small we can {Mi + iL)/ = 
where m is the mass of an electron. Hence 

2 

bdb = (-^y~^ccdtt. 

\mVy 

Thus the expression (32) may be written 
J_ i__i_ 

n ^ V ^ ^ f(% '^) ^ docdxjrdo-dT dt (36). 

Now consider the reverse collisions which bring new electrons 
into the group ii, v, lu. Let u\ v\ w' denote the velocity components, 
before the encounter, of an electron which, as the result of the 
encounter, acquires the velocity components u, v, lu, i.e. joins the 
specified group. Consider first the reverse encounters for which 
6 and lie within the assigned limits considered above. Since 
the value of the resultant velocity is unchanged by a collision, 
we have 

Y"' = = V W' -j- V“ W“ = V‘ 

The individual components ii, v\ id wdll be ditferent from u, v, tv on 
account of the rotation of 7 through the angle 20, They may be 
written down by making use of the fact that the component of 


* Maxwell, Scientific Papers, vol. ii. p. 36 ; Routh’s Particle Dynamics, chap. vi. 
p. 198 (Cambridge, 1898). 
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velocity along the apsidal distance has been reversed whilst the 
perpendicular component is unaltered. Thus if '\/r = 0 is the plane 
containing V and u, 

u' = U‘-2usm^ 0 + + sin 2d 

with similar expressions for v' and w'. The volume du'dv'dw' of 
the three-dimensional velocity diagram which is occupied by the 
deflected points will be equal to dudvdw, since the new points 
may be obtained by reflecting the undeflected points in a plane 
perpendicular to the orbit and tangential to it at the apse. Thus, 
in considering the reverse collisions which bring extraneous elec- 
trons into the group f{u, v, w) dudvdw, the only change we require 
to make in (36) is the replacement of /(u, v, w) by f{u',v\w'). 
Hence 

l-A 

6 — a = 7 i V v\ w') -f{u, V, w)} OLdady^r. 


We shall confine our discussion to the one-dimensional case in 
which the state of the material depends only on the oo coordinate, 
i.e. in the electrical problem we shall suppose the electric intensity 
to be parallel to the axis of x and in the thermal problem we shall 
suppose the temperature gradient to lie in this direction. Under 
these restrictions equation (31), when applied to the steady state 
which does not change with the time, becomes 

A. i__L 

^ (wT ^ ^ ^ ^ II oidocdylr 


=x-f+uf...{8n 

m ou ex 


The left-hand side is the rate of change of f owing to collisions, 
and the right-hand side that which arises from the displacement 
of the group of electrons as a whole. 

Now when the material is at a uniform temperature T and 
there is no applied electromotive force, the distribution of velocity 
among the electrons is in accordance with Maxwell’s law. Thus, 
if /o (u, V, w) denotes the value of the function / under these con- 
ditions, we may write 

/o V, w) =: (38), 

where A and h are constant throughout the material. It is likely 
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that this distribution will he only slightly changed by the changed 
conditions we are contemplating, since the new forces which come 
into play are always small compared with the intermolecular 
forces. Let us see if we can satisfy (37) by a solution of the 
form 

f{u, V, w) = + (38 a), 

where the term w%(F) is small compared with and ;^(F) 

is a function of F, the resultant velocity, only. There are two 
conditions which any solution will have to satisfy. These are 
that the total number of electrons in unit volume of the material, 
and their mean kinetic energy at any part which is at an assigned 
temperature, should both have the same values as in the uniform 
condition to which (38) applies. If we carr}^ out the integrations 
over the whole of the velocity diagram, we find that the former is 

N — AinrjKf and the latter = whether we use (38) 

or (38 a). Hence (38 a) satisfies the required conditions so far. 

In order to determine x(F) we make use of equation (37). 
Since the differences of / do not occur on the right-hand side of 
this equation, we shall neglect the effect of the small term ^x(F) 
on the right-hand side of (37). Substituting the assumed solution, 
the left-hand side becomes 

— 1-” 

—477« sin- ^ a cZa, 


whilst the right-hand side is 


Thus 


%(D = 


-2hAX~ + ^^- V^-A ue-’^T . 

m ox oxj 


( 2hAX - - + FU 

\ m ox oxj 


^rrn 


m) Jo 


.(39) 


V 
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where 


2 

^-1 = 47rw ~ sin^ 0ada (41). 


The definite integral in (41) is a function of s only, and may he 
evaluated graphically when s is known. Thus %(y) does not 
involve a nor ^Ir, and only involves u, v, w in the combination V. 
It is therefore possible to satisfy (37) by a solution of the form 
of (38 a), where %(F) is a function of V only and is given 
by (39). 

The electric current density, J, will be obtained if we multiply 
the number of electrons in unit volume within a specified in- 
finitesimal range of velocities, by their component of velocity 
parallel to the electric intensity and by the charge each carries, 
and then integrate the product over all the electrons in unit 
volume. Thus 


J = 47re vFx {V)V^dV=^-^e V^x ( ^ 

2 


27r 


,s-l 


+ 2 


remembering that 


+ 2 


2hAX--^-^ + 

m ox 




idK 

doD 


f e~^o(Pdx — r(p -h 1) =j)r(p). 

J 0 


The specific electrical conductivity, cr, is the coefficient of X in 
(42) when there is no temperature gradient in the material, i.e. 
when dA jdx and dh/dx are zero. Thus 





(43). 


The thermal current density W is obtained by integrating the 
product of the number of electrons in unit volume, which have 
velocity components within ' a given range, by their thermal 
energy and by their velocity component u parallel to the 

temperature gradient, over all the values of u, v, vj which occur. 
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Thus 


W = 27rm r (F) V^dV= ^ m FV (F) dV 

Jo o j 0 




s — 1 


+ 3 I r 


+ 3 L 


2hAX--^ + 
m dx 




s-l 


h dx 
(43 a). 

When the electric current density J vanishes, we have from (42) 


2hAX 


® = 4 . 9 ] aI- 

dx ~ 1 hdx' 


1 dh 


m 


Ic TYh ^trt 

Since, from p. 405, equation (24), we see that 


1 ^ 
h dx 


1 ^ 
Tdx' 


The thermal current, W^, when there is no electric current, is 
therefore 

2 




TT (^m Vs — 1 


+ 3 


3 T 


r + 3 


'dx ’ 


and the coefficient, k, of thermal conductivity is the coefficient 

dT 

of — ^ in this expression or 

OSG 


I _ 


2 \ 

^ 


.(44) 


r + 3 


hs-^1 

The ratio of the thermal to the electrical conductmty is 

2 


k _1 s — 1 
cr 4 e^T 


+ 2 




25 


s — 1 e- 


.(45). 


The simplicity of equation (45) is very striking. It shows 
that the ratio of the thermal to the electrical conductmty is in- 
dependent of the number and mass of the free electrons and ol 
the number and strength of the centres of force. In addition to 
E, e and T it depends only on s, the index which determines the 

* « i? -LI y-s. -f 4-1^ T\tt 4“.!'^ panf.T'Ac: with the 
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mutual distance. We have seen (p. 411) that the results of exjDeri- 
ments show that for the pure metals the value of k/a is BR^T/e-; 
whence we conclude that 2sl{s — 1 ) == 3 or 5 = 3. It follows that 
the encounters of the electrons in all metals are such as would 
occur with immovable particles which exert central forces varying 
as the inverse third power of the mutual distance. 

We can estimate the order of magnitude of the strength, K, of 
the centres from that of the electrical conductivity of the metals 
by substitution in equation (43). Substituting the values of 
A and (f), we have 


« Umj O’ 1'°° ■ 2 , V 

‘ sm^(f>ada 


.(46), 


where v is the number of molecules in 1 c.c. of any gas at O'^G. and 
760 mms. We do not know either the number, iV, of free electrons 
or the number, n, of centres of force in unit volume ; but we shall 
assume that both these quantities are of the same order of mag- 
nitude as the number, p, of atoms of the metal in unit volume. 
Let us put N = yp and n = hp] then 7 and S are numbers com- 
parable with unity. The other data required are, in general: 
vR = 3*72 X 10 ^ ergs/° C., vm — 5x 10 ”^ gm. per c.c., e = 1*6 x lO""^ 


E.M. unit, y= 273°C. and j sin^ (/>ad(z which, when 5 = 3, is 

Jo 

equal to 

cOS^'^d'iIr 

Taking the case of silver as an illustration, o- = 6 x 10“^ E.M. unit 
and SZ /7 = 8-5x10-2«. 


This result is of additional interest because several other 
considerations point to the occurrence of forces varying inversely 
as the cube of the distance as an important feature of atomic 
structure. Thus J. J. Thomson^ and Jeans f have shown that 
some of the laws which govern the emission of thermal radiation 
would follow if the collisions of the electrons were with centres 
of force obeying the inverse third power law. The strength, K, of 
these centres can be estimated from the constants in the radiation 


^ JPhiL Mag. vol. xiv. p. 217 (1907) ; yoI. xx. p. 238 (1910). 
t Ibid. vol. XX. p. 642 (1910). 
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formulae. The mean of the estimates given by Thomson and 
Jeans is Z” = 2*5 x 10”^l This agrees satisfactorily with that 
given by the electrical conductivity. 

If the centres of force are due to the occurrence of electrical 
doublets inside the atom, it is possible to have a state of steady 
motion in which an electron revolves about the axis of the 
doublet. The energy of the steady motion, as well as that of 
the small oscillations about it, is proportional to the frequency of 
the rotation. Thomson* has suggested this result as an explana- 
tion of the emission of electrons by the action of light (cf. p. 469); 
in which case, as we shall see in the next chapter, the kinetic 
energy of the emitted electrons is a linear function of the fre- 
quency of the exciting light. Another interesting property of 
these orbits is that the moment of the magnet to which they are 
equivalent depends only on the moment of the doublets about 
which they are rotating. Since the universality of the law con- 
necting radiation and temperature suggests that the strength of 
these doublets is independent of the matter in which they occur, 
they would furnish an explanation of the atomic magnets, or 
magnetons, whose existence has been inferred by Weiss (cf. also 
p. 395). 


Electrical Conductivity as a Function of Temperature. 


Although the electron theory has been very successful in 
explaining the laws of Wiedemann and Franz and of Lorenz, which 
are obeyed by the ratio of the thermal to the electrical con- 
ductivity, it has not been so successful in accounting for the 
behaviour of these two properties individually. In point of fact, 
for the pure metals the thermal conductivity is practically inde- 
pendent of the temperature, whereas the electrical conductivity is 
approximately inversely proportional to the absolute temperature, 
except at low temperatures. Since 
_ 2.\/2 N /R\i 

K 


rph 


f sin- ^ a da 
Jo 


•(47). 


even if we assume the index s which determines the law of force 
to be practically independent of T, the observed law a varies as 
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might arise from an appropriate variation of one or more of 
the quantities N, n and K with T. At present there is no means 
of finding the connection of K, N and n separately with T. 

Recent experiments by Kammerlingh Onnes and his collabora- 
tors have shown that the resistance of the pure metals becomes 
exceedingly small at very low temperatures. This result cannot be 
said to be definitely indicated by the formulae which we have just 
developed. It is, however, not necessarily in conflict with them. 
For example we might identify the centres, with which the elec- 
trons collide, with the vibrators which take part in thermal 
phenomena. The most obvious physical interpretation of these 
vibrators is to regard them as electrical doublets. The doublets 
might arise, for example, by the vibration or steady motion of 
electrons about an equilibrium position. They would exert forces 
on the moving electrons which would vary inversely as the cube 
of the mutual distance, a result which, as we have seen, is required 
by several considerations. It follows from Einstein’s theory of 
specific heats that the energy of the vibrators approaches zero 
exponentially as the absolute zero of temperature is approached. 
Now the average moment of a doublet constituted in this way is 
proportional to the square root of its energy : so that the moment 
or streng-th of the centres will also approach zero exjionentially as 
the temperature is reduced. Since there is no reason for sup- 
posing that the number of free electrons approaches zero at so 
fast a rate as this, the conductivity would become infinite at very 
low temperatures. 

Such a view is in satisfactory agreement with the experi- 
mental measurements. By assuming that K times the product 
on the right-hand side of (47) varies as which gives the 

right variation of a with T at high temperatures, and that the 
variation of K with T depends upon the contained heat energy, 
as deduced from the specific heat measurements, in the manner 
just indicated, I find that the calculated temperature at which the 
electrical resistance disappears agrees quite accurately with that 
given by Kammerlingh Onnes in the case of mercury and is not 
far from the values given for lead and gold. The way in which 
the calculated electrical resistance varies with the temperature is 
also very similar to that found experimentally at these low tern- 
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theory of specific heats mentioned - in Chapter xv. According to 
that view the energy of the vibrators does not approach the value 
zero at low temperatures but the finite value Az^/2. This would 
make K approach a finite value, so that the resistance would not 
vanish. 


Thermoelectric Phenomeyta. 

As is well known, if a circuit which consists of wii'es of two 
different materials is constructed, a current will flow round it 
without the assistance of a battery, if the two junctions are 
at different temperatures. There is no current when the two 
junctions are at the same temperature. As there is no observable 
change in the nature or composition of the materials constituting 
the circuit, the electromotive force which drives these currents 
must be derived from the available thermal energy. By causing 
the electric currents to perform mechanical work we could evi- 
dently construct a heat engine out of a circuit of this kind. As 
long ago as 1854 Lord Kelvin showed that valuable information 
about thermoelectric phenomena might be obtained by the appli- 
cation of the principles of thermod 5 mamics to thermoelectric 
circuits. 

The thermoelectromotive force of a circuit consisting of the 
two conductors A and B may be denoted by If has been 

found that for a very large number of pairs of substances 
be represented within the limits of accuracy of experimental ob- 
servation by the comparatively simple empirical formula 

where To and are the temperatures of the two junctions and 
a and h are constants. The differential coefficient pf Ejib with 
respect to the upper temperature is called the thermoelectric 
power of the circuit. It is clearly a linear function of the tem- 
perature within the limits of accuracy of the formula above. The 
thermoelectromotive forces between circuits of different metals 
terminating at the same pair of temperatures are connected by 
the relation 

Eab + Ebc = Eac ( 4b ). 

This is evident since the circuit composed by the addition of AB 
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inclusion of a single wire of the material B, the temperature 
of which varies from one extreme to the other and back again. 
As inequality of temperature in a closed circuit of a single uniform 
material does not give rise to any thermoelectromotive force, this 
cannot cause any difference from the effect given hy AO simply. 

In addition to the thermoelectromotive force caused by a 
difference of temperature there are the converse reversible heating 
and cooling effects which are produced by the flow of an electric 
current. We have thus to consider the Peltier effect, which is the 
heat liberated when an electric current flows across the junction 
between two different metals, and the Thomson effect, which is 
the heat developed reversibly when an electric current flows along 
an unequally heated bar. These are measured by the respective 
coefficients P and <r. Both of these refer to the amount of heat 
liberated by the passage of unit quantity of electricity. In 
specifying a the electricity has to flow against one degree differ- 
ence of temperature, the directions of the electric and thermal 
gradients being coincident, a is p(.>sitive when positive current 
flowing in the direction of increasing temperature causes an 
absorption of heat. 

The application of thc^ conservation of energy to a thermo- 
electric circuit giv(‘S 

Ei = llir + iI,F + i J o-dT 

HR is the resistance of the circuit. When i is made very small 
the Joulian developnnmt of heat Ri- vanishes in comparison with 
the other terms, so that th(‘ i-eversible (piantities satisfy the 
equation 

E = + j adT (49). 

Similarly by applying th(‘ second law of thermodynamics in 

r dC) 

the form i‘ovm*sible heat ])i-oduction, we have 

Sy+j'y,(/2’=() (50). 

It follows from theso. oqiiation.s that 

dE F 


d fF\ 
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These conclusions have been confirmed in many particulars, 
and there are no experimental results which can be said with 
certainty to conflict with them. The values of the different 
thermoelectric quantities mciy be derived from the expressions 
given on pp. 420 — 421, for the rate of transportation of electricity 
and heat. These expressions were derived on the hypothesis that 
the law of force between the electrons and the centres with which 
they collide varied as a power of the mutual distance. They 
will hold strictly only if the centres are at distances apart 
which are large compared with those within which the forces are 
appreciable. The two principal reasons for this are : (1) if this 
condition is not satisfied all the particles are under collision 
conditions at every instant and the physical foundation of the 
calculation disappears, and (2) as the potential energy varies 
very rapidly from point to point in the neighbourhood of any 
electron the quantity A will be subject to corresponding sharp 
variations (cf. equation (15), p. 403), and the actual A can there- 
fore scarcely be regarded as differentiable. 

In order to embrace these conditions we shall generalize the 
former calculations a little at the sacrifice of a certain amount of 
rigour. We shall assume that the average value of A is differ- 
entiable however complicated the internal fields of force may be 
and that, for the steady flow parallel to the axis of u, f is always 
of the form + ^^%(l^), where involves ?/, v and w through 

V only. By working through a calculation similar to that already 
carried out, it becomes clear that, provided the medium is 
isotropic, %(F) will be of the form 

{^hAX + 

where the function involves only the mass, m, of the electrons, 
the number, ?i, of the centres in unit volume, the law of force 
and V. In this way the equations for the currents of electricity 
and heat may be written : 


(52) 
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+ (54) 

(55) 

. .dT 

= (56). 

where 

Jo 

4f7J“ 6 ^ 

(To = specific electrical conductivity = 

1 T / T / TIT 

k = thermal conductivity ~ ^ ^ ^ ^ 

and Jcl<r, = ’| i ^ |'| - } = |- (^' - ^). 

If the centres are far enough apart and act on one another 
with forces which vary as the inverse 5th power of the distance, 
we have, as before, 

In the equations above, X is the mechanical force on an electron. 
If Xq is the electric intensity, then eXo = mX. 

The thermoelectromotive force E round any circuit is the 

value of J Xodx which is required to reduce the current i to zero, 

when there are no batteries in the circuit. Thus from (53) 

-S' = J Xodx when ^ = 0 

= 1 1 i r log ^ 1 -]■ (log A +^)clT^ (57). 

after intep*rat in p* bviiarhs Tf the intAcyrM.l i« tjilrpn vplind a elosed 
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part has the same value at the identical limits. The unintegrated 
part, since the integrand is not necessarily a perfect differential, 
will not necessarily be zero. If the temperatures of the junctions 
are T and T^, it may be written 

= + (58), 

where the suffixes 1 and 2 denote the respective materials. The 
thermoelectric power is 



The Thomson coefficient, cr, may be obtained as follows : — The 
heat developed per unit area and thickness dx in the direction of 
the current is equal to the work done by the electric force inside 
the volume -f the stream of energy flowing in — the stream of 
energy flowing out. This is 



(60), 


from (53) and (56). The first term on the right in (60) represents 
the Joule heating effect and the third term is independent of the 
electric current. The middle term alone reverses with the electric 
current and is therefore the heat production o'wing to the Thomson 
effect. The Thomson coefficient cr, which is the amount of heat 
absorption per unit current per unit time per unit rise of tem- 
perature, is therefore 

o- = -^^(log^ +/a) ( 61 )- 

The value of the Peltier effect may he obtained by applying 
the same equation to the passage of a current across the junction 
between two metals at the same temperature instead of con- 
sidering the flow along a bar of the same metal with varying 
temperature. The magnitude of the Peltier coefiScient Pio is 
given by 

ePi, = + ( 62 ). 

This is not quite equal to the work done by the electric force 
.'v, noir.-v.'KAnrViAnrl nf thp sfiuaratinp’ surface. For we see from 


430 THE KINETIC THEOEY OF ELECTEONIC CONDUCTION 


( 0^T . 

— = 0), as 

RTdlogA * 

i approaches zero approaches — ^ — ; so that the work 

A 

done by the electric force at the boundary is jRTlog^-^ The 


difference between this and ePia is due to the fact that, when the 
law of force is different in different metals, the amount of kinetic 
energy transported by the electrons which carry a given current 
is different. As the ratio of the thermal and electric conductivities 
indicates that the law of force is very nearly the same for the pure 
metals which are good conductors, it is probable that /Xj — is not 
large. It may, however, be of the same order of magnitude as the 
observed Peltier and Thomson effects. 


The , values given by (58), (59), (61) and (62) satisfy the 
equations (49) — (51) of Lord Kelvin's thermodynamic theory. 
A different method of deducing some of the thermoelectric for- 
mulae will be considered in the next chapter. 


Conductivity for Periodic Forces. 

The behaviour of the electrons in metals under alternating 
forces has been considered by various writers. The following 
investigation, due to H. A. Wilson is an elaboration of a method 
originally given by Jeans f. The electrons instantaneously present 
in any given volume may be divided into groups characterized by 
a particular velocity of agitation V. The number of collisions of 
the electrons with one another is regarded as small compared with 
the number of collisions between electrons and atoms. Owing to 
the relatively small mass of the electrons the latter class of 
collisions will have very little effect in changing the magnitude 
of the velocity V. Thus the electrons in any given group will 
remain in that group throughout a large number of collisions. 
Let dN denote the number of electrons in the group characterized 
by the value V and let u denote the average component of velocity 
of this group in the direction of the electric intensity X. Consider 
the rate at which the momentum of the group is changing. The 
group is gaining momentum from the applied field at a rate which 

* Phil. Map. VI. vol. xx. p. 835 (1910). 
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is equal to the force which acts on the electrons in the group. 
The magnitude of this is XedN. At the same time the momen- 
tum thus acquired is being dissipated by collisions at a rate 
where /3 depends on F, on the strength of the centres and 
on the law of force which governs the collisions. The value of ^ 
can be found by considering the deviation of the electrons pro- 
duced by collisions^. Thus in general the change of momentum 
of the group with time will be in accordance with the differential 
equation : 

^ (viudN) = XedN — um^dN (68). 


When we are dealing with direct currents a steady motion is 
soon established which is independent of the time. The value of 
u for this case is thus obtained by putting the left-hand side of 
equation (63) equal to zero. The current density is ej udN=(rX, 
where a is the specific electrical conductivity. When the same 
assumptions are made about the nature of the collisions and about 
the law of distribution of velocity among the electrons (dN as a 
function of F), this leads to values of cr in agreement with those 
given by other methods for direct currents. 

To find the conductivity for periodic forces let X ^Xocospt 
After dividing by dN, (63) becomes 


m ^ -h 7)1, 8 a = XoO cospt 


As in the theory of dispersion, the solution of this equation which 
corresponds to stationary conditions is the particular integral 

^ e cos (pt — S) 

U — .A. 0 • / ■ = j 

m Vp- + 8 ^ 

where tan 8 =p/^. The mean value of ii for all the electrons is 



udN, 


Since all the work done by the electromotive force is converted 
into heat the rate of heat production is the mean value of 


NeuX = NeuXo cospt 

It is also equal to ^cr^X.^ where a.j, is the conductivity for forces 
whose frequency is p. This statement may be taken as the 


* Cf. H. A. Wilson, loc. cit. 
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definition of <rp. The mean value is to be taken over a time 
which is large compared with ^irjp. Thus \ a-^Xf is equal to the 
mean value of 

^jjoospt0£-^ ^ and cr^ = ^f4^...(64) 

In this expression N and /3 are functions of V and the integral is 
one with respect to V between the limits 0 and + oo . As an 
illustration we may consider the simplest possible supposition that 
we can make, namely that the electrons all have equal velocities. 
The integral then reduces to a sum over the N electrons for all of 
which /3 has the same value. For zero frequency {p = 0) the value 
of (T^ then becomes 


mp^ + yS' 


•= o-o/(l == CTo/ 1 + 




...(65). 


All the quantities except N on the right-hand side of this 
equation are known with considerable accuracy, and cr^ can be 
deduced from experiments on the optical properties of metals. 
Schuster* has applied equation (65) to the optical data accumu- 
lated by Crude f. In this way he finds that for all the commoner 
metals the number of free electrons in a given volume is from one 
to three times as great as the number of atoms present. It may 
be that these estimates are subject to errors arising from the 
occurrence of selective optical absorption, a phenomenon which is 
disregarded in the theory above ; but it does not seem likely 
that the number can be much smaller than this. For the experi- 
ments of Rubens and Hagen with infra-red radiation show that 
(T^ does not differ appreciably from <j^ until the visible spectrum 
is approached rather closely. This would not be true if N had 
values much smaller than those calculated by Schuster. 


Thermal Radiation. 

The theory of the motion of electrons in metals is of import- 
ance from another point of view because it helps us to form a 

* Phil. Man. VI. vol. vn. p. 151 (1904). 
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judgment as to the mechanism of the emission of electromagnetic 
thermal radiation from hot bodies. We saw in Chap, xv that 
the spectral distribution of energy in the radiation inside an 
enclosure in equilibrium with matter was independent of the 
nature of the matter and determined solely by the temperature of 
the enclosure. It follows that if we can imagine a type of matter 
which is sufficiently real and at the same time sufficiently simple 
in its behaviour to admit of our calculating the properties of the 
radiation which is in equilibrium with it at a given temperature, 
we shall have solved the radiation problem. Such a possibility 
would seem to be offered by the theory of the motion of electrons 
in metals. We know that during the collisions the electrons are 
accelerated and that when electrically charged particles are ac- 
celerated they emit radiation. The accelerations of the other 
constituents of the system are probably negligible in comparison 
with those of the electrons; so that it would seem that we are 
not likely to be led into serious error if we attribute all the 
radiation to the motion of the electrons. A very general know- 
ledge of the nature of the motions enables us to analyse the 
radiation thus emitted into its constituent frequencies by means 
of Fourier’s series. In this way we can arrive at a knowledge of 
the way in which energy of assigned frequency is being emitted 
by the moving electrons. In the steady state an equal amount of 
radiant energy will be absorbed by the system. The absorption 
of energy occurs through the Joule heating effect of the electric 
currents established by the electric intensity in the electro- 
magnetic waves. If the intensity in the waves of frequency p is 

the absorption of energy per unit volume per unit time is the 
mean value of where o-p is the conductivity for currents of 

frequency p. As we have seen Op is a function oip. By equating 
the amount of emitted energy of a given frequency to that ab- 
sorbed we arrive at an expression for the steady energy densit}' of 
given frequency. 

This method of calculating the distribution of energy in the 
black body spectrum was first used by Lorentz^. His calculations 
were confined to waves of low frequencies. The method has since 
been extended by various writers, including J. J. Thomsonf, 

Of. Theory of Electrons, p. 80; Amsterdam Proc. 1902-3, p. 666. 
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Jeans^, H. A. Wilsonf and BohrJ. It appears that if the same 
assumptions are consistently carried through the calculations the 
distribution of energy found is that given by the law of Jeans and 
Lord Rayleigh. As we have seen, this law is not in accordance 
with the experimental facts ; so that the method is not adequate 
to the solution of the problem. In fact, Jeans § and McLaren |j 
have shown pretty conclusively that any dynamical method leads 
inevitably to Jeans’s law, so that a dynamical foundation of the 
theory of radiation does not seem to be possible. 

Galvanomagnetic and Thermomagnetic Phenomena. 

A number of interesting phenomena are observed when a 
conductor carrying an electric or thermal current is placed in 
a magnetic field. The effects are conveniently classified according 
to whether they are exerted across or along the primary current. 
The transverse effects are as follows : 

(1) Hall Effect. When an electric current flows across the 
lines of force of a magnetic field an electromotive force is observed 
which is at right angles to both the primary current and the 
magnetic field. 

(2) von Ettingshausen’s Effect. Under the like circum- 
stances a temperature gradient is observed which has the 
opposite direction to the Hall electromotive force. 

(3) Nemst and von Ettingshausen’s Effect. When heat 
flows across the lines of magnetic force there is an electromotive 
force in the mutually perpendicular direction. 

(4) Leduc and Righi’s Effect. Under the like conditions 
there is a transverse temperature gradient. 

The transverse effects are all proportional to the vector 
product of the intensity H of the magnetic field (at any rate for 
suflSciently small fields) and the primary current ^ of heat or 
electricity. Thus any of the effects of amount E may be considered 
to be measured by the coefiScients tt, , tto, tt;., tt^, where, for each suffix, 

E^irHi (66). 

* Phil Mag. vol. xvii. p. 774 (1909); vol. xviii. p. 209 (1909). 

t Ibid. vol. XX. p. 835 (1910). 

X Studier over metallernes Elchtroritheori^ Copenhagen (1911). 
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The suffixes correspond to the numbers which precede the 
effects as enumerated above, tt is taken to be positive if, when 
the primary current flows in the positive direction along the x 
axis and K is in the positive direction along the y axis, the resulting 
electric or temperature gradient is in the positive direction along 
the ^ axis, the arrangement of the axes being such that a right- 
handed screw travelling along Ox would rotate from Oy to Oz, 
This choice of signs is not, however, the one which occurs in the 
literature of the subject. A series of measurements by Zahn of 
the various coefficients for different conductors led to the values 
in the following table: 


Conductor 
Iridium 
Palladium I 
Palladium II 
Platinum 
Copper 
Silver 
Einc 
Iron 
Steel 
Nickel I 
Nickel II 
Antimony 


+ 4-02 X 10-4 
-6-91 X 10-4 
-11-12x10-4 
-1-27x10-4 
-4-28x10-4 
-8-97x10-4 
+ 10-4x10-4 
+ 10-8x10-4 
+ 133-6x10-4 
-46*9x10-4 
-125x10-4 
+ 2190x10-4 


^2 

-5-5X10-S 
+3-3x10-8 
+1-8x10-8 
+ 2-1x10-8 
+ 23-2x10-8 
+40-4x10-8 
-12-9x10-8 
-39x10-8 
-68-7x10-8 
+20x10-8 
+55x10-8 
-202x10-8 


^3 

-5x10-8 
+ 1-27x10-4 
+0-51x10-4 
very small 
-2-7x10-4 
-4-3x10-4 
-2-4x10-4 
-10-5x10-4 
-16-6x10-4 
+ 13x10-4 
+ 35-5x10-4 
+ 176x10-4 


TT^ 


too small I 
to measui*e j'* 


+ 5-7x10-8 
+ 6-7x10-8 
-2-8x10-8 
-17-6x10-8 
-134x10-8 


It is clear from these numbers that the phenomena are very 
complicated. The sign and magnitude of the observed effects 
exhibit no obvious relation to any known property of the materials 
concerned. In the case of bismuth, a conducting material which 
can be obtained in the form of large crystals, it has been found 
that the Hall coefficient changes sign as the orientations of the 
primary current and the mag-netic field are changed with reference 
to the crystal axes. 

The longitudinal effects are different according as the magnetic 
field is across or along the direction of the primary current. With 
a transverse magnetic field the following longitudinal effects have 
been observed. Each corresponds to the transverse effect with 
the same number prefixed. 

(1) When a conductor is placed in a transverse magnetic 
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(2) There is a Peltier effect at the junction between trans^ 
versely magnetized and immagnetized material. 

(3) There is a thermoelectromotive force between trans- 
versely magnetized and unmagnetized material. 

(4) There is an alteration in the thermal conductivity in a 
transverse magnetic field. 

All these effects also occur in a longitudinal magnetic field, 
but as a rule they are then smaller. In both cases (2), (3) and (4) 
have been observt‘(l only with bismutli and the ferromagnetic 
metals. The changt* of resistance in a magiu‘tic field, also, is 
much larger with tliese metals than with any of the others. 

Since the change of resistance cannot depend on the sign of if, 
provided the material is isotropic, it follows that for small fields 
the change* BR in the resistance R must satisfy the equation 
= -d//-, wliere A is a constant. This e<piation is satisfied 
<a'er a considerable range* of vahu‘s of // by the metals which 
exhibit only small chang<*s. Tin* following values of A have been 
determined by Patterson: 

('axlniimu 10^ (’o}>|)(‘r 0*20 x 

Zinc O’STxIoOi; Tin O’23xl0-i^ 

(U)M O'.aT X lo 02 P.tllahiiun OTlxlO'^^ 

Silv(‘r 0*20x10 r.* IMntinuin O'OOx 

The effects an* mu(*h larger at l<»w t<‘mperat ur<‘s. Thus Laws 
found tin* tblhoving values of 10^- x .1 : 


'feni]M-rat ur«- 

Ih: 

: ( \ 

-f i s ( 

TafCU. +]0(r 0. 

( titlniinm 

a I 


2-00 

rro 0*98 

Zinc 

t^ 


o-ss 

O-.-jS 

Whth crystal.- 

) t h < ‘ < 

•tfe<-t d 

epellds on 

the dire(*thm of the current 

h reference l< 

) tin* < 

:*rvstal 

a>a‘S, and 

with the fi‘i*i’(nnagnetlc sub- 


slanees the iiit<‘nsity of magrn-t izat ion ap[H‘a!*s to be at least as 
important^ as tie* magnetic iuii-nsity. 

77o'f//v/ o/ ( rtll I'H /RffUis. 

The elec'ti’ou 1 1 lenry ' ‘ju uh 0 In-said D» ha\'<- hecii Very success- 
fiil, as \ et , in unra\«-lliug thes*- (*ompli<‘at ed iuagu<‘tie phenomena. 
No douhl one of file {'aetor’s ha\ing an in{lnene(* is th<‘ deflexion 
of the paths of the moving elect i-oiis which is prodiieed hy an 
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would be expected to arise in this way may be calculated as 
follows : 

We shall suppose the Hall effect to be measured by the 
external electromotive force which it is necessary to introduce 
in order to reduce the deflexion of. a galvanometer again to zero. 
The galvanometer is connected across two points at unit distance 
apart which were at the same potential before the magnetic fiield 
was applied. Let the primary current i be along the axis of x, 
the Hall current j along the axis of y and the magnetic intensity 
H along the axis of z. The components of the electric intensity 
at any instant are X, F, 0. If x, y, z are the coordinates of an 
electron, its equations of motion are 

mx == eX — ^ ey, my = eF-f — ex, mz = 0 (67). 

c c 

S 

Thus mx — eXt ey + mu (68), 

c 


• tr. S 
my = eri + —ex + mv 


(69), 


if we take the origin of time to be the instant at which the last 
collision occurred, and put x=^y—0, x = u and y = v when ^ = 0. 
From (68) 


1 e E 

X — -T— Xt- 

2 m me 


and from (69) 


y = LYt + --\\-XP---yt + ut\ + v ...(70). 
m- c m 2 m c m^ ' 


If T is the time between two collisions, assumed for simplicity 
to be the same in all cases, the average value of y is 


= - I ydt= — F^-i - Xr- + ^ : 

m 2 c m [6 m 2v c m 


-r 1 

y 


2/ T V + L 


Now u = -y = 0, since these quantities are as likely to be 
S 

negative as positive, and — y may be neglected compared with 
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The Hall current density j is = ney, so that, for this to vanish, 


F=- 


\--Xt. 

3cm 


Also 


2 m 


if we neglect y as before. 
Therefore 


or 


^ = nex = n — At, 
2 m 

F = - 5 

3 c ne 


The Hall coefficient tti is 


m 3 ne 


( 71 ), 


if all the quantities are in electromagnetic units. 

Several methods of estimating n lead to values of the order 
10^^ and putting e = — E.M.u. approx., we see that the 

order of magnitude of tti is — 10“^. To the values which are 
given on p. 435 the following, which have been found by different 
observers, may be added for comparison : 

Metal ... Bi Sn Pb Sb Te Na Cii 

_9-0 -0-00004 +0-00009 +0-192 +530 0-0025 -0-0005 


According to the theory above, the Hall coefficient should 
be negative for all substances. The positive coefficients ex- 
hibited by Lead, Antimony, Tellurium, Iridium, Zinc and Iron 
might be taken to indicate the presence of free positive electrons 
if there were any independent evidence of their occurrence. A 
theory along these lines has been worked out by Crude*, but it 
cannot be considered to have been very successful. It seems 
more likely that the effects are all due to negative electrons, but 
that the theory only takes account of part of the phenomena. It 
seems probable that the magnetic field affects the conditions of 
equilibrium of the electrons and the way in which they are emitted 
by the parent atoms. Suggestions towards a theory of this kind 
have been made by Sir J. J. Thomson^. It is also probable that 
the current-carrying electrons are deflected by the magnetic 


* Am. der Physik, vol. in. p. 369 (1900). 
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fields of the electrons revolving ^vithin the atoms and that the 
orientation of the orbits of revolution is affected by the external 
magnetic field. 

In the case of cuprous iodide, a compound substance which 
exhibits fairly typical electronic conductivity, it is possible, by 
adding varying amounts of iodine in excess of that which is 
normally present, to cause the conductivity to vary over a wide 
range. Presumably this alters the concentration of the free 
electrons without changing other important factors appreciably ; 
for Steinberg* has shown that the Hall coefiScient for this sub- 
stance is directly proportional to the specific resistance. It is 
therefore inversely as n in accordance with equation (71). 

The change of resistance in a transverse magnetic field may 
be calculated on the electron theory in the following manner : 


Using the same notation as in the theory of the Hall effect 
and neglecting the term Heyjc, because it is small when averaged, 
we have 


m c m \ c rriyz m } j 




H e [H e (1 e 


m 


c m\c m\6 771 






4- vt 


X = ■ 


1 e ^ He 

X = - — At 

2 m c 771 


c 711 \24 7n 


i = 7ied) 



12c^ j 


Z. 


If there is no magnetic field j? = 0 and 


• 71 6 " nrr -rr 

^0 ■“ ^ 0 ^ * 


It is important to notice that in the presence of a magnetic 
field the free time t will not be the same as tq, because the 
magnetic field affects the curvature and therefore the average 
length of the free paths, and it may also affect the orientation of 
the systems with which the electrons collide f. Calling Sr the 


* Of. Baedeker, Elektrischen Erscheinungen, etc. pp. 104, 123. 
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change in r thus produced, the increment Si in the current, 
effected by the magnetic field H, is 


n e- 
2 m 


St — 


12 


m- 


So-Z. 


If ^ = 1/cr is the specific resistance 


hp 

p 




1 ^ 


— Jg7.__ 


12 


Since the difference between t and tq is small compared with 
either of them, this may be written 
Sp ^ So- St 1 

— _ -j- — — I I 


To 3 0 - \ne/ 


.(72). 


If we may neglect St/tq this equation may be used to deter- 
mine n, since all the quantities are known. Using this method, 
which is due to Sir J. J. Thomson, Patterson* found that his 
measurements of the change of resistance led to the following 
values of u: 

Metal ... Pt Au Sn Ag Cu 

1-4x1022, 2-2 x 1022, 4-5x 1021, 3-6x1022, 3-4x1022, 


Metal ... Zn 

5-8 X 1022, 


Cd ■ Hg C 

2-7x1021, 4-3x1020, l*08xl0i«. 


It is difficult to judge how much reliance ought to be placed 
on these magnetic methods of evaluating n until a more satis- 
factory explanation of the anomalous values of the Hall coefficient 
is forthcoming. 

A detailed account of the modern experimental data relating 
to galvanomagnetic and thermomagnetic phenomena will be found 
in Baedeker’s Die Elektrischen Erscheinungen in Metallischen 
Leitern, p. 94. 


P)iU. Mag. vol. in. p. 643 (1902). 
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THE EQUILIBRIUM THEORY OF ELECTRONIC CONDUCTORS 

The Emission of Electrons from Hot Bodies and Thermo- 
electric Phenomena. 

When bodies are heated an emission of negative electrons 
is found to occur, which increases very rapidly with increasing 
temperature. The salient features of this phenomenon as they 
have revealed themselves experimentally may be briefly re- 
capitulated as follows : 

(1) The number of electrons^ N emitted at different tem- 
peratures T is governed by the formula 

V = (I). 

A, X and b are constants. A varies very much from one substance 
to another. X is of the order unity, and its precise value makes 
very little difference to the formula, b in equivalent volts is always 
comparable with five. 

(2) The emission (evaporation) of electrons is accompanied 
by an absorption of heatf. In the case of the only metals 
(osmium, tungsten and platinum) which have been examined the 
magnitude of this effect is about what would be expected from 
the values of b. 

(3) The absorption:!; of electrons by a cold metal is accom- 
j)anied by a liberation of heat. For a large number of metals 
this has been found to be approximately what the value of h 
would lead us to expect. 

0. W. Richardson, Phil. Trans. (A), vol. cci. p. 543 (1903). 

t Wehnelt and Jentzsch, Ann. der Pliysik, vol. xxvm. p. 537 (1909) ; Cooke and 
Richardson, Phil. Mag. vol. xxv. p. 624 (1913), vol. xxvi. p. 472 (1913); We hne 
and Liebreich, Verh. der deutscli. physik. Ges. 15. Jahrgang, p. 1057 (1913). 

J Richardson and Cooke, Phil. Mag. vol. xx. p. 173 (1910) ; vol. xxi. p. 40 
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(4) The energy* of, and the distribution of velocity among, 
the emitted electrons is identical with that given by Maxwell’s 
law for molecules having the same mass as an electron at the 
same temperature as the emitting metal. 

In addition to the points outlined above a large amount of 
information bearing on this subject in other ways has been 
accumulated. For an account of this the reader may refer to 
The Electrical Properties of Flames and of Incandescent Solids, 
by H. A. Wilson (University of London Press (1912)), or to an 
article by the writer in the Handbuch der Radiophysik (Univer- 
sity of Leipzig Press (1914)). 

In some cases, notably those furnished by the alkali metals f, 
this emission may be greatly augmented by the occurrence of 
chemical action. In fact, some recent writers have taken the 
standpoint that chemical action is an essential condition for the 
emission to occur. This is very unlikely on general grounds. 
For it amounts to denying that the simplest type of chemical 
action, namely, the decomposition of an elementary atom into 
a negative electron and a positive ion, can ever occur under 
the influence of heat alone. In the opinion of the writer, the 
facts also are decisively against it. The behaviour of platinum, 
which is the substance which has been most thoroughly studied, 
is very difflcult to reconcile with any chemical theory, and the 
currents which can be obtained from incandescent tungsten are 
much too large to be attributed to chemical action 

We shall therefore assume that there is an emission of electrons 
from elementary and compound substances which is a purely 
thermal effect and try to find out what laws we should expect 
such a phenomenon to obey. It is convenient to have a separate 
name for an emission of this kind, and we shall describe the 
emission of electrons which occurs under the influence of heat 
by the term thermionic. 

It is also worth while to consider for a moment what laws we 
should expect an emission to observe which is conditioned by 

* Richardson and Brown, Fhil. Mag. vol. xvi. p. 353 (1908) ; Richardson, Fhil. 
Mag. vol. xvi. p. 890 (1908) ; vol. xvm. p. 681 (1909). 

t Cl Fredenhagen, Verh. der deutsch. physik. Ges. 14. Jahrgang, p. 384 (1912). 

t nf O W TT/^l ..rvxTT QAK nc\tO\ 
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chemical action. The electrons which are liberated are then to 
he regarded as one of the products, either intermediate or final, 
of the chemical action, and the extent to which they are formed 
will he determined by the laws which govern the formation of 
other chemical products. Now, the law which governs the iRte 
of chemical actions in general is not essentially different fi:om (I), 
and something very like the other results enumerated on p. 441 
would also follow in this case, so that such considerations will not 
enable us to distinguish between the two phenomena. The only 
satisfactory criterion is whether the emission of electrons is 
accompanied, pari passu, by chemical combination or decomposi- 
tion of the more generally recognized type. There is no evidence 
that this is universally the case. 

We shall now return to the consideration of the theory of the 
purely thermal emission. This phenomenon may be attributed 
to the increased kinetic energy of the electrons at high tempem- 
tures enabling them to overcome the forces which tend to retain 
them in the conductor. The rate of variation of the emission with 
the temperature may be calculated in a variety of ways. It will be 
conducive to clearness if we sacrifice generality to a slight extent 
and make a definite hypothesis about the structure of the interior 
of a metallic conductor : although many of our results will be more 
general than the hypothesis we are making. We have seen that 
the electrons in a good conductor behave as though they were 
acted upon by fixed centres of force varying as the inverse third 
power of the mutual distance. The potential energy of an elec- 
tron must therefore be continually varying from point to point 
of its path. We shall suppose that the potential energy of an 
electron inside a metal is a function of its position only. In other 
words, we are supposing that the interior of a metal may be 
sufficiently described by mapping it out by a series of fixed 
surfaces, the level surfaces of Tf, the potential energ}' of an 
electron. These surfaces are supposed to be definite and charac- 
teristic for each conductor. The fact that the electrons are in 
motion prevents this from being a complete representation of 
the state of affairs, but it will be fairly certain to give a 
satisfactory account of the more important features of the 
phenomena. 
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are considering is defined by the average number v of them per unit 
volume at that point at any instant, by the potential energy W of 
the electrons at that point, and by the temperature T, which is 
proportional to the average kinetic energy of the electrons. At 
points just outside any conductor W takes the constant value Wq, 
In the state of equilibrium the values of Tfo ^^e different and 
characteristic for different conductors. This definition of Wq is not 
suflSciently exact. At points very close to the conductor an electron 
is attracted towards it by its mirror image in the conductor. 
Thus W increases for some little distance away from the conductor 
and the points at which it approaches a sensibly constant value 
are not immediately outside the bounding surface. On the other 
hand, at considerable distances from the surface W will be affected 
by the potential of other bodies in the neighbourhood. The true 
value of If 0 is the value of W at points at a considerable distance 
from the surface, either in a cavity inside the conductor or outside 
if there are no other bodies in the neighbourhood. 

It follows, as a result of our investigation of the kinetic 
theory of matter (p. 404), that at any point in a system in 
equilibrium at temperature T, 

dn=^vdr = Ke-^l^'^dr (]), 

where dn is the number of electrons, which participate in thermal 
phenomena, in the element of volume dir, and K is constant 
throughout the system, being a function of T only. 

We shall now consider the formulae which determine the 
equilibrium between the external free electrons and the internal 
electrons which can become free. Confining our attention to a 
single conductor, consider first the special case in which there are 
a finite number p of finite internal regions each characterized by 
constant values Tj, ... Vp, Wp, Then if Wq, To are 

the values of the corresponding variables just outside the con- 
ductor, we have 

^0 ^ jr ..... (9\ 

Q-W,lIiT~ ^ ~ ••• ~ W’ 

where n is the total number of electrons which can become free 
that are present in the system. In general it will be possible 

•i - rvcv ■r.rl lAT vi/-. /Vi /-'•T 
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infinitesimal volume, so that 
Vo — rr — 

-q-W^IRT - ^ - e-WIRTdr /e~IF/i2T 

where the integral is taken throughout the entire system, 
regard Wo as a fixed constant, 

VQ = n ij 


( 3 ), 

If we 


(4). 


The next step is to calculate the absorption of heat when 
electrons are allowed to evaporate fi:om a conductor. Consider 
the conductor to be surrounded by an insulating boundary such 
that the volume of the space between the conductor and the 
boundary is v. If the boundary is displaced so that the volume 
increases by dv, work pdv will be done by the equilibrium pressure, 
p, of the atmosphere of electrons. If we admit that such a change 
of the external volume is not accompanied by any material 
alteration of the mutual potential energy of the positively charged 
parts of the atoms which make up the conductor, the increment 


dS in the entropy of the system will be 

dS = ^(dU -^pdv). (5), 

where TJ RT + J) (6), 

J=.jWe-^l^^dr jje-'^l^^dr (7), 

and p — voRT (8). 


n is the total number of electrons in the system which can 
become free, and the integrals in J are extended throughout the 
system. Since n is constant, it follows that when the volume is 
increased by dv the heat abstracted is 

dQ = TdS = dv ^ + v,RT] (9). 

Since 


f We-^l^^dr/i e-^i^^dr 

J T+iJ+Sy / T+y-f-Sy 

f We-^^P'^dr + SvWe-^^/-^^ 

J T+y 



>- Lt ^ \J r.+tj+S-y ^T+'w} 

dv 8v=^oOV^ 


^-WolRT 


} . 

J T-\-V 


e-wiRTdr 


W„- 


J T-\-V 


J < 

J T + W 


e-WIMTdr 


f-(lO), 

I 


where / denotes that the integral is taken over the volume r 

J T + ^ 

of the conductor plus the volume v of the external space. 

Let be the number of electrons in the external volume v 
and Ur the number, of the kind contemplated, in the metal. Then 
in these problems is always extremely small compared with 
Ur, And since 


Ur 


L 


=z= 


e-w/RTdr 

r 

by (3), we may replace 


/; 


e-wiRTdr 


L 


e-wiRTdr 


in (10) by J 


e-WIRTdr. 


Also since 


We-^^l^^dr 


We-^^l^^dr 


J 'Q J '\j V 'V J 1} "^v 

Ur Jt yir T" Jr Vj 


and the following equation is true as regards order of magni- 
tude, 

, = jr = 


Q-Xa!RT ~ Q-JrlRT ’ 

the order of magnitude of 

f We-^^^^dr 

J V 

I 

is that of — . Thus f dr may also be replaced by 

^7 J T+y 
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We~^lRTdr in (10). Whence 


and from (3) 


q-'WqIRT 


(W.-J) (11), 


«^ = I/„(F„- J) (12). 


By comparison with (9) the loss of heat which accompanies 
the escape of one electron is 

dQ 

TXT T . Tim . -nm 


-=Wo-J+RT=w + ET 


Since RT is the external work, w= W^ — J is the internal 
latent heat of evaporation of one electron. Moreover, since /S 
is a perfect differential, 

1 _ A 

dv[dTj,~dT[dvJr 


From (5) and (6) 

KdT),- 


1 f dj 


dv)T~.TV'dv'^'^ 




and 

SO that Vo = AeJ^^ == Ae 

where J. is a quantity, characteristic of the material, which is 
independent of T. 

Equations (14) exhibit the relation between the equilibrium 
concentration pq of the electrons in the external atmosphere, the 
temperature T and their internal latent heat of evaporation w. 
If w were a known function of T, (14) would enable us to com- 
pletely specify vq as a function of T. Some information about 
the way in which w depends on T may be obtained by the 
following slightly different thermodynamic argument. 




The Relation with the Specific Heat of Electricity. 

There is an intimate connection between vq/T,w and the specific 
heat of electricity cr within the conductor under consideration. 
Suppose- that we have two conductors A and A' made of the same 
material, but maintained at the different absolute temperatures 
T and T, They are to be of sufficiently great size and are 
connected by a thin conductor of the same material. The atmo- 
spheres of electrons about A and A' are enclosed and separated 
from each other by a suitable insulating boundary (see Fig. 50). 



If contact difference of potential depends upon temperature, the 
potential V' at the surface of A' will not be the same as that 
at the surface of ^ . If the value at the latter surface is F, the 
electrons in the enclosure surrounding A will be at a different 
electric potential from those surrounding A\ Let eV' be >eV, 
and surround A with a screen which is permeable to the electrons 
and maintained at the potential V', This may be imagined as 
a wire gauze of indefinite fineness which is connected to one 
end of a battery, the other end being connected to A. The 
electromotive force of the battery is F" — F There is no work 
done by the battery, but even if there were it would not affect 
the argument. The nett effect of this arrangement is that the 
electrons in the enclosure outside the potential filter have the 
temperature T and the potential V\ Their pressure po is different 
from the pressure p outside A, the relation being evidently 

log po = log p - 


(15). 
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With the arrangement shown in the figure the electrons are 
made to perform a reversible thermod^Tiamic cycle between the 
temperatures T and T in the following manner: 

By means of a' suitable piston and cylinder arrangement N 
electrons are taken out of the enclosure bounding A. This opera- 
tion is conducted at constant pressure the temperature being T 
and the potential V\ The external work done is NRT and the heat 
absorbed from A is N [w e{V' -V) + RT]. The N electrons 
are then caused to expand adiabatically to the temperature T\ 
The work done during this adiabatic transformation is 


NR 

1-7 


(T'-n 


where 7 is the ratio of the specific heats of the electrons at 
constant pressure and at constant volume. The heat absorbed is 
nil and the pressure is changed from to 

The next step consists in expanding to the pressure p at the con- 
stant temperature T'. The work done here is 

-NRTHfXW'- 

and an equal amount of heat is absorbed. The electrons at the 
temperature T' and potential V' are then allowed to flow into A' 
under the uniform pressure p. The work done during this stage 
is — NRT' and the heat absorbed is -N (;w'-\-RT'), where lu' is the 
internal latent heat of evaporation of one electron at T'. Finally the 
electrons are allowed to flow down the connecting conductor back 
to A, when the whole system is in precisely the condition at which 
we started. There is no work done in the last operation and 

fT 

the heat absorbed is where S is the heat absorbed 

when unit quantity of electricity flows against unit rise of 
temperature. 

Since the heat absorbed during the flow down the conductor is 
taken in at a series of continuously varying temperatures we have 
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to apply the second law of thermodynamics in the integral form 



This 

gives 







W + ( 

s(F'- V) + RT 

T 


-7 

w' + RT' , 
f 

r~dT=0, 

T' 

whence, 

by (15), 







w 

f' 

tv' 

r 

+ i? (logp 

-log/} 


-hgT') + ej 

O 

11 

Si ^ 









(16), 

or 


logp- 

7 

7- 

1 

e 

II 

Si 

( 17 ), 






y 

W 

^ r^dT 


and 


o 

II 

p = 

A-yfy-'^e 

RT 

... 

( 18 ), 






w /■’’/ 

1 

eS\ (IT 


or 



^0 = 

A^e 

ET^J \ 

.7-1 

~ RJ T 

( 19 ). 


In these equations A, Ai and Ao are constants which are 
characteristic of the substance and are independent of 1\ e is 
used for the base of the natural logarithms to distinguish it from 
the electronic charge e. 

A certain amount of caution is necessary in the interpretation 
of these equations. In measuring the specific heat of electricity cr, 
a continuous current is driven along by means of an impressed 
electromotive force. If we are to be certain that S and cr are the 
same thing it is desirable that the flow down the conductor should 
be a continuous process. This can be realized to any desired degree 
of approximation by making the cylinders sufficiently small and 
numerous and working them rapidly enough. As we have not 
proved that the thermal effects arising from a current inspired by 
diffusion are identical with those due to a current driven by an 
impressed electromotive force, it is desirable that the current in the 
unequally heated conductor should be driven in this way. Our 
cyclic process may be adapted to this end by introducing a battery 
in the wire, which is made indefinitely thin, whilst the conductors 
A and A' are indefinitely large. The transference in the wire is 
thus electrically driven and outside of A and A' it is effected 
mechanically, the whole process beinsf continuous. 
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Under these circumstances the w of equations (16) — (19) is not 
necessarily the same thing as the w of equation (14). The latter 
refers to a virtual displacement of electrons across the boimdar}" 
subject to the equilibrium conditions, whereas the former refers to 
a continuous stream such as actually occurs under an impressed 
force. Since the electric transference produces no permanent 
change in the materials, the difference between these two quantities 
will be equal to the difference in the quantities of energy which 
accompany the transference of unit quantity of electricity in the 
respective media on the two sides of the boundary, if such a 
difference exists. If we keep the symbol w for the w of equations 
(16) — (19) and denote the true latent heat of evaporation — the lu 
of equation (14) — by ^ we have 

W — (f) (^1 ^0 )} 

where Xi is the energy transferred by unit electric current in the 
metal in unit time and \q is the corresponding quantity for the 
current outside the metal. Thus instead of (19) we get 

1 . . ... f^/ 1 e(r\dT 

+ j [y-l fJ T (20). 


We have now arrived at two different expressions (14) and 
(20) for vq in terms of <^, cr and T. Since, if and o- could be 
expressed in terms of T, these expressions would have to become 
identically equal, it follows that 

X,-Xo . r/ 1 e<T\dT_f^ 1 dcl> 

RT W-1 T J RTdT^-" 


for all values of T. Hence a will be given by each of the equa- 
tions : 


<7 


1 \ R ^ rp d d4>\ 

e W-1 dT\ T } dT\ 

1 { R w — cf) diu) 

e 

1 R d dfp] 

e dT~T~~dT\ ' 

1 j Xi — Xo cZw] 

e (Un: 


(21), 

( 22 ). 

.(23), 


,( 24 ). 
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Approximation to as a function of T. 


If the electrons are treated as point charges, they have three 
degrees of freedom and 7 = |-. If the collisions of the electrons 
occur with centres of force varying as a power of the mutual 
distance, it follows from the kinetic theory calculations in the last 


chapter that 


d / Xj Xo\ 

dT\T^ ) 


= 0, so that, under these conditions, 


a 




d(^ 

¥t 


( 25 ). 


The value of a is different for different metals and may be either 
positive or negative. In general it also varies with the tempera- 
ture, often in a complicated manner. If the thermoelectric powers 
of different pairs of metals were accurately linear functions of the 


Metal 

Temperature 

°C. 

or 

Erg/El. mag. c.g.s. unit 

Observer 

Mercury 

+ 50 

6-8 xl02 

Schoute 


+ 100 

8-6 xlO* 

5) 


+ 150 

10-6 xlO^i 

}} 

Copper 

-100 

0-9 xlO- 

Berg 


0 

1-6 xl02 

)) 


+ 100 

2-0 xlO“ 



+ 300 

2*1 xlO^ 

Lecher 


+ 500 

2-6 xl02 


Silver 

+ 100 

3-46 X 10'-^ 



+ 300 

4-20 X lO**^ 

55 


+ 500 

4-95 X 10- 

55 

Platinum 

- 50 

-9-4 xlO^ 

Berg 


0 

-9-1 xl0‘-^ 



+ 50 

-9-0 xl02 

55 


+ 100 

-9T xlO^ 


Iron 

0 

-4-0 xl02 

?? 


+ 100 

-12-4 xl02 

5’ 


+ 100 

-13-8 xlO'-^ 

Lecher 


+ 200 

-16-8 xlO^ 

7? 


+ 300 

-14-2 xlO^ 

55 


+400 

-7*5 xl02 


Constantan 

0 

- 23-0 X 10^ 

55 


+ 200 

- 19*9 X 10^ 

55 


+ 400 

-13-7 xlO^ 

7? 
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temperature, then the difference in the values of a for any two 
metals would be proportional to the absolute temperature (equa- 
tions (51), p. 426). This is not borne out by the preceding 
experimental values of a which are taken from a table compiled 
by Baedeker^. Thus for iron a is negative and its numerical 
value is greatest at just over 200° C. It is questionable, however, 

. , dE 

whether the reliability of the experimental determinations of ^ 
and or warrants us in rejecting equation (60), p. 426, Chap. xvii. 


In all cases it has been found that ecr is a good deal smaller 
than fiJ, so that f i? may be taken as a first approximation to the 

value of Thus neglecting the second and higher derivatives 

of we have, approximately. 




(26), 


where <^o is independent of T, 
in (14) we obtain 


Substituting this value of ^ for w 


o 


.(27). 


In this equation and are independent of T to the extent to 
which the assumed approximations are valid. 

Now there is a simple relation between vq and the number 
of electrons emitted by unit area of the conductor in unit time, 
provided we can neglect the reflexion, at the surface of the con- 
ductor, of the electrons which return to it from the exterior. It is 
known from experimental results that such reflexion is appreciable, 
but we shall disregard it for the present, and consider how it may 
be allowed for later. In that case, since represents the number 
of electrons per cubic centimetre of the space in the steady state, 
the number emitted by the surface in unit time will evidently be 
equal to the number returned from the exterior in the same interval. 
This is 



- Tcm («2 + 


,( 28 ). 


TPUh in Metallischen Leitern. p. 76. 
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If we apply a sufficiently great potential difference all the iV 
electrons emitted by the conductor may be collected on a neigh- 
bouring electrode. The ensuing saturation current is, per unit 
area of the emitting body, 

. jSTe = A, ^ ( 29 ), 

where -4 2 and </>o are constants characteristic of the substance but 
independent of T, Had we not made the approximations above 
the index of T would be slightly different from 2 and we should 

have had exponential factors of the type where is an 

extremely small constant. The values of these factors cannot differ 
much from unity. We should therefore expect (29) to give a fair 
representation of the mode of variation with temperature of the 
electrons emitted by hot bodies. The number of substances which 
have been tested in this way is now very considerable and for all 
of them the emission has been found to be consistent with an 

equation of the form Ne = AT^ As, however, the variation 
is almost all in the exponential term the results can be fitted as 
well by ^6 = by taking a slightly different value of the 

constant h in the exponential index. 

We shall now consider the bearing of these effects on the 
nature of contact electromotive force. 


Contact Difference of Potential. 

Imagine an enclosure limited by an insulating boundary, main- 
tained at temperature T. Suppose the enclosure to contain q 
material bodies, arranged in any manner, and that the wliole system 
has come to a state of thermal equilibrium. The temperature 
will then be uniform and equal to T throughout the system. In 
general the surfaces of the bodies will assume different potentials 
Fi.yg, Clearly 

= 

where WP' is the potential energy of an electron just outside the 
mth body. If we can show that are uniiiuely determined 

by the constitutive equations of the system it will follow that 
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etc. represent the concentrations of the electrons at points just 
outside the different bodies. Since there is equilibrium between 
the electrons which are just outside each pair of bodies we evidently 
have q-1 equations of the type 

y(i^lvQ^ = € RT , 

From (14) and (12) we see that there are q equations of the type 

= From (7) there are also q equations of 

the type Jm-^m(T) and evidently there are q equations of. the 
type constant. Altogether there are 4g — 1 equations between 
the 3g variables J and A, the g ~ 1 differences TFo”' - and T. 
Thus there are 4g — 1 equations and 4g variables, so that if one of 
the latter, say T, is given all the variables including the g - 1 
differences are determined. These equations involve 

neither the size, shape nor relative orientation of the bodies, so 
that the differences of potential a^e characteristic of the 

substances under consideration. They are clearly the same whether 
the bodies are in contact or not. 

Since from (l^) w — J it follows that 

TTo’^ Jm - Jp . 

We shall see below (p. 457) that Jm — Jp is small compared wdth 
SO that according to this view the contact difference of 
potential may be estimated from the internal latent heat of 
evaporation of the electrons. The experimental determinations 
of w for different substances are not yet sufficiently trustworthy 
to furnish a satisfactory test of this relation; although such 
indications as there are tend to show that w is smaller for 
electropositive than for electronegative elements. 

The Peltier Effect. 

We shall now proceed to obtain expressions for the various 
physical quantities which are grouped imder thermoelectric 
phenomena. Let us first consider the Peltier coefficient P. To 
do this we need only to consider a reversible isothermal cycle 
involving two different conductors. The arrangement and opera- 
tion is in fact much the same as that shown in Fig. 50 except that 

nf diffp.rftnt materials and are at the 
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same temperature T. Let the suflfixes 1 and 2 be used to denote 
the various physical quantities which relate to the separate materials, 
the notation being otherwise as before. Let eV^ be >eVi. Sur- 
round the first conductor, as before, by a potential filter maintained 
at Fg. This will reduce the pressure of the electrons from to 
and will change their potential energy from eV^ to eF^ but will not 
affect their temperature T. The cycle commences by removing N 
electrons from the enclosure surrounding under the uniform 
pressure pi\ The work done is NRT and the heat absorbed is, by 
virtue of (13), e{V^-Vi) RT]. Next expand at 2' from 

Pi^ to po. The work done and heat absorbed are each equal to 
NR2^log(pi^lp2). Next condense at^o and Fo in the second body. 
The work done is — NRT and the heat absorbed is - iV' + iJ?]. 
The electrons are then allowed to flow along the connecting con- 
ductor to Aiy thus completing the reversible cycle. During this 
operation no work is done, but there is an absorption of heat NQe 
at the junction. The total amount of work in this isothermal 
reversible cycle is NRT\og{p-^lp^^, Since the cycle is isothermal 
this must vanish, so that pi=p 2 ^ The total absorption of heat is 
N + e ( Fa — Vi) + RT + RTlog(p^^l 2 X 2 ) — m — i?2^ -f Qe], and since 
this also must vanish we have 

Qe = W 2 — Wi — e {V^ — Vi) (31). 

If Q is to be the same thing as the coefficient P which is measured 
in experiments on the Peltier effect, it is necessary that the cycle 
® should be operated under the same conditions as when a current 
flows continuously under an impressed electromotive force. Hence, 
as in dealing with the Thomson effect, and lUi will be the values 
of the latent heats which correspond to a steady flow and not to 
equilibrium conditions. Denoting the former by to and the latter 


by (f) as before, we therefore have the equations 

eP^W2-w,-e{V2-Vi) (32), 

= + (33), 

= (34), 

since (j) = WQ-J, 


A series of experimental values of P as well as the values 
of the thermoelectric power of the same pairs of metals at the 
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same temperatures are given in the following table, taken from 
Baedeker^. 


Materials 

Temperature 

C. 

Peltier coefficient in j 

Thermoelectric + 
power. 

1 = 10“6 Yolt per 
degree C. 

Millicalories 1 
per coulomb | 

Ergs per | 
E.M. unit j 

1 

Cii -s- Ag 

0 

0-137 

j 

0-0576 X 106 ! 

2T2 

Fe--^ Constantan 

0 

3-4 : 

1 

1-42 xl06 i 

(47-7) 


100 

4-1 

1-72 xlQO i 

(50-7) 


200 

5-5 

2-31 xl06 i 

(53-7) 

Pb Constantan 

0 

1-90 : 

0-80 xlO" 

27T 


100 

2-V3 i 

1-14 xl06 

33-5 


200 

3-6 1 

1-51 xl0« 

39-9 


300 

4-4 

1-84 xloe 

46-3 

Ocl-^Pb 

0 

0-197 

0-082x108 

3-03 


100 

0-390 

0-163x108 

4-48 


200 

0*646 

0-271 X 108 

5-93 

• 

f 

6 

0 

1-9 

' 0-80 xl0« 

(27) 


100 

2-2 

1 0-92 xl08 

(30) 


about 220 

2-5 (max.) 

I 1-05 xl08 

(34) 


about 340 

1-9 (min.) 

0-80 Xl08 

(23) 


450 

2-4 

1-00 xl08 

(25) 


In all these cases the Peltier coefficient when expressed in 
equivalent volts is of the order 10"^ — volt. The ratio of the 
thermal to the electrical conductivity of metals, which contains X as 

a factor, shows that - (Xg — Xj) cannot be much greater numerically 

6 

than this value of P. On the other hand Fo — Fi may amount to 
several volts in extreme cases. It follows that e ( Fg — F^), Wo — Wj 
and <j6o — (/>i are approximately equal to one another. Thus Jm^Jp 
is small compared with — as stated on p. 455, 

* Loc. cit. p. 73. 

t The values in brackets were obtained from specimens of material different 
from those used in measuring the Peltier coefficient. 



The Thomson Effect. 


A number of expressions for cr have alri^ady been given (p. 451). 
For the purpose of comparing the results of different theories it 
is desirable to express some of them in terms of the quantities. 
J etc. which describe the internal structure of the material 
instead of <j> etc. Consider, for example, equation (23). We have 

^ = and from (2) and (14) 

0 log l/o _ 9 log ^ , Ifo _ _ 1 ^ ^ 

”0f RTdT~RT^ RT^' 


Thus 


00 / 0J „y 91ogA- 

dT~ T dT^ dT 


= -2 


0 

df 


ij^-RlogK 


SO that 


E rn 

+ i T 


E log if ...(35), 


This expression is more general than ecjiiation ((>1) of the last 
chapter, and the two become identical only in rather simple cases. 
We have seen that the kinetic theory methods employed in 
Chapter xvii can only be regarded as strictly accurate when the 
linear dimensions of the regions, within which tlie forces exerted 
on the electrons are appreciable, are small compared with the 
distance between collisions. In that casc^ thf‘ potcaitial c'luugy w of 
the electrons will only differ by a negligibl(‘ amount from the 

f E 

mean value J. Also the A of the -last chaptiu* is e(pial to N 
if W is the number of free electrons in unit volume. Since 


J 


logi\r = logZ-^, = log/f-^J2„ 

^\f-R log z| = -R^^ (log R) = -R g J, (log A) -Iff. 


Thus, from (35), 

_R{ I 

e (7 - 1 2 


rr—' ^ rn ^ 

a= — ^ — - - i 


dT 


log A, - 


X] X| 




\l \q 


if 7 = ' 
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This is in agreement with (61), since under the conditions 
contemplated ~ • 

These equations, which have been deduced from thermo- 
dynamic considerations, are thus in agreement with those given 
by the kinetic theory calculations when the latter are accurate. 
In virtue of (34), equation (35) satisfies the condition 



postulated by Lord Kelvin s Theory. 


Thermoelectromotive Force. 


Having found expressions for the Peltier and Thomson co- 
efficients we can, by means of the energy equation (48) of the last 
chapter, deduce from them the value of the thermoelectromotive 
force of the complete circuit. For a circuit of two materials with 
junctions at T' and Tq one finds in this way, for example, 

E = (V,- r,)r - ( - V,)r + - dT . . .(36). 

In a similar way equations may be obtained containing other 
combinations of the variables which occur in equations (21) — (24) 
and (32)— (34). 


By making the assumption of thermodynamic reversibility and 
substituting the values of P and a from equations (23) and (32) 
in equation (49), p. 426, we obtain 


To 


T 


+ 


r 

J ( 


— W.2 
Tc 




and, after integrating by parts, 
e(V,-V,) 




_ 6, = e If, - U- t4(F - F)} 


or 


,(37). 



By making use of (37) the following expressions for E may 
be obtained from (36) or the equivalent equations ; 

1 [^'w« — Wi + e{Vi — V 2 ) 


E 


-I f 

~eJro 

=ir 

~eJr„ 


r 




V, - V, 


1 fT' Wa - Wi - ^3 + 


T 1 CT' 

+ - 

To ejT^ 


+ 1 r ^1-'^- 

T„ ej To 


T 


T 

dT 


.(38) 
.(39) 

dT (40) 

(41). 


The values in terms of Jj, Js, etc. may be derived by obvious 

dE 

substitutions. The thermoelectric power is given by dif- 
ferentiating (38) — (41) respectively by the upper limit T'. These 
equations obviously satisfy Lord Kelvin’s condition 


^ _P 

dT'~T' 


Alternative Expressions for the Thermoelectric Coefficients. 

If we wish to express these quantities in terms of the number 

( dTb\ 

V == in unit volume at each point of the conduc- 
tor, instead of in terms of the functions J which depend on their 
mean potential energy, we may proceed as follows : 

_w 

Since from (3) v = Ke we have 


[RTlog K - RT log ,,jdr^j~dr 


= RTlogE- 

Thus, for example, 


^RTlogK- — [ vlogvdr 

J T, 

RT 


-/.hr:} 


dn 


eR — *J I — 4" Xj — Xo 


= RT 


A 

RT 




dn] 
dr ^ ' 


RT m 




dn 

dr 


.(42). 


dn 


and similarly with the other quantities ctj, E and 


BE 


BT' 
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If the distance between collisions is large compared with the 
distances within which the forces are appreciable, then the poten- 
tial energy of the electrons is constant in all hut a small fraction 
of the available space. In this case we can replace the average 
values of v and W by actual values without serious error. If, in 
addition, the law of force during collisions varies as a power of the 


distance, we see from the last chapter that 


-f-l-o 


And, 


finally, if the law of force is the same for the different materials 
then, for any pair, = 0. Under these circumstances the 

expressions which have been found reduce to 


Pe = RT log Vijvi 


,(43), 


R 


.7 


^-r^(logr0 


.(44), 


'«)• 

(46). 


dE R , Vo 


These equations are exact if the collisions are always like those 
between hard elastic spheres. 


Comparison with Experiment 

There are a number of reasons why formulae (43) — (46) are 
unsatisfactory. In the first place the ratio of thermal and electrical 
conductivities indicates that the force during collisions does not 
vary very sharply with the mutual distance. Moreover the computed 
strength of the centres indicates that the electrons are never free 
from very considerable forces. Thus the theoretical conditions are 
far from being satisfied. In the second place the formulae are 
contradicted by the thermoelectric data themselves. By Irypo- 
thesis all the electrons are to be treated alike, so that v in 
equations (43) — (46) represents the number of current-caiT}ung 
electrons in unit volume of the material. Now the electrical 
conductivity is proportional to v, and there is no reason to expect 
that the other factors which enter into it will not be of the same 
order of magnitude for different substances. We should therefore 
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with the ratio of their specific electrical conductivities. Formula 
(43) would therefore lead us to expect an exceptionally large 
Peltier effect at the junction between a very good and a very bad 
conductor. The Peltier effect in a number of cases of this kind 
has recently been investigated by Koenigsberger and Weiss'^. 
Although these experiments are difficult to make, they seem to 
have established that the Peltier efiect in such cases is not, in 
general, of exceptional magnitude. In some cases it was found 
to be in the opposite direction to that given by equation (43). 
The more complete theory involves two considerations which are 
neglected in equation (43). In the first place, the law of force 
during collisions may vary from one material to another. It is, 
however, extremely improbable that the term Xi — which arises 
from this circumstance, can be comparable with the term involving 
log vijv^, when the ratio of the two conductivities is very great. 
We are thus driven to the conclusion that the difference in the 
potential energy of the electrons is not, in general, measured, even 
approximately, by RTlog Vi/vo, where Vi and ^H’e the volume 
concentrations of the free electrons. This objection cannot be 
made in the case of the formulae given by the more complete 
theory, which make the Peltier effect depend on the mean poten- 
tial energy of all the electrons which may, from time to time, 
become free under the dynamical actions actually occurring, and 
not on the actual or average number of those fr*ee instantaneously. 
The number of the former may be quite considerable, although, on 
account of the intensity of the attraction of the rest of the atom, 
very few of them are able to get free enough to take part in 
carrying the current at any instant. 

A second point which is of interest in this connection is that 
raised by the phenomena exhibited at the melting-point. For all 
the metals which have been tried, except antimony and bismuth, 
the specific conductivity of the solid at the melting-point is greater 
than that of the liquid. The changes are ({iiite considerable, 
the ratio of the two specific conductivities varying from 1*34 
in the case of sodium to 4*1 in the case of mercury. In the 
case of antimony the ratio is 0*70 and in the case of bismuth 
0*46. All the metals except antimony and bismuth contract when 
they solidify. In accordance with (43) and (46) we should expect 

* Ann. der Phvsik. vol. xxxv. d. 1 nQllL 
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these changes in the electrical conductivity to be accompanied by 
very considerable changes in the Peltier effect and the thermo- 
electric power. Such effects have been looked for most carefully 
and with negative results. It is clear that the change in the 
thermoelectric power, if there is any, is much smaller than we 
.should expect from (46). However, it cannot be said that the 
absence of Peltier effect at the melting-point is properly under- 
stood on the more general theory. It is evident that it might 
happen in a number of ways which it would take too long to 
discuss here. 

In the case of the iodiferous cuprous iodide, to which reference 
has already been made in connection with the Hall effect, Baedeker* 
finds equation (46) to be accurately verified if the relative values 
■of V are measured by the relative conductivities. It seems as 
though the conditions affecting the motion of the electrons are 
much simpler in the case of this substance than in the case of the 
metals. 


The Conducting Electrons. 

The expressions which have been obtained for the various 
thermoelectric quantities involve integrals which are extended 
over all the electrons which are able at any time to take part in 
thermoelectric phenomena. In general we should expect only part 
of these electrons to be capable of engaging in the transportation 
of the electric current. Many of them will be so strongly attracted 
to the atom nearest to them that they will only rarely be able to 
escape from its immediate neighbourhood. Such electrons will 
only be slightly displaced under the influence of an external field 
and will not participate in the conveyance of the conduction 
•current. 

It seems natural to suppose that the conduction current is 
carried by those electrons of the class contemplated which are 
instantaneously executing open, as opposed to closed, orbits. An 
expression for the number K of electrons which are executing 
open orbits may be obtained on the assumption, which accords 
with the results of the discussion in the last chapter, that the 
electrons are attracted by centres of force var}dng inversely as the 




cube of the mutual distance. Let R be the instantaneous radius 
to the centre and 6 the angle this makes with the direction of R 
when t = 0. Let t be the tangential and R the radial component 
of velocity. Let Vj be the velocity from infinity, then 

^ = - W. 

It is shown in Routh’s Dynamics of a Pa^Rcle (Cambridge, 1898), 
p. 231, that all the orbits for which < T- are open. 

The equation to the others is given by 

4 = J.e”* + 

K 


where TQ = h{A + B), ttf^ = nh{B — A), Tq and Rq are the values of 

T and B when t and 6 are zero, = and h = RT. Evi- 

rr 2 
-^0 

dently R can only become infinite if A and B have opposite signs. 
Since 


B^--A 


T 

^ 

1 — ^ 

Ro 


the condition that B and A should have the same sign is 

7^2 ^2 

2-^0 


i.e. 


R,^ Ro^ 

> 2V -h R^\ 


>1, 


The complete condition for an open orbit is therefore that the 
initial kinetic energy should exceed the kinetic energy due to the 
attractive forces supposed to act from infinity to the point con- 
sidered. If we put ^ = — Tf = we evidently have 


hN 


— jjj e 


\RTJ 


.(47). 
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where Sn denotes the number of electrons of all sorts at a point 
where their potential energy is W at any instant, and SiY denotes 
the number of them which will execute open orbits. This calcula- 
tion assumes that the distribution of kinetic energy- among the 
particles is independent of the potential energy, a conclusion which 
we have already established (see p. 405). 

Now the number dn of electrons of all speeds in the element 
of volume dr is equal to vdr where, from (3), 



whence the total number N of current-carrying electrons in the 
volume T is 

J\r=f vx{WIRT)dT 
J T 

= n I % (48). 


It is impossible to predict anything very precise about the 
behaviour of integrals like those in (48) ; but it will be observed 
by comparing with formula (39), for example, and neglecting 
X 2 -X 1 , that both the number of current-carrying electrons in a 
■cubic centimetre and the thermoelectric power are functions of 


the distribution of ^ in the space inside the conductor. We 


should therefore expect that any cause which produced a continuous 
alteration of the electric conductivity of the substance at a given 
temperature would produce a corresponding alteiation in the 
thermoelectric power. The changes in the one quantity would 
be expected to follow changes of the other quantity in a corre- 


sponding manner. 

Evidence of a correspondence of this kind exists in the case of 
alloys. Their electrical behaviour is found to depend very largely 
on the intimate structure of the alloy. From this point of view 
alloys may be regarded as falling into two main classes: (1) those 
which consist of mixtures of crystals of the constituents and 
those formed of crystals whose constituents are niiitualh 
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soluble. In some cases the constituents are only able to dissolve 
in one another to a definite limited extent. In other cases chemical 
compounds are formed which give rise to considerable complication. 
The behaviour in such cases, however, is determined by the mutual 
solubility of the compounds and the independent constituents ; so 
that the effect of chemical combination is practically to increase 
the number of substances which have to be considei'ed. Otherwise 
their behaviour is similar to that of cases where no chemical com- 
bination appears to occur. 

Let us consider the two simple cases of complete immiscibility 
and of complete mutual solubility, from which all the others may 
be developed. In the case where the constituents are entirely 
immiscible the specific electrical conductivity, expressed as a 
function of the composition, changes linearly from the value 
characteristic of one of the pure substances to that characteristic 
of the other. 'Precisely the same statement is true of the thermo- 
electric power referred to a standard metal. The behaviour of 
alloys whose constituents are mutually soluble is entirely different 
in character. The addition of a small quantit}^ of either constituent 
to the other pure metal produces a large diminution in the specific 
electrical conductivity. The diminution produced by the ad- 
dition of a given quantity of the foreign substance diminishes 
progressively as further amounts are added. Thus the curve 
which expresses the conductivity as a function of the percentage 
composition drops sharply from the value corresponding to either 
pure metal and has a fiat minimum in between. The curve which 
expresses the thermoelectric power as a function of the composition 
is entirely similar in character. The reader who is interested in 
the electrical properties of alloys will find a verj good account of 
the recent developments in Die elektrisohen Erscheinimgeri in 
metallischen Leitern by K. Baedeker (Braunschweig, 1911 ). 

We have seen that a considerable change in electrical con- 
ductivity is unaccompanied by corresponding changes in the 
thermoelectric quantities in the case of pure metals at the melting- 
point. It seems probable that in this case there is something in 
the conditions of equilibrium which makes J -f X take the same 
value for the electrons in the two phases. This would not 
necessarily involve a corresponding equality in the fraction in 
In addition there is tfip. nnssiRilifAr Afi.nsAS 
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a considerable change, without altering J, in the centres which 
determine what corresponds to the mean free path. 

It is worth while to consider the form taken by (48) in two 
simple cases. In the first let us suppose that the interior of the 
conductor may be divided into two classes of regions, for the first of 
which, Ti, ^ (=— W) has a large value which we can denote by (j>D. 
For the second suppose that ^ = 0. Then (48) becomes 


iV = 


V TT 



4- To 


• (49). 


This formula makes the conductivity increase rapidly with in- 
creasing temperature on account of the factor The 

experiments made by Horton, Koenigsberger and others on the 
conductivity of comparatively poor conductors show that the 
temperature variation can be represented satisfactorily over a 
considerable range by a formula for the conductivity developed 
from an expression of type (49) for the number of nurrent-carr^ung 
electrons. 


In the second place suppose to be small. Then if we neg- 
lect terms involving {^IRT)i and higher powers we find 


N = n (l - (50). 


where is the mean value of </>^ taken throughout the volume 
of the conductor. We should expect this type of formula to apply, 
qualitatively at least, to the best conductors ; for the variation of 
conductivity with temperature in such cases is comparatively 
small. According to (50) N will always be less than n, which it 
approaches asymptotically as <j>/RT approaches zero. Thus N will 
always increase with rising temperature. In order to explain the 
decrease in the conductivity of the pure metals with rising tem- 
perature it is necessary, if this theory is to hold, to fall back on an 
increase either in the number of the centres of force per unit 
volume or in their strengths. 

Some of the rather bad conductors investigated by Koenigs- 
ovUiVii-i-. TTCivv inf-ATAstinor rih ATin-mona,. Thus in the case of 


magnetite the conductivity increases rapidly with increasing tem- 
perature at low temperatures, to a luaximuni at about 240° C. 
After that it falls ott‘ as the temperature rises in a manner which 
resembles the behaviour of the metals. The rapid Increase at low 
temperatures is evidently due to the large increase of JV with T 
when ^/RT is large. The subsequent decrease may tentatively 
be attributed to an increase in the number of the repelling centres 
or to a change in the magnetic structure of the substance. A 
comprehensive account of the temperature variation of the electrical 
properties of the comparatively poor conductors, by Koenigsberger, 
will be found in the Jah'huch der Radioaktivitdt urui Electronik, 
vol. IV. p. 158 (1907). 


The Reflexion of Electrons at the Surface of Conductors. 

According to the theory on p. 444 et seq., the concentration 
of the electrons at a point close to a conductor in an enclosure at 
a constant temperature T is determined by T and the intrinsic 
potential Vm of the conductor. Thus the equilibrium pressure 
p has a definite value and in accordance with equation (14) is 
given by 

P = = (51), 

where is the internal latent heat of evaporation reckoned per 
electron and A is a constant characteristic of the material but 
independent of T, This equation can bo established in a very 
general manner and is true even if the electrons are emitted 
wholly or in part by the photoelectric action of the complete 
aetherial (black body) radiation*. Now in accordance with (28) 
the number of electrons which reach unit area of the surface of the 
conductor from outside in unit time is 






(52). 


In the steady state this quantity must be equal to the number 
emitted by unit area of the substance in unit time provided all 
the incident electrons are absorbed by the conductor. However, 
the experiments of von Baeyerf and the writer J have shown that 


* See 0. W. Eichardson, Phil. Mag. vol. xxiii. p. 619 (1912). 
t Ber. derJDeutsch. Physik. Ges. Jahrg. 10, p. 96 (1908). 

X Phil. Mag. vol. xvi. p. 898 (1908), vol. xvm. p. 091 (1909) ; Phijs. Rev. vol. xxix. 
p. 557 (1909). 
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a very considerable proportion even of the very slow moving 
electrons which are emitted by photoelectric and thermionic action 
is reflected by metals, so that it is necessar}^ for us to take 
reflexion into account. 

If the body is not a perfect absorber then some of the N 
electrons will be reflected by it. Let the proportion reflected be r. 
Then the number actually absorbed by the conductor in time dt is 
{l — r)Ndt, Let the number emitted by the same surface in time 
dt be eXdt Then the equilibrium condition gives 

€-l-r (53). 

Thus the einissivity (compared with a perfect absorber) and the 
reflecting power are complementary. 

This result is somewhat analogous to Stewart and Kirchhoff’s 
radiation law. By introducing kinetic theory considerations it can 
be shown that the equality ‘ holds for each group of velocities 
u, Vy Wy duy dvy dw^. A number of measurements of the reflexion 
of slow electrons by different metals have recently been made 
by A. Gehrtsf. 


Photoelectric Action, 

As is well known, the fact, discovered by Hertz, that a spark 
passes more easily between two terminals when that which is 
negatively charged is illuminated by ultra-violet light, led to the 
discovery that the incidence of light of sufSciently high frequency 
caused the emission of negative electrons from conductors. This 
phenomenon, which is called the photoelectric effect, is certainly 
very general and appears to be a universal property of matter. 
There is no doubt about the universality of this effect when the 
term light is understood to include X rays and 7 rays, although 
some experimenters have recently called in question the per- 
manence of the effects exhibited by metals and ordinary ultra- 
violet light:]:. We shall now consider what conclusions may be 
drawn as to the nature of photoelectric action, by the application 

0. W. Richardson, Fhll. Mag. vol. xxiii. p. 606 (191‘2). 
t Ann. iler Physik, vol. xxxvi. p. 995 (1911). 

+ G. Wiedmann and W. Hallwachs, Ver. d. 1). Phijsik. Ges. yoI. xti. p. 107 


\J xnjii 




of the principles of thermodynamics and the kinetic theory of 
matter. 


Consider an enclosure maintained at the constant temperature 
T containing a material which is photoelectrically active but which 
has negligible thermionic emission. No such material may exist; 
but this will not vitiate the results if thermionic and photoelectric 
actions are independent, a hypothesis which we shall adopt. The 
equilibrium concentration of the electrons near the photoelectric 
material will be determined by equation (51), as we may show by 
considering the work done against a piston which is transparent to 
radiation but impervious to electrons. The number which return 
from the enclosure per unit area of the surface of the material in 
unit time is therefore given by (52). If a is the proportion of 
these which is absorbed, i.e. not reflectcid, it is necessary, in order 
that the conditions should be steady, that the number emitted in 


unit time should be equal to 


T 

27rmR 




But the number emitted is a function of the intensity or 
density of the surrounding radiation. Experiments have shown 
that for monochromatic radiation the number is almost, if not 
exactly, proportional to the intensity of the illumination and varies 
little if at all with the temperature, when the other conditions are 
constant. We may therefore assume the photoelectric emission to 
be proportional either to the density of the aetherial radiation 
present or to its rate of emission or absorption. We shall take 
the latter as being the more general. Our results can then be 
adapted to the former hypothesis by making the emissivity € equal 
to unity. If the steady energy density in the vibrations between 
V and V dv is L {v) dv the energy belonging to these frequencies 
which is incident on area dS in unit time is 



L {v) dvdcodS cos d, 


where dco — 27r sin ddO and the limits are from 0 to 7r/2. Thus, if 
€ is the emissivity of the material, the amount of energy of these 
frequencies which is emitted from unit area in unit time is 
\GBL{v)dv. Let us suppose that the emission or absorption of 
unit quantity of radiant enercv of fron np-nr^Tcr 0+ f 
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causes the liberation of F {v, T) electrons. Then the total number 
of electrons emitted in unit time by the complete radiation is 

N-=^j%F(p,T)L{v)dv ( 55 ). 

For equilibrium (54) and (55) must be identically equal for all 
values of T. Thus if we can express L (v) as a function of v and 
T, and <j!) as a function of T, we shall have an integral equation of 
Avhich eF (z/, T) is a solution. 

We see from equation (26) that (j> is approximate!}- equal to 
<f)o + %RT, where is independent of T. Over the part of the 
spectrum we are dealing with, L{v)dv can be represented wdth 
great accuracy by equation (47) of Chap, xv, or 


hv 

L (v) dv = Sirh ^ e dv. 


Thus from (54) and (55) 


/: 


hv 


%F{v,T)hre ^^dv = A,T'^e 


where 




ol4c- 


(2'7re)%7i^R^ 


(56), 

.(57). 


We shall assume that Aj is independent of T, This has not 
been proved, strictly speaking, as (f> is only approximately equal 
to (j)o + iRT and a will also involve T. All that we shall claim 
for our results, therefore, is that they wdll represent the way 
eF (v, T) varies with the parameter when the matter is supposed 
to satisfy certain ideal conditions which may be only approximately 
realized in practice. However, solutions could be found for other 
cases in which on the right of (56) is replaced by certain other 
functions of T, 


When Ai is constant, (56) is solved by 

eF{v,T)-0 when 0 < Ai; < (^S), 

and eF{v, T) = ^ when (^o <hv<cc ...(59). 

This solution makes the photoelectric action of monochromatic 
light independent of and the emission zero when the frequency 
is below a certain critical value. These results are both in agTee- 


Z XJnLiii U 1 JUIJDXVI U m JL xa xuv/x\/ X vy x 


Kj\^xy xjKjy^x v_/XVO 


Now consider the average kinetic energy of the electrons 
which are emitted by light of frequency v. The total energy E 
emitted under the influence of the complete radiation at T is 
clearly 


E = ^r E,eF(v)L(v, T)dv (60). 

This must be balanced by the kinetic energy returned to the 
metal by the stream of electrons, N per unit time, from outside. 
If n is the number of electrons per unit volume of the space 
outside, the stream of energy which reaches unit area in unit 
time is 

E' j j j tim {iC^ + (ludvdv.\ 


and since k = (2RT)'~^ and N = n 



RT 

2mir’ 


E' = 2NRT (61). 

Of this energy let the proportion 1 — /3 be reflected; then /3 is 
the proportion which is absorbed. Thus for equilibrium 

E = 0,2NRT (62). 

If we neglect the effects of reflexion, by putting a = /3 = 1, and 
substitute the value of N given by (47), Chap, xv, making the 
same approximations as before, we obtain from (60) and (62), 

[ dv E^,eF ^2AiRT'^e~'^^^^'^ (63). 

Jo 

Subject to 

eF (v) = 0 from 2 ^ = 0 to 2 / = </)o/A, 

A h 

and = —(j>Q/hv) from v = cl)Jh to v = 00 , 

the solution of this is 

E^ = hv - <f>Q when <)[>o < Ai/ < a? (64). 

For values of hv which lie between 0 and (f>^^ has no meaning, 
as the corresponding electrons have no external existence. 

The solution (64) is dependent on the assumption that the 
reflexion of electrons can be neglected. This is equivalent to 
assuming that effects which arise from the collisi(jns of the 
electrons may be disregarded. But if we consider thi« fiv^m ilia 
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point of view of the electrons emitted under the influence of the 
light, we see that neglecting the effect of collisions is tantamount 
to assuming that the only energy lost by the electrons is used up 
in overcoming the work <f) of the forces which tend to retain them 
in the interior of the substance. Under these circumstances the 
kinetic energy of the escaped electrons will be equal to that which 
they acquire by the action of the light (not necessarily from the 
light directly) minus the work <l> which they have to do to escape. 
It is clear that the energy which they acquire under the influence 
of the light is hv, where h is Planck’s constant. It evidently has 
the same value for all the electrons liberated by light of the same 
frequency ; any difference in the energy of the electrons emitted 
by monochromatic light must therefore be attributed to the effect 
of collisions of the escaping electrons in the interior of the 
substance. 

We can take account of the reflexion of electrons tentatively 
by putting /3 = sol. Then instead of (64) we get 

Ev — s (hv — ^o) when (f)Q<hv < cc (65). 

For small velocities of incident electrons, such as those with 
which we are concerned, the proportion reflected increases with 
increasing energy. It follows that out of a mixed aggregate of 
incident electrons a greater proportion of the slow ones will be 
absorbed than of the fast ones, and that the proportion of incident 
electrons which is absorbed will be greater than the proportion of 
their incident energy which is absorbed. Thus s will be a positive 
quantity which is less than unity. 

There is no conclusive reason for denying the applicability of 
the type of argument given above to the emission of material 
particles of all kinds, whether charged or uncharged and of 
whatever chemical nature, under the influence of every type of 
aetherial radiation, provided the chemical actions are of a rever- 
sible character so that an equilibrium in the material part of the 
system can occur. 

The foregoing treatment of this subject is taken from papers 
by the writer"^. An equation resembling (64) was first given by 
Einstein + as a consequence of the view that the energy of light 

Phys. PU'V. vol. XXXIV. p. 146 {1912); Phil. Mag. vol. xxiv. p. 570 (191*2). 
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waves was distributed in discrete quanta. For further develop- 
ments of the subject the reader may consult the following papers: — 
Einstein, Ann. der Physik, vol. XXKVII. p. 832 (1912); Joiirnal de 
Physique^ 1913; Planck, Sitzungsher. d. k Preuss. Akad. d. Tfm., 
Math. Phys. Kl vol. xviii. jj. 350 (1913); 0. W. Richardson, PUL 
Mag. vol. xxvii. p. 476 (1914). 

Measurements of the kinetic energy of the electrons emitted 
by various metals under the influence of light of different 
frequencies, which have recently been made by the writer and 
Dr K. T. Compton^, afford considerable support to the above 
theory. Denoting the maximum observed value of by and 
the mean value by E^, these quantities were found to satisfy the 
relations 

Em. = hii {y - Vq) 
and E^, — k^, (v — Vq) 

corresponding to (64) and (65). The values of the constants found 
are given in the accompanying table : 


Metal 

Values from 2?,,^ 

Values from Kv 


I'O 

^0 

kn 

1 

Xi, 

Xv 

Na 

51-5 

r)8*.3 

5*2 

52 

57*7 

2*6 

A1 

03 

47*7 

4*3 

73 

41*1 

2*6 

Mg 

78*5 

38*2 

5-2 

80 

37*5 

2*55 

Zn 

80 

:17*6 

51 

84 

35*7 

2*8 

Sn 

83 

;16*2 

4*9 

89 

33*7 

2*75 

Bi 

91 

33 

3*55 

89 

33*7 

' 1*9 

Cu 

100 

m 

3*8 

97 

30*9 

1 l*f)5 

Pt 

104. 

i 

28*8 

5*85 

103 

29*1 

2*8 


The units are: for r,), 10^'^sec.“^: for Xo, 10“*' cm.: and for 
and k^,, 10"-^ erg sec. 

According to these results s in (65) is very close to ^ for all the 
metals investigated. The values of kn are all somewhat less than 
the radiation value h — 6*55 x 10~-’ erg sec., but there are a number 
of minor causes which might give rise to this discrepancy. There 
is another way in which Ji may be estimated from tliese observations. 
Vo, the least frequency which will give rise to any photoelectric 
emission, is equal to (j)o/h. If we may assume that ()[>o has the 
same value as in the thermionic emission and that it is correctly 
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given by the measurements of the latter effect which have been 
made, we can evaluate h from and A number of observers 
have found values of (^o for the thermionic emission from platinum 
in the neighbourhood of 8*32 x erg. Whence 

h = cf>o/z;o = 8*07 X 10~^ erg sec. 

Thus this method of evaluating h leads to numbers which are 
about as much above the radiation value as the others are below 
it. From the experimental values of the corresponding values 
of can be calculated. The differences of <560 for different metals 
are found to agree fairly closely with e times the corresponding 
contact differences of potential. This is in agreement with the 
theory of contact electromotive force which has already been given. 

The linear relation between and v has been verified inde- 
pendently by A. LI. Hughes* whose values of exhibit a fair 
concordance with most of those given in the preceding table. The 
first measurements of the energy of the electrons emitted under 
the influence of ultra-violet light were made by Lenardf. 

These results must be considered as confirmatory of the 
validity of Planck’s radiation formula. 

* P/mL Trans. A, vol. ccxii. p. 205 (1912). 
t A7in. del' Physik, vol. vm. p. 169 (1902). 



CHAPTER XIX 


TYPES OF RADIATION 

In recent years the number of different kinds of radiation with 
which we have become familiar has been greatly extended. This 
is especially the case if the expression radiation is made to include 
any invisible form of energy which originates at a material source 
and is capable of travelling through empty space at a very high 
speed. We shall adopt this extension of the term for the present, 
as it is convenient for the immediate purpose of our discussion. 

To classify the different radiations it is desirable to place them 
in the following groups : 

(A) Material and electrically charged. 

(B) Material and uncharged. 

(C) Aetherial. 

To determine whether a given radiation falls in group (A) or 
not is usually a comparatively simple matter. The rays are bundles 
of electrified particles in rapid motion. They will therefore behave 
like an electric current flowing in a flexible conductor and thus be 
deflected in a magnetic field. The direction of the deflexion enables 
the sign of the charge which the particles carry to be determined. 
Another method is to receive a beam of the radiation in an elec- 
trically shielded and insulated conducting cylinder. The cylinder 
will then charge up with electricity of the same sign as that carried 
by the particles which constitute the radiation. This method, 
though more direct, is often less easy of practical application than 
the method which makes use of the magnetic deflexion. 

To distinguish between groups (B) and (C) may be extremely 
difficult. In the case of radiations whose frequencies lie within 
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or close to the range covered by the visible spectrum the occur- 
rence of interference, diffraction, refraction and dispersion is taken 
to indicate that they are aetherial ; since it is only on the theory 
of waves propagated in a continuous medium that the phenomena 
enumerated have received an adequate explanation. On the other 
hand if the frequency of the waves were very great it might be 
extremely difficult, if not impossible, to detect these effects ; so 
that this criterion would not necessarily be available. 

Rather recently W. H. Bragg* has suggested a different method 
of distinguishing between aetherial and uncharged material rays. 
The distinction depends upon the geometrical distribution of the 
secondary rays which arise when the primary rays fall on matter. 
Recent investigations have shown that these secondary rays may 
differ greatly in character according to circumstances. Generally 
speaking, their nature is determined partly by that of the primar}^ 
radiation and partly by that of the matter on which it impinges. 
It often happens that the impact of a simple primary radiation on 
a chemically simple substance will cause the simultaneous emission 
of more than one type of secondary radiation. The different t}^s 
of radiation which may thus arise will be considered more fully 
below. For the present it is only necessary to realize that the 
secondary rays in general consist partly of negatively charged 
particles (electronic or ^ type) and partly of rays which are similar 
in their properties to Roentgen rays (X type). 

Now consider the emission of ^ secondary rays which occurs 
when a beam of X primary rays impinges normally on a slab of 
absorbing matter of indefinite thinness. The number of y3 rays 
emitted from the side of the slab on which the primary rays are 
incident would be expected to be smaller than the number emitted 
on the emergent side, if the X rays are uncharged material particles. 
For, in this case, the emitted electrons will be either those wdiich 
were originally present in the slab and which are knocked out of 
it by the moving uncharged particles ; or they will consist of those 
of the moving uncharged material particles which have lost a 
positively charged constituent by collision with the atoms of the 
slab. In either event the average value of the component of 
velocity of the emitted electrons along the normal to the surface 
will not be zero and will be in the direction of the incident radiation. 

Nature, vol. lxxvii. p. 270, Jan. 23 (1908) ; Phil. Mag.vol. xvi. p. 918 (1908). 



There will therefore be a greatta* imiaber of ^ rays emitted from 
the emergent than from the incident side of the slab. 

At first sight it appears that this difference ought not to be 
found if the incident radiation consists of aetherial pulses similar 
to those which, as we havi‘ seen in Chap, xii, are (unitted when 
a charged body is accel(‘ratt‘d- Undt‘r these circumstances the 
natural view of the emission woidd st*eni to }.)e that the electrons 
present in the slab receive an impulse from the electric intensity 
in the passing pulse. Now tht‘ electric intensity is always normal 
to the direction of propagation of the pulst* and thus lies in the 
plane of the slab. From this point of view there is nothing to 
favour one side of the slab rathtu* than tlu^ oth(‘r, so that the 
emission of electrons slnnild bi‘ the sjune on the incident as on 
the emergent side. 

The distribution of the secondary (‘mission produced by the 
’7 and Roentgen rays has been (‘xamiiu‘d (‘xpca'inuaitally by Bragg 
and others. In every case it has betai found that th(‘re is a larger 
emission from the emm'gent side of a thin platt^ than from the 
incident side. These results hav(* led Bragg to maintain that 
the 7 and Roentgen rays C(msist of uncharg(‘(l material particles 
and are not ‘'aetherial” ptdses. It was shown first of all by 
0 . Stnhlmann'*^, and about tln‘ sam(‘ tim(‘, ind(‘pendently, by 
E. D. Kleemanf, that a, similar lack of symimday occurs in the 
emissi(m of electrons from thin j)lat(*s when illuminakKl by the 
ultra-violet light from tlu* arc. ft thus a,i>p(‘ars that Braggs 
criterion leads to the vi(‘w that light, as w(‘ll as th(‘ radiaticms 
previously enumerated, consists of luuitral maUa-ial j)articles. 

Under the circumstanca^s it is (]<‘sirabl«‘ to n^eonsider the 
position. One of the chief difficult.ies li(‘s in tlu‘ fact that we 
have no adequate theory of tin* mechanism of tin* al>sorption of 
light and similar radiations hauling to the emission of cdcctrons. 
The view which imagiiH‘s th(‘ kim^tic (‘lungy of th(‘ ek^ctrons to 
be derived from the work doiu* by th(‘ (‘hx:tric inkmsity in the 
pulse, as it passes over thtau, hauls to vahi(‘s of th(‘ kinetic energy 
which are far srnallei* than thos(‘ obs(‘rv(‘d (‘xp(‘rimentally. Thus 
the occurrence of asymmetrical (‘mission is not the only difficulty 

^ NaUire, May 12 (1010); PhiL Ma(i. vol. xx. p. 331 (1010), vol. xxii, p. 854 
(1911). 

t Nature, May 10 (1910); Itoy. Sac. Proc. A, vol. lxxxiv. (1010). 
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experienced by this simple theory. In this connection it is worth 
while to point out that the simple theory does lead to a slight 
excess of emergent emission owing to the deflexion of the moYing 
electrons caused by the magnetic force in the aetherial pulse. This 
deflexion, however, is far too small to produce the observed eflfects 
if the force in the pulse is supposed to be distributed uniformly, 
in the usual way. On the other hand the application of thenno- 
dynamic and statistical principles to the study of thermal radiation 
and photoelectric action led us to the view that when i*adiant 
energy causes the disruption of an electron from a material system, 
the electron acquires an amount hv of energy, where k = 6*55 x 
erg sec. and v is the frequency of the radiation. This value is in 
good accord with experiment, although for any moderate value of 
V the amount of energy hv is much greater than that which we 
should expect the electron to acquire, on the simple view dis- 
cussed above, from the direct action of the pulses. It seems 
fairly clear either that the (electromagnetic) constitution which 
we have assumed for the radiation is at fault or the mechanism 
of the process of absorption is different from what we have 
supposed. 

In view of the latter possibility it is very desirable to see if 
we cannot find out anything about the magnitude of the Bragg 
and Stuhlmann effects to be expected from aetherial radiations, 
without making any definite assumption about the way in which 
the radiation is absorbed, but keeping to the value hv of the energy 
acquired by the disrupted electrons, which, as we have seen, is 
confirmed by experiments on photoelectric action and by the 
theory of heat radiation. Consider again the case of aetherial 
radiation incident normally on a thin slab of absorbing material. 
In general, absorption may occur through the operation of processes 
of very different nature, for example, conduction as opposed to 
accumulation by relatively fixed and stable arrangements ; but we 
shall suppose that the only type of absorption which we need to 
consider in our slab is that which results finally in the disruption 
of electrons from material systems. We shall fix oui' attention on 
the state of things which exists after the slab has been illuminated 
for a sufficiently long time so that there is no further accumulation, 
in the slab, of energy abstracted from the incident beam. Under 
these circumstances the energy absorbed from the incident radiation 



will appear, at any rate in the first instance, as the kinetic energy 
hv which the disrupted electrons possess at the instant of disruption. 
Thus if there are N of them disrupted in unit time the energy 
absorbed from the radiation is Nhv. It is important to observe 
that the energy of the electrons which we have to consider here 
is that which they possess before, not after, they are emitted from 
the slab. 

But energy is not the only physical quantity of which the 
incident beam suffers depletion. We have seen in Chap, x, p. 211, 
that when a material system similar to that under consideration 
absorbs an amount E of aetherial energy an amount of momentum 
E/c disappears from the aether. In the present case this momentum 
must be communicated to the slab and the electrons it contains, 
in order to satisfy the law of action and reaction. Now according 
to the electron theory the action of the radiation is on the electrons; 
so that this momentum is communicated to them in the first 
instance, and such of it as is ultimately received by the slab of 
matter only reaches it indirectly through dynamical actions of the 
nature of collisions. We shall therefore assume that the electrons 
receive momentum as well as energy from the incident radiation 
previous to the occurrence of disruption ; although we do not know 
the precise nature of any process which will communicate an appre- 
ciable amount either of momentum or energy from a periodic 
aetherial disturbance to them. Now consider the accumulation, in 
any small interval of time, of momentum by the electrons in the 
slab. The increase of momentum of the slab and contained electrons 
is due to (1) the momentum of electrons which come into the 
system, (2) the momentum, reckoned negatively, of the disrupted 
electrons, and (3) the momentum accumulated during the interval 
by the electrons present in it. Since the state of the electrons 
instantaneously present in the slab is steady, by hypothesis, it 
follows that the difference of (1) and (2) is equal to (3). When (1) 
is zero, (3) is the momentum derived from the radiation. It follows 
that the momentum which is acquired by all the absorbing electrons 
from the radiation, is exactly equal to the momentum of the dis- 
rupted electrons at the moment of disruption. But since the energy 
absorbed is Nhv the value of the former amount of momentum is 
Nhvjc. If u is the average component of velocity of the dis- 
rupted electrons, in the direction of incidence of the radiation, an 
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alternative expression for the momentum of the iV electrons is 
Thus 


hv 
u=^ — 
me 


V- 

2c 


( 1 ), 


if V- is the average value of the square of their velocity at the 
instant of disruption. 

As (v^y approaches c, u approaches | (v^r, so that for those 
radiations which give rise to the emission of very high speed ^ rays 
there will be a very marked preponderance in the emergent direc- 
tion. In the case of ultra-violet light, however, for which v is 

equal to about 10^^ the ratio of li to (v^f is only about 1 : 500. But 

in this region there is a frequency i^o such that i{ v in < Vq no 

electrons are able to escape; so that the number emitted is very 

sensitive to very small changes in the energy communicated to the 

electrons. Thus a very small difference in the value of the 
_ _ 1 

fraction u : may make a very considerable difference in the 

emission of /3 secondary radiations as between the incident and 
emergent directions. 

It thus appears that the results obtained by Bragg and 
Stuhlmann may be accounted for without supposing the primary 
radiations which exhibit them to be of a material nature. There 
does not therefore appear to be any simple criterion which vdll 
invariably enable us to distinguish between aetherial and neutral 
material radiations. In fact there does not seem to be any 
convincing evidence of the existence of any radiations which 
belong to group (B), so that as a working hypothesis it seems 
most reasonable to classify as aetherial all those radiations which 
do not belong to group (A). This conclusion is fully substantiated 
by recent experimental discoveries which have shown that X rays 
under suitable conditions can exhibit the phenomena of reflexion, 
diffraction and interference (cf. p. 507). 

The nomenclature which is currently employed in describing 
these radiations is very confusing, as it is not based on any definite 
system. Thus in different contexts radiations may be differently 
named, either according to their mode of origin or according to 
what is believed to be their nature, or according to the effects 
which they produce. In this way it often happens that radiations, 
which we have every reason for believing to be identical in iiatiue, 



have entirely different names depending on more or less fortuitous 
circumstances. Thus a high speed negative electron is called 
a /3 ray if it originates in a radioactive substance, a cathode or 
Lenard ray if it is produced in a vacuum tube, a secondary 
Roentgen ray if it is produced by the impact of the Roentgen 
rays on a solid obstacle, and so on. As it is not our purpose to 
describe the properties of all the different kinds of radiation in 
detail we shall extend the scope of the term /3 ray so as to cover 
any negatively charged material ray. In the same way we should 
call a positively charged material ray an a ray, although this term 
also is usually applied only to those rays which originate with 
radioactive substances. The uncharged, and presumably aetherial, 
radiations will be referred to as X rays. W e shall use the term 
7 rays for these when they originate from radioactive substances 
and Roentgen rays when they are produced in vacuum tubes. 
For a detailed account of the properties of these radiations the 
reader maybe referred to the following authorities : J. J. Thomson, 
Conduction of Electricity through Gases, Chaps. XI, xii, XIX and xx; 
Rutherford, Radioactivity, passim. 

The difference between a and /3 rays is not merely one of sign. 
In all cases the specific charge {ejm) has been found to be of a 
different order of magnitude. For the /3 rays ejm always has the 
large value which corresponds to electrons, whereas for a rays e/ni, is 
always of the same order as the corresponding (quantity in electro- 
lysis. As all the evidence points to the charge e being either 
equal to, or a small multiple of, the elementary electronic charge 
in all these cases, it follows that the a rays consist of atoms or 
molecules which have lost one or more negative electrons. Their 
properties do not furnish any evidence that we have succeeded 
in isolating any fundamental positively charged electrical atom 
which would correspond to the negative electron, unless it be the 
hydrogen atom which has lost a negative electron. 

The most convenient test for the presence of the various types 
of radiation under consideration is that furnished by the pro- 
duction of electrical decomposition (ionization). Thus the passage 
of the rays through an insulating gas imparts to it the property 
of electrical conductivity. The amount of this ionization is often 
taken to be a quantitative measure of the energy absorbed from 
the rays. In the case of the X radiations this has proved to be 
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the only method of estimating the energy which is available 
except in rare cases, although with the a and /S radiations more 
direct methods can usually be employed. The other tests for 
radiations, in addition to the production of ionization, such as the 
excitation of fluorescence, photo-chemical action, etc., are probably 
secondary and depend on electrical decomposition, or at any rate 
disruption, in the first instance. 

The Aether Pulse Theory of the Roentgen Rays. 

The suggestion that the Roentgen rays are pulses in the 
aether, which are produced when the cathode rays are stopped 
by the walls of the tube or other material obstacle, was first made 
by E. Wiechert^ and Sir G. G. Stokesf. A view, which is really 
equivalent to this, that these rays are transverse aetherial vibra- 
tions of exceedingly short wave-length, had previously been put 
forward by Schuster :|; and others. The consequences of the aether 
pulse theory have been worked out by various physicists, including 
J. J. Thomson §, Abraham |1 and Sommerfeld^. 

We have already seen in Chap. Xll that when an electrically 
charged body or electron is accelerated or retarded, an electro- 
magnetic pulse spreads out in all directions with the velocity 
of light. In accordance with equation (11) of Chap. Xii the total 
amount of energy in the whole pulse remains constant as it spreads 
outwards, so that the amount falling on unit area varies inversely 
as the square of the distance from the source. We also saw that 
at any point of the pulse the electric and magnetic intensities are 
equal and mutually perpendicular. They are also at right angles 
to the direction of propagation. The thickness of a pulse pro- 
duced by stopping a particle which moves with a given velocity 
is greater the smaller the acceleration, whilst, at the same time, 
the energy present in the pulse is less. On this view the main 
difference between the X rays and thermal radiation or w^hite 

Ann. der Phys. vol. lix. p. 321 (1896). 

+ Nature, p. 427, Sept. 3 (1896); Mem. Manchester Lit. and Phil. Soc. vol. xli. 
(1896). 

J Nature, p. 268, Jan. 23 (1896). 

§ Phil. Mag. vol. XLV. (1898). 

II Theorie der Elektrizitdt, ii. Chap, ii., Leipzig (1905). 

cr Tiniiprlsn.h. Ahad.. Math. Phvs. LI.. Jahrs. 1911, p. 1. 


light is due to the fact that the X rays originate from particles 
which move with much greater speeds. These high speeds enable 
the electrons to penetrate right into the interior of the atoms, 
where they are subject to fields of force much more intense than 
those to which the slow moving electrons are exposed. Thus in 
the X ray pulses the forces are both more intense and also change 
more sharply than those in the light waves. Since, in both 
cases, the aetherial disturbances are quite irregular, the X rays, 
on this view, evidently correspond to light waves of high average 
frequency. 

The salient differences between X rays and light are at once 
accounted for by these considerations. The absence of diffraction 
and interference under ordinary circumstances is due to the extreme 
shortness of the equivalent wave-lengths. The absence of refraction 
is probably to be attributed to the very great difference between 
the equivalent frequency of the rays and the natural frequency 
of the bodies traversed; although the fact that the equivalent 
wave-length' appears to be comparable with atomic dimensions 
may also be an important factor. Either of these causes would 
probably be competent to explain the absence of refraction, so 
that there seems to be no difficulty here (cf., however, p. 507). 

There is one peculiarity of the aether pulse theory which 
deserves further consideration. By means of Poynting's tlieorem 
and the expressions for the electric and magnetic vectors found in 
Chap. XII we can write down the density of the stream of energy 
in different directions from the accelerated electron. In the 
simplest case*, when the acceleration F is in the same straight 
line as the velocity v(^ /Sc), the energy radiated across unit area 
at a point distant from the accelerated particle, where r makes 
an angle X with the direction of v, is 

E'= (2) 

(1 ~ /S cos 

In this expression F and /3 are the values of those quantities at 
the instant when the radiation left the accelerated partich*, and 
therefore at a time t = rjc previous to that at which it n‘aches the 
point under consideration. We see from (2) that E' = 0 when 
X = 0 or TT, so that there is no X radiation along the axis of 


Cf. Sommerfeld, loc. cit. 
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motion. If (3 is small the maximum of E' is when X = 7r/2, so 
that the maximum radiation is in the equatorial plane. This is 
no longer the case when /3 becomes comparable with unity, i.e. 
when the velocity of the electron becomes comparable with that 
of light. In fact as /3 approaches 1 the value of X for which E' 
is a maximum approaches zero, so that the resulting X rays all lie 
in an infinitely narrow hollow cone about the original axis of 
motion. Some recent experiments by J. A. Gray* on the X (or y) 
rays which are produced when ^ rays are stopped by matter, 
show in a convincing manner that the intensity of the resulting 
X radiation is much greater in the forward than in the backwaixi 
direction of the /3 rays. Similar phenomena in the production 
of X rays by the stoppage of cathode rays had pre\iously been 
observed by Kayef. Gray concludes that the asymmetry which 
he has observed is too large to be accounted for by the aether pulse 
theory of the production of X rays. 


The Scattering of X Rays, 


A simple theory of the scattering of X rays by matter has been 
given by Sir J. J. Thomson J. When matter is traversed by an 
aether pulse, the electrons in the former will be accelerated by the 
electric intensity in the latter. Consider the case in which matter 
is traversed by a plane pulse in which the electric intensity is 
imagined to be parallel to the axis of x. Let the direction of 
propagation of this primary ’’ pulse be along the axis of 5, and 
let X denote the value of the electric intensity in it. When the 
primary pulse passes over an electron the latter will be subject to 

an acceleration F = — . If we suppose the initial velocity of the 
m - 

electron to be negligible compared with that communicated to it 

by the pulse, we can put sin € = e = 0 in equation (11) of Chap. xii. 

Thus the energy radiated by the electron in time dt whilst the 

primary pulse is passing over it is 






dt 


.( 3 ). 


67rmV (1 - “ 

This result will only be true provided Xe is large compared with 


* Pioij. Soc. Proc, vol. LXXXVI. p. 513 (1912). 
t Camh. Phil. Proc. vol. xv. p. 269 (1909). 

■!- Cnndiiction of Electricitii throunh Gases, Second Edition, p. 321. 



the forces called into play by the resulting displacement of the 
electron from its original position of equilibrium. The limitations 
thus introduced will be considered below. The energy radiated 
by the electron during the complete passage of the pulse is 


evidently 



f X“dt 
67rm^c*v (i — 


(4), 


where the integrals are extended over the time of passage. It is 
probable that, except in the case of very penetrating radiations, 
we shall not be led into serious error if we neglect /3^ compared 
with unity. Thus 

r Y-iHf H w 

•(5), 


X-^dt 




j(] “ 


W 


where JE = i + H^) = X'^ is the energy in unit volume of the 
primary pulse and d is its thickness. If N is the number of 
electrons in unit volume of the matter, and if the primary pulse 
only loses energy in this way, the energy — S Tf which is lost by 
the primary pulse in travelling a distance is given by 

BW=B(Ed) = -J^-WS2 ((j). 

^ 67rm“C^ 


Thus the relation between the energy W of unit area of th(‘ pulse 
and the distance traversed in the matter is 

Ne^ 

(7) 

if Wq is the value of W when js = 0. 

On the theory that we are considering, thc^ thickness of a 
primary pulse is clearly equal to the distance travers(‘d b\' an 
electromagnetic disturbance in the time during which the accele- 
ration of the emitting electron is appreciabhe This time will be 
determined by two factors : (1) the velocity of the moving electron 
relative to the retarding atom, and (2) the geometrical distribution 
of the field of force, inside the atom, which produces the' acc(‘lera- 
tion. The velocity of the moving electrons is always large and 
has the value c of the radiation velocity as an upper limit. I'he 
linear dimensions of the fields of force will depend upon the 
constitution of the atom, but will be comparable with the distance 
between the electrons which are present in the latter. As we 
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shall see later, there are good reasons for believing that the total 
nunaher of electrons present in the atom is nearly proportional to and 
comparable with the atomic weight ; so that the distance between 
them will be comparable with, but somewhat smaller than, the 
diameter of an atom. We should therefore expect that the verv 
penetrating pulses which are produced by the stoppage of very 
rapidly moving electrons by heavy atoms would have a thickness 
of the order of 10“^ cm. If the stoppage (or acceleration) is 
produced by light atoms the thickness of the pulses might be 
ten times as great with electrons moving at the same speed. 
With slow moving electrons the pulses in each case will be corre- 
spondingly thicker, since, other factors being equal, the thickness 
varies inversely as the speed of the electron. These conclusions 
would not be materially affected if the pulses were supposed to 
originate from the acceleration of electrons in the anticathode by 
the field of force of the moving electrons passing near them, instead 
of arising, as we have hitherto assumed, from the acceleration of 
the moving electrons themselves. 

When very penetrating X radiations fall on light atoms there 
is every reason to believe that the pulses are so thin and the 
electric intensity in them so large that the forces called into play 
by the resulting displacement of the constitutive electrons of the 
matter are relatively small. We should therefore expect the theory 
which leads to "equation (7) to hold in such cases. Under the 
same circumstances the thickness of the secondary pulses will be 
almost the same as that of the primary pulses. For the thickness 
of the secondary pulse is equal to the distance travelled by 
radiation during the time taken by the primary pulse to pass 
over an electron. But the diameter of an electron is only about- 
10-^^ cm. and is therefore practically negligible compared with the 
thickness even of a very penetrating pulse. It follows that the 
thicknesses of both the primary and secondary pulses are the same 
under these conditions and we should therefore expect them to 
exhibit very similar properties. In confirmation of this result 
Barkla has found that the scattered ” secondary Roentgen rays, 
which are produced when penetrating primary Roentgen rays pass 
over substances made up of light atoms, have the same absorption 
coefficient as the primary rays, whatever the chemical nature of 
the matter in which they originate. 



For such rays, according to equation (7), the coefficient of 
absorption is Ne^j^TTin^cK Since e, m and c are independent of 
the nature of the matter, the coefficient of absorption for different 
types of matter made up only of light atoms should be pro- 
portional to N, the number of electrons in unit volume. In the 
case of air Barkla found that the energy, measured by the 
ionization produced, of the scattered radiation from 1 cubic centi- 
metre is equal to 0*00025 of that of the primary radiation passing- 
through it. Thus, for this substance, 

= 0*00025. 

Since e/2 \/^ = 4*81 x 10"^ e/2 ^J^mc = 1*77 x 10^ and 

c = 3 X 10^^ Ne = 2 Vttc X 5*95. 

But if n is the number of molecules in 1 c.c. of air, the results 
of electrolytic experiments show that = 2 Vttc x 0*4327. Whence 
JV’/7 i = 14. Thus the number of electrons divided by the number 
of molecules is about half the molecular weight. Since the absorp- 
tion of penetrating X rays by light atoms depends only on the 
quantity of matter traversed and not on its chemical nature, we 
are led to the further conclusion that the atomic weights of the 
different elements are proportional to the number of electrons 
their atoms contain. Combining the two inferences, it follows 
that the number of electrons present in the atoms of different 
elements is a common submultiple of their atomic weights. This 
conclusion we shall find to be supported by other lines of reasoning 
(see pp. 490 — 496). 

Polarization of X Rays. 

By making use of the properties of the scattered X radiation 
it is possible to show that Roentgen i-ays possess features analogous 
to the polarization exhibited by light and other electromagnetic 
waves. The existence of this polarization was first demonstrated 
by Barkla^ and his results have since been confirmed by a number 
of other observers. The principle of these experiments is as 
follows: Let AB he the direction of the cathode stream in the 
tube in which the Roentgen rays originate. The cathode rays are 
stopped by the anticathode at B. Let the Roentgen rays which 
travel in the direction BG, which is normal to AB, pass through 

* Fhil. Trans. A, vol. cciv. p. 467 (loos'!. 
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matter consisting of light atoms at C and thus give rise to 
'' scattered ” X rays. Now it is probable that the cathode rays are 
not stopped by a single impact at B so that their motion mil 
become irregular before they cease to cause the emission of 
Roentgen rays. We should, however, expect the most penetrating 
rays to arise when the cathode rays are moving at their greatest 
speed, that is to say, before they have been deflected by many 
encounters. The main features of the penetrating rays will there- 
fore be determined by the properties of pulses emitted during the 
acceleration of electrons moving in the direction AB. Let GE be 
a line parallel to in the plane of ABG and let GD be per- 
pendicular to EG, CB and BA. The acceleration at B of an 
electron whose velocity is along AB will give rise to an element 
of pulse travelling along BG in which the electric intensity is 
parallel to GE and the magnetic intensity is parallel to GD. If 
this pulse falls on an electron at G, the latter will be subject to an 
acceleration along GE. If we assume the electron to be at rest 
initially, the secondary pulse will have zero intensity along the 
axis GE and its maximum intensity in the equatorial plane 
through G which contains GD and BG. If the cathode ra^’s were 
stopped by the first encounter at B the secondary rays would have 
zero intensity along the polar axis GE and a maximum intensity 
at points in the equatorial plane through G. If the primary tube 
were rotated so that AB became parallel to GD, the secondary 
rays would fall to zero in the direction of GD, and GE would 
become one of the directions of maximum intensity. Since the 
electrons are believed to be only partially stopped by a single 
collision the intensity of the secondary rays will never drop to zero. 
We shall only be able to observe a minimum value in the directions 
indicated as compared with the maximum value in the perpen- 
dicular plane. 



I'he observations alluded to are in satisfactory accordance with 
ino-t-. Anf.linpd Tho maximum difference of intensity 


in the directions GE and CD observed by Barkla is about 20 
The occurrence of polarization pherionu‘na is not easy to account 
for on the material theory of X rays, although such a position has. 
been defended by Bragg*. 

The Scattering of ol and S Eays hij Matter. 

When these very rapidly moving particles traverse matter it 
seems fairly certain that they pass through the interior of the 
atoms and not simply through the spaces between them. For 
instance, it is found that when a pencil of a rays is made to 
pass through sufficiently thin sheets of solid substances only a 
small fraction of them are either deflected through appreciable 
angles or stopped, whereas a calculation based on tlui fairly con- 
cordant values of the dimensions of molecules given by various 
methods shows that the chance of a particle passing through such 
a sheet without colliding with a moh‘Cule is excessively slight. 
In fact, since Rutherford’s experiments have shown that the a 
particles from radioactive substances are charg(‘d atoms of helium, 
we have every reason to expect that they are of atomic dimimsions 
themselves, and it is probable that tiny would ha geonu‘trically 
unable to pass through a sheet of solid of the kind conti.Mnplated 
without intersecting the atoms of tin* latt(*r. 

Admitting that the moving charged ])artich‘s |)ass through the 
interior of the atoms, in many cas(\s without sensibh* deflexion, it 
follows that such deflexions as occur must arisi* from encounters 
with systems forming part of the atom rntln*r tlian with tin* atom 
as a whole. We should therefore* expect that a study of the 
scattering of pencils of these partich‘s which r(*sults from their 
transmission through matter would afford valuabh* in<lica,tions 
toward a knowledge of the structure of tin* atoms of tin* latter; 
although it is possible that the effects to be c‘xpect(*(I might not 
be very dissimilar even if widely different vi(*ws of tin* structure 
of the atoms were adopted. The problem has b(‘(*n consid(‘red 
theoretically by both Thomson ■]■ and Rutherford.];, who have 
adopted rather divergent views both as to atomic str'uctun* and as 
to the nature of the deflexions. Let us consider l^homsons treat- 
ment first. 

* Phil. Mag, vol. xiv. p. 429 (1907). 

t Camh. Phil. Proc, vol. xv. p. 405 (1910). 

X Phil. Mag. vol. xxi. p. 669 (1911). 
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Thomson considers the atoms through which the charged 
particles pass to be made up of Nq negative electrons accompanied 
by an equal quantity of positive electricity. The deflexion of a 
moving negative electron, for example, will then arise jhom two 
causes : (1) the repulsion of the electrons distributed through the 
atom, and (2) the attraction of the positive electricity. In regard 
to (2) two cases are considered: (1) the positive electricity is 
distributed with uniform volume density throughout a sphere 
whose volume is equal to that of the atom (see Chap, xxi), and 
(2) it is divided into separate equal units, as to which it is con- 
sidered probable that they occupy a much larger volume than that 
occupied by an electron. 

The deflexion of an individual electron due to its passage 
through a single atom will depend on the manner in which the 
atom is approached, but the average value of this deflexion taken 
over a large number of encounters will be a definite quantity 9. 
If we consider a sufficiently large number of consecutive deflexions 
it is probable that no serious error will be introduced if they are 
all treated as equal to the mean value It is to be remembered 
that the direction of any individual deflexion is a matter of chance 
and its magnitude is very small. By considering the resolution of 
any large number n of such deflexions 6 along any two perpen- 
dicular axes in a plane at right angles to the original motion, it 
is evident that the problem of finding the average effect of the 
71 deflexions is the same as that of finding the average amplitude 
of the resultant of n vibrations, the amplitude of each of which 
is 6 and the phase of each of which is entirely fortuitous. This 
problem has been solved by Lord Rayleigh* who has shown that 
the average resultant amplitude is 

^710 ( 8 ), 

It follows that if the rays pass through a plate of thickness f, 
containing N atoms, of radius 6, per unit volume, the average 
deflexion which they experience is 6 \^N7rbH. The problem is 
thus reduced to the determination of the value of 9. 

The part 9^ of 9 which arises from deflexions caused by the 
negative electrons can be found by means of the theory of particles 
moving under central forces which vary inversely as the square of 

* Th.finru nf RouritL Second Edition, vol. i. p. 35. 



the distance*. When the velocity V of the /3 particles is so large 
that the resulting dehe.Kion is small, the deflexion produced by a 

2g2 1 

single encounter is - , where w is the perpendicular distance 

between the electron encountered and the undedected path. The 
average value of this for all the electrons which lie within a 

4e“ 1 

distance a of the line of motion is If I is the average 

length of the path of the moving particle which lies inside the 
atom, if the electrons are uniformly distributed in the atom and if 
there are v of them per unit volume of the latter, the number of 
collisions with electrons which lie within a distance a is viraH. 
If we suppose for the moment that the negative electrons are alone 
operative and consider any very large niimbm* cr of encounters 
with atoms the average total deviation would Ixi 

"^72 ~ ^ (Tvira^l = — V (TVTrl. 
m a m V - 


Since this must be Vo- times the effect of a single encounter the 
effect of the latter is 


. 4<e^ I — r 16 


g 1 

V- by 2 


.(9), 


substituting Vi = 1^26, where b is the radius of an atom. 

If (/>! is the average deflexion due to the sphere* of positive 
electrification the theory of centrid forct‘s sliows that this is 
given by 



mV- Z) 4 ^ 

provided is small. When the positive electricity is made up of 
definite units the mean deflexion <^2 due to these is gi\'eii by 

, 16 

where r is the ratio of the volume occupied by the positive 
electricity to the volume of the atom. 

Thus, according as we adopt the first or second hypothesis as 
to the geometrical configuration of the positive electricity, the 
value of 6 will be given by the equations 

^ — (^ 1 “ + or 6 :=z(^0^ <)!>./)- 

* Routh, Dynamics of a Particle, Cambridge, 1898, Chap. vi. 


-('-!)-■ (H). 


( 12 ), 



TYPES OF RADIATION 


49S 


and the average deflexion in passing through a thin plate of 
thickness t will he given by either 


, (384 ,, 73"^ Tirol / 

16 


, (384 


-mV 


ViYtt^ ...(14). 


As the only unknown quantities on the right-hand sides of (13) 
and (14) are ISf^ and t, if the equations are supported by experi- 
ment they ought to enable us to determine the value of Nq the 
number of electrons in the atom. 


The extent to which these equations are in accordance \vith 
the observed scattering of /3 rays when they pass through thin 
sheets of various solids has been examined by Crowther^. If ^lr 
is any particular angle of deflexion it follows from the theory 
of errors that the probability of a deflexion greater than i/r is 
Thus from (8) the thickness 4 for which this probability 
is I will be given by 



or ^|r/to^ = 0^/(c log 2) (16), 

where o is a constant for any particular substance. The probability 
that the deflexion is less than is equal to 1 that is to 

1-e-*/^ (17), 

where k is constant for any particular substance, if 'yjr is kept 
constant. From (8) and (16) 

f/to^ = X Vlog 2 (18), 

and from either (13) or (14) 

= const. X (19), 

' ??2 K - 


where the absorbing medium is kept the same and the velocity of 
the incident rays is varied. When is also kept constant 

mV-jt^ = constant (20). 

The method of investigation adopted by Crowther was to 
measure the proportion of the incident ^ rays whose deflexions 
were less than a flxed value ^lr when they passed through ab- 
sorbing sheets of different materials and when the thickness of 

Son. Proa. A, vol. Lxxxiv. p. 226 (1910). 



the sheets and the velocity of the rays were varied. In this way 
he has been able to confirm equations (16), (17) and (20) using 
aluminium sheets, and equation (16) with platinum sheets also. 

The value of enables iV„ to be calculated from (13) and (14). 
In reducing (14) r is assumed equal to zero, but it is shown that 
the value assumed for r cannot affect the results vitally. If (13) 
is taken, Nq is found to be proportional to the atomic weight W of 
the elements C, Al, Cii, Ag and Pt, the value of iVo/Tf varying 
only between 2*87 and 3*32. This variation is comparable with 
the error of measurement. If (14) is taken, N^/W ranges from 3*7 
for carbon to 33*5 for platinum. Since the scattering of X rays by 
matter leads to the conclusion that the number of electrons per 
atom is proportional to the atomic weight, the hypothesis under- 
lying (14) is discarded and the experiments are taken to establish 
the view that the positive electricity is uniformly distributed. 
Subject to this hypothesis the results show that the number of 
electrons present in any atom is equal to three times the atomic 
weight, within the limits of accuracy of the measurements. Al- 
though this estimate is considerably higher than that given by 
the scattering of Roentgen rays by light atoms it is satisfactory to 
note that it is of the same order of magnitude. 

Rutherford’s treatment of the scattering differs from Thomson’s 
in two important particulars. He attributes the main features of 
the scattering of the particles when they pass through thin layers 
of matter to the effects of single encounters (single scattering) 
and not to the chance combination of a multitude of excessively 
minute deflexions. This is the most radical difference. It is 
supported by the experiments of Geiger^ and others on the 
scattering of a rays produced by thin sheets of matter. These 
experiments have shown that the proportion of a particles which 
are scattered through large angles is very much larger than that 
which would be expected as the cumulative effect of a multitude 
of small deflexions. The other difference is in the hypothetical 
constitution of the atom which is adopted. This is imagined to 
•consist of a central point charge + surrounded by a sphere of 
uniformly distributed electrification equal altogether to + Noe. 


* Geiger and Marsden, Roy. Soc. Proc. A, vol. lxxxii. p. 495 (1909); Geiger, 
Roy. Soc. Proc. A, vol. lxxxiii. p, 492 (1910). 
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The assumption of a large central charge is shown to be required 
to account for the large individual deflexions. 

The probability of a single deflexion greater than a given 
angle is clearly determined, making use of the theory of central 
forces, by the chance that the undeflected path of a particle, 
moving with given velocity, will pass within an assigned distance 
of the fixed centre. In this way it is shown that the fraction p of 
the particles which are deflected through angles lying between 


<l>i and <p 2 is 


where 


p = ^ ntb^ ^cot= ^ - cot- 

_ 2N,eE 

mV°- 


( 21 ), 

( 22 ), 


E being the charge, m the mass and V the velocity of the a par- 
ticle. The results of this theory are shown to be in satisfactor}^ 
accordance with 


(1) the measurements of the proportion of a particles scattered 
through large angles ; 

(2) the scattering of a particles through all angles, if allowance 
is made for the effects arising from the cumulative efi:ects of small 
deflexions considered by Thomson ; 

(3) the proportion of a particles scattered through large angles 
by sheets of different elements, if the central charge is assumed to 
be proportional to the atomic weight. 

It appears that Rutherford’s calculations, as well as Thomson’s, 
lead to the constancy of the fractions and for the 

scattering of the /3 rays under the conditions investigated by 
Crowther. The values of the constants, however, are different in 
the two cases and so are the estimated values of Lsing 
Crowther’s data Rutherford calculates the following values for i\'o, 
the number of electrons which would have a total charge equal to 
the hypothetical central charge : for Al, = 22 ; for Cu, 1^0 = 42 : 
for Ag, Ao = 78 ; and for Pt, Ao= 138. These values are roughly 
in the proportion of the atomic weights. Platinum and gold 
appear to be the only materials for which suitable data relating 
to the scattering of the a particles through large angles are avail- 
able ; but in that case the resulting estimate of Nq is in substantial 
aefreement with that deduced from the behaviour of the /3 rays. 



On the theory of single scattering the number of particles 
deflected through an angle greater than a given angle will be 
equal to k'ty where k' is a constant, if the thickness t is small. Thus, 
instead of (17), the proportion I/Iq of the rays for which the 
deflexion is less than an assigned amount will be given by 

111,^1 ^k't (23), 

provided t is small enough. Since Crowther found (17) to he 
confirmed by his experiments this test is in favour of Thomson s 
theory. This divergence might be reconciled by supposing that 
the Qumiilativo effect of the deflexions of 13 rays by electrons is 
relatively more important than the compound deflexion (-jf the 
a rays. This seems reasonable, as a moving particle will come 
within range of many more electrons than atoms. Thc‘ moving 
electrons will be deviated in varying degree both by the electrons 
and the large central charge, whereas the a particles will only be 
affected appreciably by the central charge, on account of the small 
mass of the electrons. 

It is worth while pointing out that Rutherford s estimates of 
Nq agree better with those of the number of electrons per atom 
given by the scattering of Roentgen rays than do the estimates of 
Nq deduced from Thomson’s theory. 

Secondary Rays. 

The secondary rays which are emitted when Roc^ntgc^i iviys are 
absorbed by matter possess many interesting properties. The 
scattered radiation, which is similar to the prima.ry radiation, has 
already been considered. In general two additional types of 
secondary radiation are found bo be emitted. One of tlu'se is 
of the X type and is called, for reasons which a])pear below, 
''characteristic” radiation; and the other is of the /3 type. 

Let us consider for a moment the means which are avjiilable 
for recognizing and classifying what we may provisionally call 
pure radiations of the X type. Suppose that we are dealing with 
primary radiations whose penetrating power is comprised within 
the limits of that of the rays given off in quantity by an ordinary 
Roentgen ray bulb. When such rays are allowed to fall on matter 
it is found that characteristic radiations are not excited, provided 
the matter consists entirely of elements whose atomic weights ar(‘. 
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all below 40. If the atomic weights exceed 40, characteristic 
radiations are found to be emitted. In all cases there is evidence 
of the occurrence of scattered radiation. These facts would lead 
us to conclude that absorption of the rays by light elements is a 
less complex phenomenon than absorption by matter containing 
the heavier atoms. Let us take as our criterion of a pure radiation 
the condition that its law of absorption, by matter consisting only 
of light elements, should be an exponential one. That is to say, 
if the incident intensity is ^o the intensity i, after traversing 
normally a thickness x of the matter, will be 

^ = 4^“^^ (24), 

where k is independent of x. This law results, of course, if 
successive equal thicknesses of the absorbing matter absorb equal 
fractions of the radiation entering them. The intensity i is 
taken to be measured by the ionization which the rays will 
produce in a thin layer of a gas like air, which is composed solely 
of elements of low atomic weight. This method is satisfactory 
because the amount of ionization in such cases has been sho^vn 
to be proportional to the loss of intensity due to absorption. 
Now suppose that we have a number of different pure radiations 
and that we determine the value of k for each of them when they 
are absorbed by sheets of some particular light element. Let the 
resulting values of k be z/i, etc. Let the corresponding 

values of k for some other light element be X,, //- 2 j etc. Then it 
is found that Xi : ih *• etc. = Xo : /x., : Vo etc. No such simple relation 
between the values of k is found to hold when absorption by 
materials with heavier atoms is considered, so that this result 
favours the comparative simplicity of the phenomena in the case 
of the lighter atoms. 

It is clear that if we take any particular element of low atomic 
weight the value of the absorbability k will give us a means of 
classifying any particular pure radiation. As it is very readily 
obtainable in thin sheets, aluminium is generally taken as the 
standard. This method of investigation has been used by Barkla^ 
and his collaborators, whose researches have greatly increased our 
knowledge of the X type of secondary Roentgen rays. W e shall 

Barkla, FMl. Mag. vol. xi. p. 812 (1906); Barkla and Sadler, Fliil. Mag. 
vol. XVI. p. 550 (1908) ; vol. xvii. p. 739 (1909); Barkla, Jalirh. der Radioakt. etc. 
vol. III. p. 246 ; Phil. Mag. vol. xxii. p. 396 (1911). 


see below that there is another criterion which may be used 
instead of k, namely the maximum velocity of the /3 rays emitted 
when the X rays fall on metals. This has been shown to have, 
for each pure radiation, a definite value which is independent of 
the metal (cf. also p. 510). 

When the primary rays are such as are emitted by an ordinary 
Roentgen ray bulb the difference between the secondary rays 
emitted by aluminium (atomic weight 27) and an element like 
copper (atomic weight 63) is very striking. In the first place, the 
quantity of the secondary emission (scattered radiation) from 
aluminium is comparatively insignificant. The amount of the 
secondary radiation from the copper is very much larger. The 
two radiations differ also in quality. We have seen that the 
aluminium radiation has the same penetrating power as the 
primary radiation. The copper radiation is much more absorb- 
able. It is also very nearly a pure radiation. The current 
evidence is to the effect that it consists almost entirely of a pure 
radiation mixed with a trace of scattered radiation. The amount 
of the scattered radiation from copper, and other elements of 
atomic weight above 40, appears to be of the same order as that 
given out by aluminium. 

This pure secondary radiation is that which we have referred 
to as the characteristic secondary radiation. It is characteristic 
in the sense that its absorbability h has a value which is charac- 
teristic of the metal from which it is emitted. In the case of the 
elements whose atomic weights lie between about 40 and 100 the 
absorbability of the characteristic secondary rays is quite inde- 
pendent of the nature of the primary X rays which are used to 
excite them. With the elements of still higher atomic weight 
the phenomena are more complicated and it appears that these 
elements give off more than one kind of characteristic radiation. 
It is convenient to allude to the characteristic radiation from 
a particular element M as the M-X rays. Thus the characteristic 
rays from copper are called the Cu-X rays. This notation is due 
to Bragg. 

The absorbability of the characteristic rays diminishes, and their 
penetrating power increases, as the atomic weight of the parent 
element increases. The characteristic rays differ from the scattered 
rays in one important particular in addition to those already 
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mentioned. They show no trace of polarization. This leads to 
the view that the manner in which the primary rays cause the 
formation of the characteristic ra^^s is less direct than that in 
which the scattered rays are produced. This conclusion may be 
considered to be established when we recall that the scattered 
rays are similar in their properties to the primary rays and 
independent of the matter in which they originate : whereas the 
characteristic rays have their properties determined solely by the 
matter of origin and not at all by the character of the primary rays. 

We shall now turn to the absorption of pure X radiations by 
sheets of different elements. A series of results obtained by 
Barkla and Sadler is exhibited in the accompan3?ing diagram 



140 
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(Fig. 52). The abscissae are proportional to the absorption 
coefficient of the various radiations in aluminium. The experi- 
mental values of kjp in aluminium are indicated by the abscissae 
corresponding to the various vertical dotted lines alongside which 
are written the chemical symbols of the different elements by 
which the pure characteristic radiations were emitted. The ordi- 
nates are the values of ^/p, where p is the density of the absorbing 
element, for the elements C, Mg, Fe, Ni, Cu, Zn, Ag, Sn, Pt and 
Au. In the case of the elements of atomic weight below 40, 
namely C and Mg, the relation between the absorbability of the 
radiations by the respective elements and that by aluminium is a 
linear one, as has already been pointed out on p. 497. The same 
thing, however, will be observed to be true in the case of Pt*, 
Au*, Ag and Sn as well. In fact such a linear relation between 
the absorption coefficients for different pure radiations has been 
found to hold quite generally, provided the range of radiations 
tested neither includes that characteristic of the absorbing sub- 
stance nor lies near the less absorbable side of it. 

The curves for Fe, Ni, Cu and Zn are quite different. As 
they all exhibit the same features we need only consider one of 
them, that for nickel for example. The absorbability by nickel of 
the radiations from Cr, Fe, Co and Ni, which are either more 
absorbable than, or as absorbable as, that characteristic of nickel, is 
proportional to the absorption of the same radiations in aluminium. 
The next most penetrating radiation, as measured on the aluminium 
scale, is the Cu-X radiation, and this shows a small but definite 
increase over the absorbability required by the law of proportion- 
ality. As the absorbability in terms of aluminium of the charac- 
teristic rays diminishes further, their absorbability in nickel 
increases very rapidly. Thus the absorption coefficient of the 
Zn-X rays in nickel is several times that of the Cu-X rays, 
although the atomic weight of zinc (65) is only 2 units greater 
than that of copper. Further diminution in the aluminium 
absorbability of the characteristic rays is accompanied by an 
approximately proportional diminution in the absorbability of the 
rays in nickel. Thus the curve again approximates to a straight 
line which has a different slope from the linear portion on the 

* It is necessary to except the penetrating Ag-X and Se-X rays in these 
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more absorbable side of the radiation which is characteristic of 
nickel. It will be noticed that in each case the radiation having 
the maximum absorbability is that which is characteristic of the 
element next but one to the absorbing element when they are 
arranged in the order of increasing atomic weight. 

Direct experiments have shown that the abnormal absorption 
of radiations which are slightly more penetrating than the radia- 
tion characteristic of the substance tested, is the cause of the 
emission of the characteristic radiation. The amoxmt of the 
characteristic radiation emitted by an element is found to be zero 
until the exciting rays become at least as penetrating as the 
characteristic radiation ; as the penetration, measured in terms of 
aluminium or some substance which behaves similarly to alu- 
minium, is increased beyond this critical value, the amount of 
characteristic radiation which the exciting radiation will cause to 
be emitted, compared with the ionization which it produces in air 
or any other gas containing only light atoms, increases at first to a 
maximum value and then diminishes. In fact, the quantity of 
characteristic radiation emitted appears, for all exciting radiations, 
to be proportional to the excess of absorption over w^hat would be 
given by the linear relation which holds for exciting I'adiations 
that are more absorbable than the characteristic radiation. 

Since these results appear to be quite general, the occurrence 
of humps, like those shown in the relative absorbability curves 
for Zn, Cu, Ni and Fe in Fig. 52, affords a simple and delicate 
method of detecting the presence of unknown characteristic radia- 
tions. Working in this way Barkla and Nicol* have succeeded in 
separating two quite distinct characteristic radiations from each of 
the elements silver, antimony, iodine and barium. A compre- 
hensive examination of all the radiations thus far discovered shows 
that, when they are arranged in the order of hjp, their comparative 
absorbability in aluminium, they fall into two series. These have 
been called by Barkla the K and L series respectively. In each 
series the order of diminishing absorbability is that of increasing 
atomic weight of the metal of origin. The data for the radiations 
which have thus far been isolated are given in the following- 
table : — 


Nature, Aug. 4 (1910). 
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TyPlitt UP KAUIATIUJN 


Radiation 

Atomic Weight 

Absorbability of 
Fluorescent 
Radiation 
{kjf) in Al) 

Remarks 



Series K 

Series L 


H-Mg 

A1 and S 

Ca 

Cr 

Fe 

Co 

Ni 

Cu 

Zn 

As 

Se 

Br 

Rb 

Sr 

Mo 

Rh 

Ag 

Sn 

Sb 

I 

Ba 

Ce 

W 

Pt 

Au 

Pb 

Bi 

1-008— 24-32 

27*1 and 32-07 

40-09 

52 

55-85 

58-97 

58*68 (61-3) 
63-57 i 

65-37 ' 

74-96 

79-2 

79-92 

85-45 

87-62 

96 

102-9 

107-88 

119 

120-2 

126-92 

137-37 

140-25 

184 

195 

197-2 

207-1 

208 

435 

136 

88-5 

71-6 

59-1 

47-7 

39-4 

22-5 

18-9 

16-4 

13*7 

9-4 

4-7 

3-1 

2-5 

1-57 

1-21 

0-92 

0-8 

0-6 

i 

i 

700 

435 

306 

224 

33 

27-5 

25 

20 

19 

No radiation observed. 
Probably very absorbable. 

Radiation observed but kjp 
not yet measured. 

Less accurate than succeed- 
ing values. 

The value in brackets is 
deduced l>y Barkla from 

X ray measurements. 

1 . 

The value for Rb has not 
been determined so ac- 
curately as the others. 

\\ 

1 Values for L more ac- 

( curate than for K series. 

These values arc com- 
paratively a|)proximate. 


Reasons have been given by Barkla for believing in the 
existence of series other than the series K, L which have already 
been explored*. It will be noticed that the fact that the charac- 
teristic radiations are only excited by radiations more penetrating 
than themselves is analogous to Stokes’s law in optics : according 
to which fluorescent light is invariably of lower frequenc}^ than the 
light which excites it. For this reason the characteristic radiations 
have sometimes been called fluorescent radiations. It is obvious 
that each pure characteristic radiation has features which are 
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closely analogous to those exhibited by a monochromatic emission 
of fluorescent light, and the sum of the radiations characteristic of 

given element may be regarded as a fluorescent spectrum in 
the X ray region. 

The Relation betiveen ray and X ray Emission. 

We have seen that X rays are emitted when high-speed 
electrons impinge on matter and also that when X rays are 
absorbed by . matter secondary radiation of the ^ type is emitted. 
Eecent investigations have shown that this transformation of X 
ray into /3 ray energy and the inverse change obey a number of 
fairly simple laws which appear to be of a general character. 

The specification of the nature of any single /3 ray is a quite 
simple matter. Since each ray is a moving electron, its nature is 
determined when its speed and direction of motion are given. In 
general a beam of /3 rays consists of a shower of electrons having 
different speeds and directions of motion. By the insertion of 
suitable stops the range of the directions of motion can be re- 
stricted to any desired extent. By the application of a magnetic 
field the jS rays can also be spread out into a sort of spectrum. In 
this way sufficiently homogeneous beams of ^ rays can be obtained 
for experimental purposes. The /9 rays which are given out by 
radioactive substances or -which are emitted when X rays are 
absorbed by matter are, as a rule, of a heterogeneous character. 
This heterogeneity arises in part from the fact that the rays 
originate at different depths in the matter and thus lose varying 
amounts of energy before they emerge. In many cases it has been 
shown that the maximum energy of the /3 rays which thus arise is 
a definite quantity which exhibits rather simple relationships. 

In the cases now under consideration it has not always been 
found possible to measure the energy of these rays by the com- 
paratively direct methods involving stoppage by an electric or 
deflexion by a magnetic field, which have been employed in the 
case of the cathode rays and of the electrons emitted by hot bodies 
and by bodies illuminated by ultra-violet light. The reason for this 
is either that the energy of the rays is too great to be much affected 
by the electric fields at our disposal or else that the rays are not 
concentrated enough for the magnetic method to be available. A 


that they are able to travel in a gas like air before they cease 
to produce additional ionization of the gas. This distance has 
been found to be sufficiently definite to be taken as a satisfactory 
index of the velocity of the quickest rays in any given group. 

Using this criterion Sadler* and Beattyf have been able to 
show that the maximum velocity of the rays emitted when a 
given characteristic X radiation is allowed to fall on different 
metals always has the same value. This maximum velocity is 
therefore characteristic of the X radiation and independent of the 
metal ; it is greater the greater the atomic weight of the metal of 
which the X rays are characteristic. 

This question has been studied more fully by WhiddingtonJ. 
He has shown by experiment that if the original velocity of a 
group of /3 rays is their velocity v after traversing a thickness d 
of matter is given by 

— = (25), 

where a is a constant characteristic of the matter. Since (25) 
appears to hold with fair approximation down to the velocity 
(approximately = 0) at which ionization ceases, it follows that 
the velocity of the fastest secondary rays is given by 

v.^^ad (26), 

where a = 2 x 10*^^ for air at atmospheric pressure, and d is the 
maximum distance in which ionization is perceptible. Analysing 
the results of Sadler and Beatty in a manner which depends on 
this principle it appears that 

Vs~h\o (^'i^), 

where k' is a constant and w is the atomic weight of the radiator 
of which the secondary rays are characteristic. This relation has 
been verified for the Fe-, Cu-, Zn-, As-, Sn-, Mo-, and Ag-X rays. 
The value of k' is very close to 10*^ (± 4 Yo)- 

We have seen that the characteristic X rays are only excited 
by X rays more penetrating than themselves. Using an X ray 
tube with a silver anticathode Whiddington| has investigated the 
relation between the velocity of the cathode rays in the primary 

* Phil. Mag. vol. xix. p. 337 (1910). 
t Phil. Mag. vol. xx. p. 320 (1910). 
t Roy. Soc. Proc. A, vol. lxxxvi. pp. 360, 370 (1912). 

§ Roy. Soc. Proc. A. vol. liTTwr r\ 
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tube and the amount of secondary characteristic radiation emitted 
when the resulting primary X rays are allowed to fall on different 
metals. He finds that no characteristic secondary rays are emitted 
until the cathode rays have a critical minimum velocity The 
emission begins quite sharply at this point and subsequently varies 
as the fourth power of the velocity of the cathode rays^. The 
value of Vp is connected with the atomic weight lu of the secondary 
radiator by the simple relation 

— (28). 

The value of k is very close to 10® and, in fact, k ~ k' within the 
limits of error of the experiments. 

Thus primary cathode rays of velocity just greater than Vp = kw 
give rise to primary Roentgen rays, and these if absorbed by a 
metal of atomic weight w would give rise to secondary Roentgen 
rays, characteristic of that metal, which give rise to secondary 0 
rays whose maximum velocity is Vs = k'iu = kw The maxi- 

mum velocity of the secondary ^ rays is equal to the minimum 
velocity of the primary cathode or /3 rays which are able, indirectly, 
to excite the characteristic Roentgen rays which caused the emis- 
sion of the secondary /3 rays. 

The formulae above only apply without modification to Barkla's 
K series of characteristic radiations. According to Whiddingtonf 
the case of both the K and L series is covered by the more general 
formulae 

Vp — k{Aw + B) (29), 

Vs = k' {Aiv + JS) (30). 

For the K series A = 1 and B — 0. 

For the L series A = ^ and R = — 25. 

Thus the secondary cathode rays, excited by the characteristic 
rays which belong to the L series from an element of atomic weight 
w, have a maximum velocity equal to 

- 25^ 10® cm. sec.“h 

Ir will be observed that there is a very close resemblance 
between the emission of electrons by matter under X ray and 
ultra-violet light illumination. In both cases the number of 
* Gf. J. J. Thomson, Phil. Mag. vol. xrv. p. 217 (1907). 



electrons emitted is proportional to the incident intensity, whereas, 
the maximum energy of the electrons is independent of this in- 
tensity. These facts receive a simple and obvious explanation on 
the view that the X rays and light consist of showers of material 
particles or of bundles of energy which are localized in space and 
do not spread out as the distance from the source is increased. 
On the other hand in the case of light (and also X rays, see 
p. 507) it is difficult to account for the phenomena of interference 
and refraction on such a view. It seems a little safer, therefore, 
to suppose tentatively that the energy of the emitted electrons 
in some way represents a condition which determines the disrup- 
tion of matter under the stimulus of a given radiation. To agree 
with the results of the theory of black body radiation and of the 
experiments on the emission of electrons under the influence of 
light it is necessary that one part of this condition should be that 
the energy of the disrupted electrons is either equal to hv, where 
A == 6*55 X 10"-^ erg sec. and v is the frequency of the radiation, 
or is an integral multiple of this quantity. It also appears that 
this condition must be of a very general character and necessarily 
inherent in all types of matter. 

We have seen that the maximum energy of the electrons 
emitted under the influence of illumination by light is given 
by the equation 

-I = pji (dl), 

where is a constant characteristic of the type of matter by 
which the light is absorbed. If this relation holds for the radia- 
tions of the X type as well as light, the results given above enable 
us to determine the frequency of the characteristic X radiations. 
In these cases 'Wa is negligible compared with vh, so that 

mvj^ mk'- {Aw^- BY 

’’-s;- 2 ;.-- 

Thus for the copper-X rays belonging to the K series, putting 
k' = 10®, = 1, w=^ 63, i? = 0, m = x 10“-’^ and h = 6'55 x 10““'^, 

V = 2'74 X 10^® sec.“\ 

According to this estimate their frequency is about 2000 times 
as great as that of visible light. 
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X Rays and Crystals. 

Since the foregoing account of the X rays was witten, an 
enormous advance in our knowledge of their properties has taken 
place owing to a discovery made by Friedrich, Snipping and 
Laue*. These experimenters allowed a narrow beam of X rays 
to traverse a thin plate cut from a crystal of zinc-blende and then 
to fall on a photographic plate. When the plate was developed, 
instead of a single black spot being obtained as in the absence 
of the crystal, it was found that the central circular spot was 
surrounded by a regular pattern of circular and elliptical spots. 
This pattern varied with the direction in which the crystal plate 
was cut, and its symmetry was determined by the relation of the 
direction of the primary beam to the directions of the crystal axes. 
Laue, who appears to have suggested the experiment, explained 
the phenomena somewhat as follows: — The crystal is to be regai'ded 
as a geometrically regular arrangement of points (atoms) in space, 
each of which when traversed by the primary beam of X rays 
becomes a source of secondary waves. Owing to the regular 
arrangement of the points these secondary waves will only reinforce 
one another in certain directions. These directions determine the 
position of the secondary spots on the photographic plate. The 
theoretical investigation has been extended by Debye f so as to 
take account of the influence exerted by the heat motions of the 
atoms. Considering the case in which a system of atoms is 
arranged in cubical order so that the atoms lie on lines parallel to 
the axes of x, y and -0 at distance a apart, let a parallel beam of 
radiation of wave-length X travel along the axis of cc. The 
intensity of the radiation at a distant point x, y, z due to a 
small parallelepiped of such a substance at temperature T is 
proportional to 



( 33 ), 



where ?' = (w- + if + R is the molecular gas constant, / is the 
restoring force for unit displacement of the atoms, and 
are the number of atoms which lie along the x, y, z edges, respec- 
tively, of the parallelepiped. The bright spots are determined by 
the simultaneous vanishing of the three trigonometrical factors in 
the denominator 

. 7r( / x\ . „ Tra y . nr a 2 

sin- 1 sm- “ ■ - sin- - - . 

X V rj X r X r 

In addition to the diffraction pattern there is a uniform illumina- 
tion proportional to 

2RT4Tr'^f ;r\ 

The relative intensities of the uniform illiiniination and the 
diffraction pattern depend upon the temperature T and on the 
stiffness of the atoms f. The results of the investigation are 
supported by the fact that in the case of diamond, for which f is 
very large, the diffraction pattern can be observed for much 
smaller values of xjr than for other substances. Formula (33) is 
deduced on the supposition that the heat motions of the atoms 
are in accordance with the Boltzmann-Maxwell law, and therefore 
requires modification in the light of recent work 011 the specific 
heats of solids. The necessary modifications are considered by 
Debye. 

The production of diffraction effects with X rays is not con- 
fined to crystals. Thus Friedrich^ has observed halos round the 
central image when X rays have been allowed to ])ass through 
certain non-crystalline substances. 

It has been pointed out by W. L. Braggf that the bright 
spots in the transmission photographs are. found at places corre- 
sponding to regular reflexion from planes in the' crystal rich in 
atoms, subject to the condition that the waves reflected from 
successive planes reinforce one another. This suggested that 
X rays would be reflected from the natural faces and cleavage 
planes of crystals, and the phenomenon was at once found ;[■ in the 
case of mica and other crystals. Since, for a particular wave- 
length X of the X rays, there is no appreciable reflected intensity 


Phys. Zeits. Jahrg. 14, p. 1079 (1913). 
t Camh. Phil. Proc. vol. xvii, p. 4B (1912). 
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except in a particular direction determined by d/\, where d is the 
distance between the successive layers of atoms, this phenomenon 
has opened up a new and powerful method of investigating the 
structure of crystals on the one hand and the properties of X rays 
and atomic structure on the other. These problems have been 
attacked with conspicuous success by W. H. and W. L. Bragg*, 
Moseley and Darwin f, MoseleyJ and others§. These investigations 
have confirmed in a remarkable way the conclusions as to the 
nature of X rays w’hich we had already reached from less direct 
evidence. 

If the X radiation from an ordinary bulb, for instance one 
which is furnished with a platinum anticathode, is observed, it is 
found to consist of a general radiation similar to white light, 
except that the average wave-length is enormously shorter, accom- 
panied by a number of sharp lines of much greater intensity than 
the neighbouring spectral distribution. In an X ray bulb with a 
platinum anticathode W. H. BraggH found that the strongest line 
had a wave-length equal to ITO x cm. and its mass absorption 
coefficient in aluminium was 23*7. According to Barkla’s measure- 
ments this absorption coefficient corresponds to an X radiation of 
an element of atomic weight 74 if it is in the K series or 198 if it 
is in the L series. Since the atomic weight of platinum is 195 we 
are evidently dealing with the characteristic radiation belonging 
to the L series from this element. Admitting that the measured 
coefficient of absorption is slightly in error and that the true value 
in the L series would correspond to an atomic weight 195 the 
equivalent atomic weight in the K series is 72*5. According to 
Whiddington’s results the energy of a cathode ray which will just 
excite the K radiation in an element of atomic weight 72*5 is 
2-06 X 1 erg, whilst the energy liv which corresponds to a wave- 
length A = 1-10 X 10"® cm. is 1*78 x 10"® erg. Thus the absolute 
numerical value of the frequency is in satisfactory agi'eement with 

* W. H. and W. L. Bragg, Roy. Soc. Proc. A, vol. Lxsxvm. p. 428 (1913) ; 
WT. H. Bragg, ihid. vol. lxxxix. p. 246 (1913); W. L. Bragg, ibid. p. 248 (1913) ; 
w! H. and W. L. Bragg, ibid. p. 277 (1913); W. H. Bragg, ibid. p. 430 (1914); 
W. L. Bragg, ibid. p. 468 (1914). 

t Phil. Mag. June 1913; ibid. vol. xxvi. p. 210 (1913). 

: Phil. Mag. vol. xxvi. p. 1024 (1913); ibid. vol. xxvii. p. 703 (1914). 

§ De Broglie, C. R., 17 Nov., 22 Dec. (1913), 19 Jan., 2 Feb., 2 Mar. (1914); 
Herveg, Ver. d. Beiitsah. Phijs. Ges. vol. xvi. p. 73 (1914). 

Ti-.. A TTcl T.WYTV. n. 246 (19131. 


the relations on p. 506. In addition to this platinum line R 
also considers a line of wave-length 1-66 x 10-» ^ 

nickel anticathode and a line ofwal-length ] 95 x lo-s”' ^ 
by a tungsten an.icath«te. The fe™er beW to r Ts''^ 
Of nickel and the latter to the L series of tungsten If I"®' 
lines were all in the K series the correspondinc- at ^ 
of the elements which would emit them are '’ 5.9 er'lnTS^ 
respectively. The squares of these numbers are in 14 , 

; 130 : 150 whilst the con-esponding frequencies as^det 
mined by experiment are in the ratio 100 ^32 • 15^ Tl, 
™nta together fom. . striking eonWtion .f e:,„:L 
llie values of the wave-Ien£rths o-ivAn .lU/ i i 
from the formula ^ ^ deduced 


nX = 2dcos0 

where n is the order of the spectrum rJ i« tu ' T- 1 , 

eonseeutive rejecting ptaes and d is Ihe ingto „tlneSnee‘T 
tN^rn b™ yM»myion of the effects exhibited by rock salt 

a:e7;- 

-eights HebiJerthci oTllta pTlTL"!”;! 
have been photographed by Moseley* In tbo i i • 

keen examined L tbo ..yf T.u ^ K «erie.s, which has 

and silver (atomic weighTlOT-w 1““'”*' 

lines which L referref o r he iXh: 

the e»e ofthe elements .f Wer 

Itoe, are present in addition, I„ the L scLV *h L'f , 

examined m the nf ^ wnicn has been 

weight 90 - 6 ) to gold there from zirconium (atomic 

denftedbyij /aid e Th'e "T" " " -d-markod lines 
in wave-length fmm « to e 5n “ “ - 

lines are also present. In both f 

there are simple numerical relations between all'th, H f "''' 

mg to any one of the sub-series « R i 

various elements. d «« on from all the 
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represents its position in a 
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complete table of the elements arranged in sequence according to 
the atomic weights. In arranging this table the sequence of 
atomic weights is departed from when it clashes with the sequence 
of chemical properties as required by the periodic law. Thus 
argon is placed before potassium, cobalt before nickel and tellurium 
before iodine. In addition blank spaces for undiscovered elements 
are left between molybdenum and ruthenium, between neodymium 
and samarium, and between tungsten and osmium. M is called 
the atomic number of the element. Thus for hydingen iV = 1, for 
aluminium iV'=18, for silver N — 47 and so on. In accordance 
with the periodic law the chemical properties of the elements are 
determined by the atomic number N rather than by the atomic 


weight. Moseley finds that the frequencies v of each sub-series 
are determined by the equation 

V — A (N — by (35), 

where A and b are constants characteristic of each sub-series. For 
the lines denoted by a in the K series 

^ = and 6 = 1 (36), 

and for the lines denoted by a in the L series 

^ = (i - p) i-o and 6 = 7-4 (37). 


In (36) and (37) Vq is the fundamental Eydberg frequency in the 
formulae for the optical spectra of the elements. For the K series 
the agreement is quite exact, but for the L series there is a slight 
deviation from linearity with the elements of very high atomic 
weight. It is evident from these results that equation (32) is 
only an approximation, its validity depending on the fact that 
roughly speaking, the atomic weights of the elements are pro 
portional to the values of N. 



CHAPTER XX 


SPECTROSCOPIC PHENOMENA 

The power of emitting light is a universal property of matter 
at a high temperature. When the matter is in a sufficiently 
concentrated condition the energy emitted within a given range 
of frequency dv does not exhibit sharp variations from one wave- 
length or frequency to another. This is true of highly compressed 
gases as well as solids and liquids. The general character of the 
function which expresses the emitted energy of a given frequency 
in terms of temperature and frequency is similar to that of the 
corresponding function for black body radiation. In accordance 
with Stewart and Kirchhoff's law the difference between the 
emissivity and that of a black body depends only on the reflecting 
power; and when the latter is given as a function of v and T the 
emissivity can be calculated from that of a black body. 

The behaviour of gases which are not highly compressed is 
quite different. Almost the whole of the emitted energy is then 
confined to a limited number of quite narrow ranges of frequency. 
In consequence the gas is said to emit a line or a band spectrum 
according to the appearance of the light when examined in the 
spectroscope. The distinction between a line and a band spectrum 
is a sufficiently real one, but it is one which is difficult to define 
in simple terms. The width of the bright regions in th(‘ band 
spectra is greater than in the line spectra and the boundaries are 
less sharply marked. However, a number of so-called band spectra 
are found, under high resolving power, to consist of a multitude 
of fine lines very close together and it is possible that this may be 
a general feature of band spectra. Nevertheless, these two class(^s 
of spectra differentiate themselves (piite sharply in other ways, as 
we shall see in a moment. 







One of the most striking features of spectral lines is the 
constancy of their position in the spectrum. It is this fact which 
renders spectrum analysis so reliable. The only physical agencies 
which have been found capable of displacing them are intense 
magnetic fields (Zeeman effect), intense electric fields (Stark effect) 
and the application of high pressure. In all three cases the 
observed displacements are quite small. The intensities of differ- 
ent lines may be varied by any desired amount by changing the 
temperature and the manner and degree of excitation, vuthout 
producing any change in the jffequency. These frequencies are 
evidently characteristic of systems which remain identical under 
very varied physical conditions. 

One is naturally tempted to try to account for spectral lines 
the radiation from negative electrons vibrating about equilibrium 
configurations in the normal atom. Although there are many 
facts which seem to support such a view, the enormous complexity 
of the spectroscopic phenomena which have already been discovered 
is difficult to harmonize with such a simple hypothesis. In the 
spectra of a number of elements, iron for example, there are 
thousands of bright lines. In the case of iron, and many other 
elements, it has not been possible to find any simple relation 
between the spectral lines, but in a number of other cases many 
of the lines have been found to fall into series which exhibit fairly 
simple numerical relationships between the fi-equency numbem. 
What follows is the merest outline of the more important facts 
which have been discovered in this field. For further information 
the reader may be referred to J. Stark, Principiea der Atom- 
dynamik, vol. II. chap, ii., and Kayser s Handbuch der Spectroscopie, 
voL II. chap. VIII. 


Se 7 nes of Spectral Lines. 

The first regularity of this kind was discovered by Balmer^ in 
1 885 in the case of the line spectrum of hydrogen. The frequencies 
of the well-known lines Ha, Hy, etc., are found to be given b}- 
the formula 



■* Verh. der Natar. For. Ges. Basel, vol. vii. p. 548 (1885) ; Ann. der Phys. 
vol. XXV. p. 80 (1885). 
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where Vq is a constant and m takes in succession the integral values 
3, 4, 5, etc. Starting from Ha, for which v = ^vq, the lines are 
widely spaced in the frequency scale at first, but the distance 
between each two succeeding lines continually diminishes. For 
large values of m all the lines practically coincide with The 

first 31 lines of this series have now been discovered and they all 
agree with the formula to within 0*6 Angstrom unit (1 Angstrom 
unit = 10"® cm. = A). 

Balmer’s series is much simpler than the series which have 
been found in the spectra of elements other than hydrogen. In 
the case of the alkali metals for example the series are made up 
of pairs of lines very close together (doublets). In the spectra of 
the alkaline earth and other metals the doublets are replaced by 
triplets. The individual lines in a doublet or triplet are called 
components. In a large number of cases 3 series and in some 
cases 4 series have been found in the spectrum of a single element. 
The separate series are also interrelated in an interesting manner. 
The values of the frequencies in the general case of 4 series of 
doublets are given by the following expressions. 


Sharp Principal Series. 
First Component, — 

Second Component, — 

Third Component, iia, = 

Sharp Subsidiary Serdes. 
First Component, = 

Second Component, ^'^2 = 

Third Component, = 



iV„ 

(2). 

(1+6')^ 

(m+p,)-"" 



0^)- 

(1+*)= 




(4). 

(1 + sy 

(m + p, ,)•-■■■■ 


iV„ 


(5)- 

(1+Pi)' 


(1 +p.,y 

(m H- ‘ ’ ‘ 

(6). 

iVo 


(0- 

(1 + 

(m + sY 
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Diffuse Principal Senes. 

N. N, 


First Component, 31/1 = 
Second Component, 31^2 = 
Third Component, 31^3 = 


{1 + dy (m + p)2 

^0 


{1 + dy (m + pY 




iVn 


(1 4 - d^y (m + pY 


..( 8 ). 

..( 9 ). 

( 10 ). 


Diffuse Subsidiary Series. 

(In general this series consists of groups of six lines, divided 


First 
Component | 


Second 

Component 


41^1 = 


4 l^l = 


41/1 == 


3 -groups, 

which we n 



O+PiY 

{m + dj' 

No 

No . 

a+PiY 

(m + d'J 

No 

No 

(1+Pi? 

{m + d"y 

No 

No 

a+p.y 

(m + d"y 

No 

No 


.( 12 ). 


^777^ (weakest line) ( 13 ). 


^ (l+py (m + d'y 

Third I _ N, _ N, 
Component [ ( i + pff (m + dy^ 


.( 16 ). 


In these formulae all the quantities on the right-hand side except 
m are constants. has the same value for all elements. The 
others vary from one element to another. The successive lines 
are obtained by giving to m the successive integral values 1, 2, 3 , 4 , 
etc. In the doublet series the frequencies denoted by oz^s, si's, 
iW ^^lid 4Z/3"' are missing and in the single line series the 
frequencies jz/g, 2^2^ 3^2 > iW' and ^Vo' in addition. For a critical dis- 
cussion of the degree of accuracy with which formulae of this 
character fit the observed facts the reader may be referred to recent 
papers by W. M. Hicks in the Philosophical Transactions of the 
Rmial Society. 
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The formulae given above show that, as in the hydrogen series, 
the lines all gradually crowd together as the frequency correspond- 
ing to m = 00 is approached. This frequency, in the case of the first 
component for example, for each of the four series, has the values 

(Triy- 0^- (-mr (I^-- 

series have the same termination. This is true separately of each 
corresponding pair of components. There are other relations 
between the different series. 


In the case of the sharp subsidiary series and the diffuse 
principal series the difference in frequency between the components 
of a given line is constant throughout a given series. A similar 
relation holds between the lines whose frequencies are given by 
(13), (15) and (16) on the one hand and by (12) and (14) on the 
other in the diffuse subsidiary series. In the case of the first 
two components the values of the constant frequency differences 
in the respective series are, in the order of the table above. 


(l+p.y (i+p,y 

aVi (l+d'J 




= 4Z/l 


JS\ 


-41/2 = 




\ ...(17). 


(i+jP2y“ , 


In the case of the sharp principal series on the other hand the 
difference in frequency between the components is not constant 
but decreases as the value of m increases. Thus the components all 
crowd together as the end of the series is approached. A similar 
relation holds between the lines given by equations (11) — (13) and 
(14) and (15) respectively in the diffuse subsidiary series. In 
these cases the series of individual components terminatti at a 
common frequency; in the former cases there is a separat(‘ t(a*min- 
ation for each component of a given series. 


The series are also interrelated in the following inanrier : 
first term (m = l) of the sharp principal series and the first tta-m 
of the sharp subsidiary series have the same frequency; this is 
equal to the difference of frequency between the ends of the sharp 
principal series and of the sharp subsidiary series. Also the 
freon encv difPerenee "hetwepn f.Ep ^nrlc v.n 
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series and the diffuse subsidiary series is equal, for each component, 
to the frequency of the first corresponding term of the diffuse 
subsidiary series. 

Roughly speaking the intensity of the lines tends to diminish 
as m increases, although the relative intensities vary a great deal 
with the mode of excitation of the lines. In a sharp principal 
series of doublets the component of higher frequency is more 
intense than the slower component. The order of variation of 
intensity of the components with increasing frequency is usually 
the reverse of this in the case of the lines belonging to either 
of the subsidiary series. 

The most important steps in the establishment of the serial 
relations just described are due to the work of Runge^, Rydbergf, 
Kayser, Paschen and Bergmaim. These relations have been 
somewhat generalized recently by Ritz and Paschen and the 
results used, following a suggestion of Rydberg, to predict the 
existence of combined ” series. The success which has attended 
this development may be judged from papers by Paschen in the 
Annalen der Physik from 1908 to the present time];. 

The X-ray spectra of the elements have been described in the 
preceding chapter, p. 510. 

Series in Band Spectra. 

A number of relations between the emission frequencies ob- 
servable in band spectra have been discovered by Deslandres§. 
The frequencies of the lines which make up a single band are 
found to agree very approximately with the formula 

z; = A (m -h + c (IB), 

where A, a and c are constants and m takes various successive 
integral values. As a rule this formula does not deviate seriously 
from the observed values unless the band contains more than 
about 50 lines. 

In general, emission bands are not found isolated but occur in 
related groups and in some cases there are a number of groups 

* Brit. Assoc. Report for 1888, p. 576. 

t K. Svenska. Vet. Akad. Handl. vol. xxiii. No. 11, p. 155 (1890). 

See also Stark, Pnncipien der Atomdynamik, vol. n. p. 50. 

S Pat)ers in Comptes Rendiis from 1885-1891 and from 1902-1905. 



which exhibit relations with one another. Deslandres finds that 
the following relation covers the whole system of groups of bands 
in certain cases : 

y =f(ji^, p~) X + Bn^ + (j> (p^) (19). 

Here v is the frequency of a line in any of the bands, B is a 
constant, and / are characteristic functions, p, n and are 
integers. The number p is characteristic of the group and n is 
characteristic of the band in which the line occurs, in the same 
way that m is characteristic of the particular line in the particular 
band. For specified values oip> and n (19) becomes identical with 
(18) with a = 0. The values of p and n never exceed 10, whereas 
m may be comparable with 100. 

No explanation of (19) has ever been suggested ; but it is 
important to observe that the numerical relation between the 
frequencies of lines in band spectra is of a character quite 
different from that which occurs in the series observable in line 
spectra. With regard to the foregoing system of series of line 
spectra it is also important to remember that very few of the lines 
in the more complex spectra have been found to fall into these 
series ; so that the possibility of the existence of other types of 
series of lines, as well as of lines which do not belong to any series 
at all, is one which we have to bear in mind. 

The Zeeman Effect 

We have several times had occasion to refer to the change in 
the frequency of spectral lines caused by the application of a 
magnetic field, which was discovered by Zeeman. In Chap, xvi 
we even considered the theory of this effect in connection with 
the theory of diamagnetism. We shall now discuss the theory 
in what is probably the simplest possible existing case. 

Consider an electron which is subject to a restoring force 
proportional to its displacement from the equilibriiini ])r)sition in 
the atom. The restoring force per unit displacement is isotropic, 
that is to say it has the same value for different directions of 
displacement, in the absence of a magnetic field. Taking the 
equilibrium position as origin the equations of motion of th(‘ 
particle, when there is no magnetic field, may be written 

9 % 02 ^ 


SPECTROSCOPIC PHENOMENA 


519 

The natural frequency has the same value whatever the 
direction of vibration and is given by 

V=//m (20). 

Now suppose a magnetic field parallel to the a axis is 
applied. As the electron is in motion this will add to the forces 
previously acting a new force proportional to the vector product of 
the velocity and H. The components of this new force on the 
electron are respectively 

c dt’ c dt’ ^ 


The equations of motion in the magnetic 

^ eH^dy j.. eH^dx 


uciu cirtJ i/uereiore 


These are solved by 




3% . 


dt- 


.( 22 ). 


x= cos {714 + ^>i)j y = — (h sin (n4 + h} (23), 

a: = Os cos (n4 + h), y = sin {n4 + h.^ (24), 

^ = Os cos {n4 -{-hi) (25), 


where 


, eH, 

— '/!o“ 

me 


(26), 




ej^ 

me 


■ rto = «„■ 


.( 21 ). 


Equation (25) shows that the vibrations parallel to the mag- 
netic field are unaffected by it. The corresponding frequency 
has the same value whether the field is applied or not. The six 
arbitrary constants cLi, ch, bi, boy 63 , of which the first three 
determine the amplitude and the last three the phase of the 
vibrations, depend on the initial conditions of motion and are of 
no particular interest in connection with the present discussion. 

Equations (23) represent two rectilinear simple harmonic 
motions at right angles. These are of equal amplitude and differ 
in phase by a quarter period. They therefore constitute a circular 
vibration in a plane perpendicular to the magnetic field. The 
same is true of equations (24) except that the direction of the 
rotation is reversed. Since the difference between or iio and 



is very small in comparison with either, we can write, instead of 
(26) and (27), 


= = — = -^ ...(28). 


Thus the difference between the frequency of each of the two circular 
vibrations and that of the original vibration has the same magnitude 
but is positive in the one case and negative in the other. The 
frequency difference per unit magnetic field is quite independent of 
the frequency of the original line and is entirely determined by 
the universal electronic constant elm. 

Now consider the radiation which will be emitted by an 
electron moving in the manner we are contemplating. Since the 
circular vibrations are capable of resolution into simple harmonic 
motions, the nature of the radiation, although not necessarily its 
amount, can be deduced from the simpler case of a rectilinear 
simple harmonic motion. By Poynting's theorena the rate of 
transmission of energy at any point is proportional to the vector 
product of the electric and magnetic intensities and the direction 
of transmission is the direction of that vector. It follows from 
the results of Chapter Xll that in any motion in which the 
velocity and acceleration are collinear the magnetic intensity lies 
in circles about the axis of motion and vanishes at points along 
this axis. There is therefore no radiation along the direction of 
the axis of a simple harmonic motion. Now turn to the radiation 
in any of the directions which are perpendicular to this axis. It 
follows from Chapter xii that the electric intensity in the radiation 
wave in this case lies in the plane containing the axis of motion 
and the radius. It is also perpendicular to the latter. The mag- 
netic intensity is equal to the electric intensity and its direction is 
normal both to the electric intensity and the radius. Since the 
plane of polarization of the radiation is that which contains tlu^ 
direction of the magnetic intensity in the wave-front, we see fchat 
the radiation emitted in the direction under consideration is com- 
pletely polarized in the equatorial plane. These principles together 
with equations (23) — (25) are sufficient to determine completely 
the character of the radiation which is emitted in directions co- 
incident with, and normal to, the lines of magnetic force. 

Consider the light emitted along the lines of force first. The 
simple harmonic motion given by (25) emits nothing in this 
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direction; so that the original line will be entirely absent when 
observations in this direction are made. It is different with the 
circular vibrations (23) and (24). The direction of observation is 
now^ situated in the instantaneous equatorial plane for these 
motions. The observed radiation will therefore have its electric 
intensity parallel to the instantaneous direction of motion and its 
magnetic intensity parallel to the radius drawn from the centre to 
the instantaneous position in the equivalent orbit. The light will 
therefore exhibit complete polarization. The direction of the 
rotation given by (23) is in the clockwise direction as seen from 
points along the positive 2 ' axis, that given by (24) is in the 
opposite direction. Thus the light emitted along the positive 
axis of H consists of two lines circularly polarized in opposite 
directions ; the one which has the frequency is right-handed, 
the other which has the frequency ng is left-handed. 

When the light is observed in a direction perpendicular to H. 
the vibration corresponding to equation (25) will -give rise to a 
line which is polarized in the plane to which the magnetic 
intensity is perpendicular. The frequency of this vibration is Uq, 
the same as that of the original line in the absence of a magnetic 
field. The circular vibrations are now observed in their own 
plane and may be resolved into simple harmonic motions along 
and perpendicular to the line of sight. The former give rise to no 
emission in the direction contemplated, whilst the latter give rise 
to light polarized in the plane containing the magnetic intensity. 
Thus when the emitted light is viewed in directions normal to the 
magnetic force the original line is converted into a triplet. The 
middle component has the same frequency as the original line and 
is polarized perpendicularly to the lines of magnetic force, whilst 
the other components are at equal distances from it and are 
polarized in the perpendicular plane. 

According to (28) will exceed if e is positive and be less 
than if e is negative. Zeeman found that when the light was 
emitted along the positive ^ axis the slowest component of the 
observed doublet exhibited right-handed circular polarization. 
This shows that the centres of emission are negatively charged 
particles. 

The problem of the effect of a magnetic field on electrons 
executing closed orbits in the atom is quite complex in detail; 



but Larmor^ has shown in a general manner that for small \'alues 
of the magnetic force the motion consists in the combination of 
the original motion with a uniform rotation about the axis of H. 
This leads to equations (28) for the Zeeman shift. 

All of the foregoing conclusions f, many of which were predicted 
by Lorentz, were found by Zeeman and other investigators to be 
accurately fulfilled in the case of a large number of spectral lines. 
According to Paschen all the lines of the single line series of 
spectra exhibit this relatively simple type of Zeeman effect. The 
same is true also of many other lines. Thus Purvis finds about 
50 lines in the spectrum of palladium which give the normal 
effect. I ought also to add that the value of ejm deduced from 
the magnitude of the shift in these cases agrees with that given by 
the electrons furnished by the cathode rays and from other sources. 
It seems fairly clear from these results that the hypothesis of 
vibrating electrons is an important step towards the explanation 
of emission spectra. 

In the case of the majority of spectral lines the Zeeman effect* * * § 
is more complicated than the “normar’ type just outlined. But 
even the more complex cases exhibit certain relatively simple 
features which are of importance. For example, when the lines 
are observed in the direction of the magnetic field, the compoiKUits 
of lower frequency exhibit right-handed, and those of higln^r 
frequency left-handed, polarization, showing that the vibrators 
are negatively charged. Moreover Runge.'j: has shown that 
although the frequency displacement ^nlH often differs from tlui 
theoretical amount el2mc, yet it is always a small int(‘gral multiple 
of ej^mnc, where is a small integer. This holds true (‘von when,, 
as we shall see, the number of new lines produced by th(‘ magn<‘tic 
field is much gi'eater than two. Another important ix'sult, dis- 
covered by T. Preston §, is that all the lines of a given seri(‘s and of 
homologous series of different elements are decompos(‘d by tins 
magnetic field in the same manner. 


* Aether and Matter^ p. 341. 

t The rather different treatment considered in Chap, xvi, when it is fully 
worked out, leads to results identical with those above. Cf. Lorentz, Thcorif of 
Electrons^ p. 124. 

t Phys. Zeits. vol. vm. p. 232 (1907). 

§ Phil Mag, vol. xlv. p. 325 (1898), vol. xlvii. p. 1G5 (1899). 
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To illustrato this it will bo best to consider one or two examples. 
The behaviour of the lines in the sharp principal series of doublets is 
exemplified by the case of the sodium D lines. Their behaviour in 
a transverse magnetic field is exhibited in Fig. 53. The letters p 
and ??. denote that the lines are polarized parallel and perpendicular 
to the lines of magnetic force, respectively. 



The two components of sharp subsidiary series of doublets are 
decomposed in exactly the same way except that the less refrangible 
component of the one series replaces the more refrangible of the 
other and vice versa. This may be regarded as a confirmation of 
the correspondence in the structure of the lines of these two series 
which is indicated by the respective series formulae. 

The strong lines of the diffuse subsidiary series of doublets are 
split up into triplets, whilst the satellites split into eight com- 
ponents of which six are polarized perpendicularly and two parallel 
to the axis of the magnetic field. 

The way in which the lines of the sharp subsidiary series of 
triplets break up in a transverse magnetic field is shown in 
Fig. 54. The behaviour of the diffuse series of triplets is still 
more complex, as is also that of many lines which have not been 
assigned to any series. 

Paschen and Back^ have recently observed that with certain 
double lines the character of the Zeeman effect depends very much 
on the strength of the magnetic field. The arrangement of the 
lines in strong fields is in some respects simpler than that in weak 
fields. 

Not much has yet been accomplished in the way of an expla- 
nation of the more complicated types of Zeeman effect, although 
* Afin. der Fhudk, vol. xxxix. p. 897 (1912), vol. xl. p. 960 (1913). 
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the theory has been attacked from several different points of view 
by Lorentz*, Voigt f and other writers. One important point 
brought out by Lorentz is that a magnetic field cannot of itself 
alone endow the vibrating atomic system with essentially new 
modes of vibration : it can only cause the separation of existing 
periods which previously were coalescent. This is an example of 
the well-known dynamical principle that the number of possible 
modes of motion of a system is determined by the number of 
degrees of freedom, since the number of degrees of freedom is not 
affected by the magnetic field. Naturally, by imagining the 
motion of the electrons to be constrained in various ways or by 
assuming different forms for the expressions for the potential and 
kinetic energies of the electrons, it is not difficult to arrive at 
rather complex types of Zeeman effect. But the theoretical 
results thus far attained do not seem to resemble very closely the 
effects exhibited by the actual spectral lines. 
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Fig. 54. 

Most of the lines of band spectra which have been examined 
do not exhibit any measurable Zeeman shift. In the hnv cases in 
which this effect has been observed in the lines of band sp(‘eti*a 
the results have been more irregular than those givc^n by lim^ 
spectra. Thus Dufour:[: found in the banded ffame spectra of 
haloid salts of the alkaline earth metals some lines which, when 

* Theory of Electrons, chap. iii. 

t Magneto- und Elektro-Optik, chaps, n. and iv. 

i ConiTitP.a ytv -nr* lift OOO 
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observed in the direction of the magnetic field, gave rise to com- 
ponents with circular polarization in the opposite direction to that 
exhibited by the line spectra. Other lines showed the normal 
behaviour in this respect and in both cases the polarization was 
incomplete. The existence of circular polarization in the opposite 
direction to that given by the normal effect cannot necessarily be 
interpreted as implying positively charged vibrators, since Lorentz^ 
has shown that this effect can arise from the vibrations of negative 
electrons under suitable circumstances. 

Theories of Spectral Emission. 

The frequency of the occurrence of the normal type of Zeeman 
effect and the fact that the more complicated types are closely 
related to the simple type and to the series of line spectra, show 
that the oscillations of negative electrons play a very import- 
ant part in spectral emission. The chief difficulty which now^’ 
lies in the way of the further development of the interpretation 
of these effects arises from our ignorance of the nature of 
the emitting systems. If we consider a particular series of lines, 
for example, we can either regard these as the overtones which 
accompany the fundamental vibration of a single system or we 
can look upon each line as the natural vibration of a separate 
system. In the latter case the other lines of the series are 
attributed to the occurrence of systems which are constitutionally 
related to one another in some regular way. Both of these views 
have their respective advocates. Another view, which attributed 
all the spectral lines to the natural modes of vibration of the 
normal atom, is certainly no longer tenable. As each electron can 
at most only give rise to three natural frequencies the number of 
electrons per atom which would be required to furnish the spectra 
of elements like iron and titanium is quite prohibitive. Moreover 
such a hypothesis would make the absorption spectra of metallic 
vapours quite different from what they are. 

The experimenters who have adopted what one may call the 
overtone view of the nature of spectral series, have come to quite 
different conclusions as to the nature of the emitting systems. 
Thus Lenardf found that the upward stream of colour arising 

* Theory of Electrons, p. 123. 

t Ann. der Physik, vol. xi. p. 636 (1903), vol. xvii p. 195 (1905). 



from a bead of alkali salt in the outer regions of a Haiue is unde- 
flected by an electric field, whereas in the interior of the flame 
the coloration is deflected. In the former case only the lines 
of the principal series are emitted, wheri^jis in the latter case 
lines of the subsidiary series may also be found. He therefore 
concluded that the emitters of the principal series were uncharged 
atoms of the metal and those of the subsidiary series atoms which 
had lost one or more electrons. Experiments with salt vapours 
in the arc confirmed this conclusion. On the other hand Stark*, 
largely from experiments made on the rapidly moving positive ions 
(canal rays) found in vacuum tubes under certain circumstances, 
has come to the conclusion that the emitters of all the lilies series 
are positive ions : and holds, on other grounds, that the band 
spectra are emitted by the neutral particles. There is no doubt 
that the sources of the line spectra are in many cases in rapid 
motion, since Starkf has shown that they (exhibit the Doppler 
effect. This fact alone does not settle the question, but there is no 
doubt that the streams of deflected positively charged particles do 
in general give rise to the emission of series lines. However, such 
streams usually contain a fair proportion of ncnitralized particl(‘s 
which might be the source of the emission. In fact it seems to 
the writer that the bulk of the experimental evidence which has 
been brought to bear on this question might be interpr(.‘t(^d in 
various ways. 

The truth of the overtone view of the nature of s])ectral lim^s 
cannot be said to have been established. In fact thviv an* v(My 
grave objections to it. R. LadenburgJ, who investigat(‘d the 
dispersion of luminous hydrogen in a vacuum tube, found that it 
was negligible except in the neighbourhood of th(‘ nul liiH‘ 

In this region satisfactory measurements showing tli(‘ rogulai* 
type of anomalous dispersion to be expected near a natural period 
were obtained, although no measurable effect could l)e dct(‘ct(‘d in 
the neighbourhood of the bright blue-green line Hu. An extensive 
series of measurements covering the dispersion of th(^ vapours of 
the different alkali metals in the neighbourhood <d’ the lines of the 
various principal series has recently been carried out by J)evan§. 

* Jahr. der Radioakt. u. Mlektronik, vol. viii. p. 2)51 (1911). 

t Phys. Zeits. vol. vi. p. 892 (1905). 

X Ver. der Deutsch. Physik. Ges. x. Jalirg. p. 858 (1908). 

§ Roy. Soc. ProG. A, vol. lxxxiv. p. 209 (1910U vol. lxxxv. d. 54 MOllU 
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Both thoso invostig’ations load to important conclusions of a similar 
oharacter. 


Let us turn to the theory of dispersion given in Chap, viii, 
p. 148. In the case of a gaseous substance we can neglect the 
term cuP which depends upon the polarization, on account of its 
smallness, so that the refractive index, neglecting the effects 
specifically due to the absorption term in the equations of motion, 
will be given by 


m 


Vseg^ 




■¥) 


.(29), 


where e is the charge, m the mass, of the vibrators, the natural 
frequency of the sth type of vibrator, p the frequency of the light. 
Vs the number of vibrators of the sth type present, and n the 
number of types. Bevan has shown that an equation like (29), with 
■one term for each line, represents the measurements for potassium 
as accurately as they can be made ; so that we shall not be led into 
any serious error by neglecting the absorption term. No doubt 
the same conclusions apply to the other substances investigated. 
Now in the case of the hydrogen lines ejm has the regular value 
for negative electrons, since the Zeeman effect is of the normal 
type. Thus all the quantities on the right-hand side of (29) 
are known except It follows that from measurements of 
the refractive index we can obtain the number of emitting 
particles. 

Now Ladenburg and Loria’s experiments show that there is 
no appreciable dispersion in hydrogen until it becomes luminous, 
whereas luminous hydrogen shows anomalous dispersion in a 
marked manner in the neighbourhood of the line iL. Thus it 
follows that the systems which emit this line do not exist in 
ordinary hydrogen but are only formed when the gas becomes 
luminous. Moreover luminous hydrogen does not show measur- 
able anomalous dispersion near the line whence it follows that 
the number of systems which can emit light giving the line 
is much smaller than the number which can emit light giving the 
line i/a- This conclusion must be valid even though we have 


neglected the absorption term ; because it follows, from the shape 
■of the dispersion curves, that the inclusion of the absorption term 
only affects the estimated value of Vs seriously when we make use 
of freouencies verv close to n,. Now and are the first 


two lines of Balmer’s series, so that this argument leads to the 
conclusion that the systems which can emit the different lines of 
this series are not present in equal numbers. It follows that the 
different lines of a given series are given out by different systems 
and therefore presumably by atoms in different states. 

Sevan’s results with the lines of the sharp principal series 
of the alkali metals confirm these conclusions. The argument 
here is not so strong because these lines do not exhibit the normal 
type of Zeeman effect, so that we have not such good grounds for 
the validity of the simple theory of dispersion which leads to (29). 
The constants might be of the more general type given in Chap, 
viii, p. 176, for example. However, even in this case, it is not 
likely that the order of magnitude of estimated from tli<‘ simph^ 
formula would prove to be seriously wrong. 

As to the actual numerical differences in Be van finds for the 
first four doublets of the principal series of potassium tliat the 
numbers of vibrating electrons are proportional to tht‘ respt‘ctive 
numbers : 

mi = 0T13, m 2 == 1*58 X lO""-*, = IT x and V //4 = 8 x lO '^ 

There is some evidence that the value of is (Mjual, or api^roxi- 
mately equal, for the two lines of a doul)let. Rt ‘suits (d* a similar 
character are given by the other alkali metals. Tln^ proportion of 
systems capable of emission to the total numb(‘r of atoms ])n‘S(‘nt. is 
probably greatest in the case of the centres which <anit tho sodium 
jD lines. Using data given by Wood for th(i t<,‘mp(‘rat*urt‘ 

Bevan estimates that the proportion of centn/s to a, toms is about 
1 in 12 . A corresponding calculation has bcaai (^arri(‘(l outr l>y 
Ladenburg and Loria in the case of hydrogen in a GCsslcr tula*. 
By making use of the formulae (24 a) and (24/>) of Chap, vin, 
in which the part played by the absorption tca-m is iak(‘n int(^ 
account, they conclude that about one centre capabh^ of (‘mil ting 
the line is found in every 50,000 molecules, iimb'r th(‘ conditions 
of their experiment. 

As to the nature of the difference between the diff(‘rent a-toms 
which makes them capable of emitting different s[)C‘ctra,l liiu'S 
a number of plausible hypotheses may be considered. In th(‘ first, 
place the electromagnetic analysis (measurement of the d<di(‘xion 
produced by transverse electric and magnetic fields) has shown 
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that the atoms present in the vapours of metals may lose varying 
numbers of negative electrons. Thus Sir J. J. Thomson* has 
recently found that the positive rays in mercury vapour contain 
mercury atoms which have lost 1, 2, 3, 4, 5, 6 and 7 electrons 
respectively. In the second place there have also been shown to 
occur in vacuum tube discharges atoms which have gained one or 
more electrons in excess of the normal amount. Finally, systems 
may be formed by the combination of two or more atoms. 
I ought also to add that Ritzf has shown that if the electrons 
are supposed to vibrate in the held of a small magnet, different 
frequencies occur which obey the same kind of law as Rydberg’s 
series, if the magnet is supposed to be built up of varying 
numbers of smaller elementary magnets. The possibility of 
this last type of theory has received some support from Weiss’s 
work on the magnetic properties of bodies considered in Chap, xvi, 
but it does not otherwise seem to agree very well with present 
tendencies in the development of the theory of atomic structure 
(see Chap. xxi). H. A. Wilson J has pointed out that if we take 
the atom to be composed of a number of electrons in equilibrium 
inside a sphere of positive electrification of uniform volume density 
— a hypothesis which, as we shall see in the next chapter, gives 
a fair account of many of the properties of the atoms — then 
each atom possesses only one mode of vibration which is effective 
in producing any considerable amount of radiation, and the 
frequency of tliis mode of vibration depends only on tlie universal 
constants e, m and c, and the density p of the positive electrifica- 
tion in the sphere. According to this theory the frequencies of all 
spectral lines are determined by the density p of the positive 
electrification. For a given atom the requisite changes in p are 
secured either by a deficiency in the normal complement of 
electrons or by combination of the atoms with each other. As 
these changes always take place in discrete amounts the fre(|uencies 
can be made to depend on whole numbers in the same way as in 
Balmer’s series. 

A niimbcn* of attempts have been made to construct vibrating 
systems which have overtones resembling the spectral series. 

* Phil. Muff. vol. XXIV. p. ()(38 (1912). 

t Geuiuimelte IVcrke, Paris (1911). 

X Phil. Ma(i. vol. xxiii. p. 000 (1912).“ 
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Ritz"* * * § " has succeeded in constructing two-dimensional dynamical 
systems of this kind, whilst Whittakerf has exi)ressed the form 
which the requisite energy functions must take in ii very general 
manner, 

A theory of spectral emission, due to Bohr, which depends on 
different principles from any of the foregoing will l)e considered in 
the next chapter, p. 585. This theory offers a t|nantitative ex- 
planation of Balmer s series and is able to overcome most of the 
difficulties we have so far encountered. 


FliLorescemce. 

Many substances when illuminated, let us say by monochromatic 
light, are found to emit light of a different colour or frecjuency. 
This phenomenon is called fluorescence. Sir George Stokes, who 
made very important researches on the subject, concluded that the 
fluorescent light was invariably of lower frecpumcy than the 
exciting light. This generalization has been found ’to be only 
approximately true. The first exceptions to it were noticed by 
Lomme4. The more recent investigations of Nichols and Mcrritt§ 
have shown that in the case of certain substances which they 
examined, the relative distribution of energy in tlu^ lluon^scent 
spectrum does not depend very much on t\m ff*(‘(jiumcy of the 
exciting light, and that a considerable proportion of th(‘ emitt.ed 
energy may belong to higher frequencies than that ot* th(‘ (^xciting 
radiation. 

Very often the fluorescent emission lasts for sonu^ tinu* aft.(‘r 
the exciting radiation has been cut off*. The j>h(‘nom(‘non is tluai 
often termed phosphorescence. There does not, s(M*m to lx* ;iny 
very sharp line of demarcation between Huoresci‘n(i(‘ a,nd phos- 
phorescence, as the duration referred to may t,ak(‘ almost any 
value from zero upwards with diff'erent substa.nc(‘s aaid according 
to circumstances. However, in the case of li(|uid and gaseous 
bodies this duration has always been found to b(‘ too small to 

* Loc. cit. 

+ Roy. Soc. ‘Proc. A, vol. lxxxv. p. 202 (1911). 

X Wied. Ann. vol. iii. p. 118 (1878). 

§ Phys. Rev. vol. xix. p. 18 ('1904U 
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measure; so that they are strictly fluorescent according to the 
definition. 

Fluorescence is very susceptible to changes in the physical 
condition of the bodies exhibiting it. Thus some substances are 
fluorescent only when dissolved in certain non-fluorescent liquids ; 
whilst others, barium platino-cyanide for example, are fluorescent 
in the solid state and not when dissolved. The luminous paints 
are examples of an important class of substances whose behaviour 
has been investigated by Lenard and Klatt*. They find that 
these bodies, which are of a saline character, only exhibit phos- 
phorescence when they contain three different chemical substances. 
Only small traces of two of the three need be present. These 
facts show that phosphorescence is not a unique property of the 
atom, or even of the chemical molecule. 

It is probable that phosphorescence is invariably accompanied 
by the liberation of electronsf. This is a very important 
point and at once suggests the explanation of these phenomena. 
It now seems fairly certain that the exciting light first causes 
the emission of electrons from some constituent of the material 
and that the fluorescent light arises from the recombination 
of these emitted electrons. The time factor will then be 
determined by the resistance to this recombination and will be 
gi’eater in solids than in liquids and gases, and at low than at high 
temperatures in solids. These requirements are borne out by the 
experimental results. In fact, all the observed phenomena seem 
to receive a very plausible explanation on this view. 

It is questionable whether fluorescence can be sharply dis- 
tinguished from other kinds of optical absorption except such as 
arise from electrical conduction. It is at least possible that in all 
cases energy is absorbed from the light by the electrons until 
disruption occurs. The disruption might occur entirely within an 
atom and not give rise to perceptible emission of electrons. The 
fre(|uency of the emitted light might have any value including that 
of the incident light as a particular case. There might even be 
no ixsernission of radiation except very indirectly, the whole of the 
absorbed energy being stored temporarily in the atom. In fact 

* Ann. der Phya. vol. xv. pp. 225, 425, 633 (1904). 

t Stark and Steubing, Fhys. Zeits. vol. ix. pp. 481, 661 (1908) ; Lenard and 
Sn,f‘bi,nd. Afin. der Phns. vol. xxvni. p. 476 (1909). 
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this hypothesis seems wide enough to cover all the phenomena 
referred to, and so far as the writer is abh* to judge, thert‘ arc no 
facts known at present which definitely contradict it. 

Wiedemann and Schmidt^ discovered that the vapours of 
various organic compounds and of the metals s(Klium and potassium 
exhibited fluorescence. This list has been t*xtended to include the 
additional elementary substances mercury, iodim* and l)romine by 
R, W. Wood. The fluorescence exhibiti*d by the vapours of the 
alkali metals and iodine has been investigati^d in dt^tail by Woodf 
and found to exhibit remarkable results. Although is a 

good deal of similarity in the effects exhibited l>y tlu! diilerent 
substances, perhaps the case of iodine is most inttu-esting. When 
the stimulation is effected by mon<jchromatic light, tin* fluorescent 
spectrum is not a continuous one but i.s in tin* form of a series of 
fine lines whose frecpiencies are approximately e(piidistant , with 
the original line forming one of the lines of the st*ries. The 
positions of the lines of the fluorescent sptH-t.rum change in a 
remarkable manner as the frequency of the* (‘xciting light is 
altered. They are also intimately relat(*d to tin* fine structurt* of 
the very complex absorption spectrum of io(liiu‘. This spei*trum 
has seven very fine lines, visible only with tlu‘ highest rosolving 
power, within the width of the greem mercury lim*. W’luui fhe 
green mercury line is used for excitation it. is found ihnl a. large 
number of the fluorescent lines are mad(‘ uj) of fiiu‘ lim^s having a 
structure similar to the seven alxsorption liru's co\‘crcd by tlui 
exciting spectrum, only the fluorescent linos an‘ about, thirty tinuis 
as far apart on the frequency scale as th(‘ corrt‘spon{ling absorption 
lines. Many other interesting peeuliaritios lu-tvo Ihmui ohscu-vod 
which promise important results when iuvi‘st:iga,t.(‘(l further. 

The line fluorescence shown by the (ihumait-s aJludcsl to (lo(‘s 
not obey Stokess law. It possesses th(‘ nmairkabh^ proporty:| of 
being converted into a band spectrum by a,n admixt.un* of iiaui, 
gases like helium. The intensity of th(‘ hamhsl tluoivsccma* 
diminishes with the amount and molecular weigiit of' tin* st raiigi* 
gas added. No adequate theory of these phenouuuia has yiU bocn 
put forward, although it is clear that any sat.istact.ory thtMuy of 

* Ann. dev Phys. vol. lvii. p. 447 (1800). 

t Wood's Physical Optics, ch&p. xviii., New York (U)0.'5); Phil. May. ()(;t. I0I‘i. 

Wnna TAj-k- i li 4 /idii* 




OdO 


spectroscopic phenomena will have to take account of them. The 
remarkable complexity of the absorption spectrum of iodine, which 
has been pointed out by Wood*, should also be remembered in 
this connection. 

The Effect of Pressure on Spectral Lines, 

In 1896 Humphreys and Mohlerf observed that the spectral 
lines of various metals were displaced towards the red end of the 
spectrum when they originated in the arc at a high pressure. The 
shift was approximately proportional to the pressure. Humphreys J 
explained this displacement as arising from the Zeeman effect of 
the intermolecular magnetic fields. The writer§ pointed out that 
there should be a displacement, of the observed order of magnitude, 
arising from the forced vibrations in the atoms of the gas near the 
emitting centres. An explanation having a similar physical basis 
was given about the same time by Larmorlj. A theory which is 
not very different in principle from the last two has recently been 
put forward by G. H. LivensIF, who, however, comes to the con- 
clusion that the shift should be proportional to the concentration 
of the emitting particles and only to the pressure of the gas in so 
far as it influences the concentration. No doubt effects of the kind 
contemplated by Livens may occur under favourable circumstances, 
but it does not seem probable that they have much to do with the 
pressure shift under the conditions in which it has been observed. 
In the first place the experiments described above on the dispersion 
of light by luminous gases and by the vapours of the alkali metals 
indicate that in the case of many of the lines which exhibit the 
pressure shift it is probable that there are very few centres in a 
volume of the dimensions of the wave-length of light, so that 
Livens’s analysis will not apply without modification. It then 
reduces to much the same thing as that given by the writer. In 
the second place the shift should vary enormously for spectral lines 
of the same series to accord with Sevan’s results. Finally, such a 
view is hardly likely to lead even to so much consistency as has 

^ Phil. Mag. Dee. 1912. 

t Astrophyii. Joiirn, vol. in. p. 144 (1896). 

X Jahr. der Rad. u. Elektronik, vol. v. p, 324 (1908). 

§ Phil. Mag. vol. xiv. p. 557 (1907). 

jl Astropliys. Jonrn. vol. xxvi. p. 120 (1907). 

11 Phil. Mag. vol. xxiv. p. 285 (1912). 


been recorded in iueasureini‘iits <>t‘ tlie pivssun^ shii’t, ;ilth(.)ugh, 
it must be admitted, this is far from ludiig all tliat miglit be 
desired. 


The Stark TJ(fe(± 

Stark^ has recently observed intends! ing (*hangos in a number 
of spectral lines when the emission taki*s plae(‘ in a st rong electric 
field. As in the case of the Zeeman effiart tlu* piHUionauia are 
different for difierent lines and the obsiU'ved t‘!ft‘cts tlepiuid upon 
the geometrical relation between the direct ion of (‘missi<m and the 
direction of the electric field. When the lim^s //« and are 
under observation in a direction perpendicular to thi‘ oK^ctric 
field, it is found that five lines appear insti^ad of each m’iginal 
line. These five lines are symmetrical about the original line 
with which the central one is coincid<*nt. Tin* two outtu' lines 
are much stronger than the other three and an* polarized parallel 
to the electric field. The three inin‘r lim‘s an* polarizt*d iierpein 
dicularly to the electric field. When tin* radiation is ol)sorv(‘d in 
the direction of the electric field three t‘V(‘iily spaced lines app(‘ar. 
These have the same wav(‘-length as tin* tliree lines which were 
polarized perpendicularly to the field in tlu* forim*!* (mse and are 
now unpolarized. 

Of the helium lines which havebt*<*n cxamitied t hos<* belonging 
to the sharp principal sta-ies and to the sharp secondary series 
exhibit no noticeable decomposition, dlie lines Ix'longing to tlu* 
diffuse subsidiary series break up into three or four lin(‘s of une<|ual 
intensity, asymmetrically spaced with r(‘S]M‘ct. to the original liiu*. 
None of these lines arc coincident with the originnl lim* nn<l tiny 
are unpolarized. In the case of helium t»he lines obseiacd in tlu* 
direction of the electric field present tlu* saiiu* eharaet(‘rist i«*s as in 
the transverse direction. 

For the three lines (JT^, Hy and He X = 4<{)2(; A ) for whieh tlu^ 
data are most accurate the displac(‘m(‘nt of the eoinponents is 
proportional to the strength of the electric field. Tha helium liiu* 

* Sitzungsher. d. k. JPrems. Akad, d. Whs. Berlin, 191.'?, p. 9;?2 ; Ann. dvr 
Physik, vol. xliii. p. 965 (1914). Stark and Wemdt, ibid. p. 9s:?; Stark and Kirsch- 
baum, ibid. p. 991, p. 1017. 
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of wave-length 4472 A, which is split up very asymmetrically, 
appears to deviate from this law. With a field of 13,000 volt cm.-^ 
the difference in the wave-lengths of the two outer components 
was 3*6 X 10”«cm. for and 5*2 x 10"® cm. for ITy. A number of 
lithium lines exhibit effects of the same order as those given by 
hydrogen and helium. Here again the sensitive lines are in the 
diffuse subsidiary series. The lines of the two sharp series 
exhibit only comparatively small displacements. The displace- 
ments shown by a large number of lines of calcium and mercury 
which have been examined are all small 

An explanation of these effects has been put forward by Bohr^. 
He points out that the external electric field will change the 
amount of energy in the atoms in the different stationary states 
(see p. 585), and thus involve a change in the frequency of the 
radiation which is given out in changing from one stationary state 
to another. Other explanations have been offered by Garbassoi*, 
Gehrckef and SchwarzschildJ. 


The Inverse Zeeman Effect. 

In our treatment of absorption and dispersion in Chap, viii 
we omitted to consider effects which may arise when an external 
magnetic field is present. This defect will now be remedied, but 
the treatment given will be very brief. Those who wish for fuller 
information about this and related questions may be referred to 
Lorentz’s Theory of Electrons, chap, iv; Wood’s Physical Optics, 
chap. XVII ; and especially to Voigt s Magneto- und Elektro-Optik, 
passim. 

If we wish to take account of the effect both of a magnetic 
field and of absorption, we cannot, in general, afford to neglect 
any of the terms in the equations of motion of the electrons 
numbered (1) in Chap. viii. We shall, however, simplify matters 
by assuming that there is only one kind of electron per atom 
whose motion is of importance. Let us first consider the case 
when the external magnetic intensity R lies along the axis, 

* Fhil. Mag. yoL xxvii. p. 512 (1914). 

t Pligs. ZeiU. Feb. 1 (1914). 

:l: Verh. (I Deutsch. Physih. Ges. Jahrg. 16, p. 20 (1914). 


which is that of the tiirection of propagation of the light. The 
C(|uations of motion, under these conditions, reduce to 

rn = e {h, + «/.)- /r./- - /^ Ci-S), 

,n^ = e(E, + al\,)->c!,~^‘^- ^ R (84), 

m, = e (E, + aiV) - kz - (85), 


where k = X~^ of Chap. via. If tlu*re are X of the movable 
electrons in unit volume, thi‘ components of the polarization P 
are given by 

P^ = Xea', P,f = Xei/ and P. —■ Xi^j (dli). 

Let the waves propagated througli tin* mt‘<lium dt‘|)i‘nd on the 
time through the factor only; thcag by making ust* of ( 81 )), 
equations (38) — (85) may 1>(‘ replace<i by 

Ex = (7 + 12 ) Pj, - iePi, (87), 

Elf = (7 + tS) P,f + ie P,f ( 88 ), 

a:, = (7 + fS) P, (8h), 


where 






,(40). 


Since the waves, suppoH(‘d jdane, an‘ projiagated along tln‘ <lir(‘(> 
tion of the <2^ axis, the electric and magnetic ve(‘tors in tli(‘ wavt‘ 
front will contain t and 2 through the factor only^ aiid will 

be independent of .'/;and y. Thus tin* fundamental ele(‘tromagnetic 
equations 


rot H = 


1 dl) 
0 ?t 


and 
give us 


rot E = 


1 r 1 // 

G at 


0^(plix — Bx — Ex, 4- ] I . 

«'^^d = D^j = E,f + P,i j 

Substituting these values for E^, E,, in (87) and ( 88 ) we obtain 


. — -- (7 + iS ) 

pc'* (/“—I ^ 


and 

Thus 




R ,= - ieI \,. 

Pji — + teP^ . 


.(P2 


.(48). 

.(44). 
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There are therefore two solutions having opposite values of Px 
for a given value of Py. To interpret the imaginary sign consider 
the case, corresponding to the solution having the positive sign, 
where Pa; i^ proportional, at a fixed point, to the real part of 
or cos pt Then Py will be proportional to the real part of 
or ~ sin pt. Thus the solution Pj, = + iPx corresponds to a circular 
vibration of P, and since P is in the same direction as the resultant 
displacement of the electrons these also execute similar circular 
vibrations. The value of q for this vibration is given by substi- 
tuting in either (42) or (43) from the equation Py = -^iPx. It is 
thus given by 


= 1 + 


1 

7 -1- 6 -f 


,(45). 


In a similar manner we see that the equation Py = — iPx corre- 
sponds to a circular vibration in the opposite sense, for which q is 
given by 


= 1 - 1 - 


1 

7 — 6 -f- 


(46). 


In general q will be complex. As in Chap, viir, p. 165, we shall 

k 

obtain the coefficient of absorption - p and the index of refraction n 
if we put 

cq — n{l— ik) (47), 


where n and k are real, n and k will thus be obtained by solving 
the simultaneous equations 

7 ± € ^ , S 


n- (1 -- h-) = 1 + 


(7 ± Pt + 


2nk = 


(7 ± 


...(48), 


where the positive sign corresponds to the vibration (45) and the 
negative sign to (46). When there is no magnetic field these 
equations become 


(1 _ = 1 + 


7- -f ’ 



(49). 


E(|uatioris (18) and (19) of Ch%x viii evidently reduce to (49) 
when the same assumptions are made and the slight difference in 
notation is allowed for. 


This result establishes a simple correlation between the 
behaviour of the two circularly polarized rays in the longitudinal 
magnetic field and the equivalent unpolarized light in the absence 


of a liiagiiftie tirlcL Tin* only dit!t‘n*nc*o lN*tvvtn*n tin* <M|uat.ions 
(49) ami thi* e<HTt‘siM»mlin|^^ [mir t»f tM|nati<ais (4K) is timt 7 is. 
replaced by 7 + t* in tho om* cast* ami by 7 — t" in thr other. Thus 
considering a giv(*n valm* of 7 , the pdarized ray (dot, in the 
presiutee of tin* magnetic field, will huvt* the sanu* refractive index 
and absorption C(K*f!icii*nt as the un}H»larized ray for whic*h 7 had 
the value 7 + e iii the al^sem^t* of a niagiietie field. Similar eon- 
elusions apply to tlu^ otlu‘r ray if e is re plant'd hy — e. Wt* see 
from (40) that/) satisfu's the n'latitui 


jr 


in Xt' 



so that the right-handed ray, which correspomis t«» cdo), will exhibit 
the same behaviour as tin* unpolarizt*d ray of fi‘e(|Ut‘ncy p shows 
in the absence of a inagm*ti<‘ tit‘ld, pnaidt-tl its fre<|Uem‘y pi is 
given by 



The left-handed ray (40) will exhibit tin* same btdiaviour as both 
the foregoing if its fn*(piencv p< sat isfies 


( K R 


.(51 ). 


Thus the c\irvi‘s that (‘Xpn‘ss the rt‘frat*tivt‘ imh'X and abst»rption 
coefficient of the circularly polarizetl rays in the longii mlinal 
magnetic field as functions of tin* tre<|iiencv are .separated hy 
a frequency Ih given by 


or 


. N(r R 

/V-/>r'= . V ^ Prl PiU 

in Cj\c ^ ^ 

e j, 

P2-Pi=- R 

tnc 


.(.V2K 


Each of these curves is id(,‘nticaj with tin* {*on'esp( Hiding «*ur\r in 
the absence of a magnetic fi(*ld (‘xcept for tlie (lispla(‘eim*nt . 'Flu* 
original curve is almost midway betwemi t he displac<‘d (*ur\ os. Tin* 
relationship is exhibited graphically in Fig. an, p. a4 4. 

Comparing (52) with (28) we sec* that, the displacement of tlui 
two circularly polarized components of tin* absorption spet't riim is 
just equal to the Zeeman shift in tin* (‘mission s|)(‘ctrum for lln^ 
same magnetic field. Also if e is n(‘gativ(‘ tin* ab.sorpt.ioii band 



for left-handed circularly polarized light is shifted towards the low 
frequency side. In the direct Zeeman effect we found that when 
e was negative the component of lower frequency was left-handed, 
if we observed the emission in the direction of the magnetic 
force. 

Effects of the kind just specified were first observed by 
Maculoso and Corbino* in their experiments on the absorption 
of light by sodium vapour in the neighbourhood of the D lines, in 
the presence of a magnetic field. More complete experiments by 
Zeeman j" and Hallo j have shown that the phenomena are com- 
pletely in accordance with the theory, the development of which 
is largely due to Drude and Voigt. J. Becquerel§ has shown that 
similar phenomena are displayed by the very sharp absorption 
bands exhibited by the salts of certain rare earth metals at low 
temperatures, whilst Wood || has found them in the fine lines of the 
channelled absorption spectrum of sodium vapour. In both these 
cases the direction of rotation for some of the lines corresponds 
to that given by the elementary theory for positively charged 
particles (see p, 524). 

We shall now turn to the case in which the light is propagated 
at right angles to the lines of force of the external magnetic field 
which we shall still suppose to lie along the z axis. The equations 
of motion of the electrons will therefore still be given by e(|uations 
(33)— *(35). Let the light be propagated along the x axis. The 
various electric and magnetic vectors will then depend upon the 
coordinates only through the factor In the first place 

we notice that when the light is plane polarized so that the 
electric vibration is in the same direction as the magnetic field, 
the lattcu- exerts no effect on the observed phenomena. For the 
relations between the polarization, the electric intensity and the 
motion of the electrons are given by equation (35) together with 
= + and l\ = Nez. 

Th(‘.se e([ nations, togethcu* with 

dH,_\dD, dE^_ldHy 

dx "c dt dx 

* Coni'ptes UeiLilm, vol. cxxvii. p. o4H (1898). 

t Aninterddm. Pror. vol. v. p. 41 (1902); Arch. Neerl. (2) vol. vii. p. 405 (1902). 

X Arch. Ndcrl. (2) vol. x. p. 14H (1905). 



ji!v snfKcii'iit !<» lh*‘ 1 'N‘liiiviuju* of th(‘ light 

and iiuin* of ihtia iiivolvt* th** oxtonial laagiiotir fiold ]{^ 

It is tttlu*nvist* witli tin* light {H>larizod in tlio }.H*ri>i‘ndicular 
llii* fllot*!, of R has now to ht* aonsidorod, on account 
t»f t‘qua!ioii |S4). Since rot // ™ /; r, wv ha.vc 

div h - r div rot // = 0 , 


and since the waves are plane 

r// Fc 

so that will always have the \aliie which it had hefu't* the light 
was present, namely zenn Thus 


4* P.r — Pjr — ^ ^ 


m). 


From this relation, together with CiT ), (thS) and I)„ - we 

find 


i> = p 

" 1 + 7 + ' 


(54), 


P,- 


I i 7 t* 

(7 4* /S) { I •+• 7 f* id)’- i. 


Du 


Thus 


( I -f 7-f /8)” — 
(7 4 id) (I 4 7 4 IB) 


.(55). 


C“(f ■ 


A. 

Du 


( 1 4 7 I id ) ■ - ( 




n'm — ikf =: ... 

{7 4 YO) ( 1 + 7 4 /Ci ) e’ 

Itoni (o(j) the index of refraction k ami the co(‘flici«*nl of absorp- 
tion kp/c may be obtained by e( plat ing real and imaginarv parts, 
and solving the resulting simnlf^aneous (*<pia,t ions for n and k. 


From (54) we observe that the ratio of P, t(» is (‘ompl(‘x. 
If we turn this ratio into tln^ form (t will be tin* rafao of’ tln^ 

amplitudes and 0 the phas(‘ ditf(‘ren(‘e of tiie (*oniponents of tJa* 
polarization. Since P, and ./>, are pn,poilionai to ,r and // 
respectively, we see that in gen<u*al tin* mt)tion of the (‘h*ctrons 
will bc^in an ellipse perpendicular to tin* dir(*ct ion of t in* magin*tic 
field. The eccentricity and orientation of tlm (‘llipsc* will <*vid(‘ntly 

depend on the frecpiency of the light, sinca* 7, S and e inx(dv<* t,his 
quantity. 
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To determine the position of the absorption bands it is neces- 
sary to know the value of L Solving the equations we find that 
this quantity is given by 


where 


" G 


( 57 ), 


jA. — [(1 + yY — S“ — €“] [y (1 + ry) — - S'^ — 6^] ■+• 2 (1 4“ y) (1 + 2^) S“, 

7^ = (1 + 27 ) S[(l + 7 ) 2 - S— - 2(1 + 7 ) S[ry(l + 7 ) - S— 6^], 

(7 = [7 (1 + 7) +• §2 ^2]2 -}. (1 4. 4^2) g‘2^ 

The exact determination of the maximum values of /c from ( 57 ) 
by differentiation leads to formulae which are too complicated to 
handle, but it happens that these maxima are given veiy approxi- 
mately by the minimum values of C, These values are readily 
found in the case of very sharp bands or absorption lines, where the 
region in which perceptible absorption occurs is so narrow that S 
and € may be treated as constants compared with 7, which passes 
through the value zero in this neighbourliood and varies very 
rapidly with p. 

Subject to these approximations the minima of G and maxima 
of k are given by 

or ry = ^ 4. _ gii 4, ^ (58). 

The corresponding values of J., 77^ G and Fxl^y are 

A - B = iS(l-h 462 ± V462 - 4S2 + 1), C=S‘^(1 + 


ae 


>2>TriB . 




.(59). 


Fy i V e“ — 3*2 4~ 4“ 

Idle simplest case arises wlieii thc‘. absor])tion is relatively 
feeble and tli(‘ magnetic fiedd is strong enough to ])rodiiC(^ a 
sc])aration of tlic absorption lin(‘s which is great compa,r(Hl with 
th(vir width. Under th(‘se circumstiuices S is larger compar(‘d witli 
unity (sec^ Clia,p. viil, p. 167) and e must be large comj)ai‘cH] witli S ; 
so that from (58) we hav(^ th(^ a,p|)roximate relati(xn 




This shows that the original line is split into two absorption lines 
which ar(‘ s(4)ai-at(‘d by th(^ sanu^ frequency difference as the 


corresponding lines in the longitudinal invtu'.se effect or the 
corresponding emission lines in the dirt‘ct effect. 

To the same order of accuracy the maximum eotffficient of 
absorption is evidently, from (57), the sanu‘ for l>oth lines and 


is given by 


c 


( 01 ). 


This is just one-half of the value of the maximuni absorption 
coefficient in the absence of a iiiagm^tic fi(‘ld undm* other\\dse 
identical conditions (see Chap. Vlii, p. 107 ). Thus when the mt‘dium 
is traversed perpendicularly to the direction of the liiagnetic forci^, 
by light in which the electric intensity is also perpiuidieular to the 
magnetic force, the light will be absorbed to tht‘ (‘xtiuit given 
by (61) when the frequency has either of the values given by (00). 
•Corresponding to one of these vibrations tlu‘ polai*ization of the 
medium and the motion of the electrons will 1>(‘ givam i‘(‘sj)t‘ctively 
by Px = + iPy i^nd x = + iy, and corresponding to the otht‘T by 
= and x = — iy. Thus the electrons move in o|)posite 

directions in circles perpendicular to the din^ction of thi‘ magmatic 
force. This motion agrees with that which corresponds to light 
of the same frequency when the inverse longitudinal Zeeman eff ect 
is under consideration. In general th(‘se transv(‘rsi‘ effects will 
not be symmetrical about the fre({uency corn^sjionding to 7 == 0 
because the expressions for 'a and k involve odd as wt^ll as (Wiui 
powers of 7. 


Magnetic Rotation and Jhnhle Re/rarfion. 

The rotation of the })lane of ])olarization of phue* polarized 
light, when it passes through a refracting medium in tlie dii*ection 
of the lines of force of an applied magnetic fi(‘ld, was dis(*ov(‘n‘d 
by Faraday^ when he was engaged in trying to find the c(»nne(*,tion 
between electromagnetism and light. ''I'he (‘xplanation of this, 
the first magneto-optical effect to be discov(‘red, follows at, once 
from the theory of the longitudinal inverses Zeeman (‘fleet, which 
has just been given. 

As is well known, a plane polarized ray of light is (‘(piivalcuit 
to two rays circularly polarized in opposite sens(\s and differing 


^ Exp. Res. § 2152 (1845). 


suitably in phasic Thus th(‘ plaiu* polarizi^l ray can l)t‘ i*(‘garcit‘(l 
as conipovinded of two opposite circularly polariz(‘(l rays having 
the same fre<jueney. But wt‘ have sotui that these constituemt 
rays are propagated with diffenuit speeds in the direction of tJu‘ 
lines of magnetic lbre(‘, so that when tlu‘y mnergi^ from tin* 
medium they will no longiu* havi* tlu^ same phaH(‘ dillerenee as 
when they (mtered. ''Idiey will combint^ into a ray which is, in 
general, polarizc‘(l iii a plants different from that of th(‘ (original 
ray. This rotation of tlie [dane of polarization is easily calculat ed 
in the ease in which tht‘ absorption (*oefiici(‘nt kpje is so sinaJl 
that we may neglect it. This condition must (an-tainly hold 
when w(‘ an^ dealing with transpanmt refract.ing im^dia. 


Turning to ecpiations (4H) w(‘ s(‘(‘ that wlnui k is nt‘gligil>h% 
the refractivi' index is 


// — 1 + I 


T i ^ 

(7 ± 4* 3“ 


.(f)2) 


according as the ray is right- or hdl-handiul. Tin* vadocit-ies v,. 
and Vi of the right- and hd’t-handed rays ar(‘ tliendbre giviai by 


1^1 I 74 - e 

V,. c 2c (/y -H e )" I 3" 

T 1117—6 

and - = 4" , ^ 

Vi c zc (7 - 6 )“ 4 3“ 

If one of the circularly polari/Ajd rays g(4.s ah(‘ad of t.he otlua* in 
phase by an anghi (p tin* plaiu^ of i)ola.rization of t.h<‘ r(‘sult;int. ra\‘ 
will clearly be rotati^d through tiu* a,ngl<‘ c/>/2. Th(‘ rotat.ion m 
of this plane p(‘i* unit length of t.h(‘ m(‘dium, a, rising from (ho 
<lifference in V(‘lo(aty of the two ra.ys, will thus Ix^ 





I 


p 7 4 - (-• 7 ( • 

‘Ir (7 4- 6)“ 4- o’’ ( 7 - V f 4" 3" 




Th(‘ seiise, <)l this I'otation (4(‘a.rly n‘V(‘rs(‘s wlaai tlie magmuic- 
force U is r(‘vers<‘(i, he(;a.use cha-nging th(' sign of li replacx's 4 < 
])y —6 and vie.c' \’(‘rsa,. 


1 he rot;iti(Ui nt‘ar an aj>sor]){,i(m lira' or hand, wheri* /r (*aiuiol 
])(‘ (lisr(‘ga,r{l<‘d, is most n^adily ohta,im‘(l gra,phie;dly. L(4, AfU'hl^ 
1)(‘ t-h(‘ curv(^ whidi Lriv<‘s I/?;a,sa. fnii(4,i()n of' t.lw' tVonjuMUM* 0i fi.,. 
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absence of a magnetic field. Then the corresponding quantity for 
the two circularly polarized constituents when a longitudinal 
magnetic field is present will be obtained, as is clear from the 
discussion on p, 538, if we simply displace ABODE to the right 
or to the left by an amount corresponding to + e. Let the curves 
thus displaced be and A^B^G^D^E^ (Fig* these 

curves the ordinates represent Ijv and the abscissae the values of 
p which is 27r times the frequency. The value of the coefficient 
of rotation will be given as a function of the abscissae p by 
the lower curve PQRST in which the ordinates are the differences 
of the ordinates of the two upper curves at the same value of p. 



These conclusions hold good when the light is propaga,ted 
along the lines of magnetic force. When thti direction of propa,- 
gation is transverse to the magnetic field a different plKuionuuion, 
which was predicted and verified by Voigt, manifests itself. 
Suppose the incident light to be plane polarized. W(‘ can then 
resolve it into two components one polarized in the ])lane con- 
taining the magnetic field and the axis of pro})aga-tion, and the 
other in the perpendicular direction. In the lattca- component tin* 
electric vibrations are parallel to the magnetic intensity, so that 
the velocity of this constituent is the same as that of light of tlu^ 
same frequency in the absence of a magnetic field. This con- 
clusion follows from the discussion on p. 539. The velocity of tJie 

Hi /nn 1 rk v% /^/M'*vm'\/-^v\ /*\ i^ 4- -i r* Vs 1-vvv 


V 




0^0 


obtained from equation (56). The plane polarized ray therefore 
splits up into two plane polarized rays, polarized in mutually 
perpendicular planes, which travel with different velocities. Thus 
for light propagated transversely to the direction of the lines of 
magnetic force a simply refracting medium behaves, in a magnetic 
field, like a doubly refracting crystal. This effect does not reverse 
when R is reversed because (56) contains e (and therefore R) only 
through its square. 

Kerrs Magneto- optical Effect 

In 1876 Kerr"^ showed that when light, which is polarized in 
or perpendicular to the plane of incidence, is reflected from the 
poles of an electromagnet, the reflected light becomes elliptically 
polarized when the magnet is excited. To explain this effect on 
the electron theory it is necessary to take into account the 
modification of the laws of transmission and reflexion of light, 
which arises from the change in the motion of the electrons in the 
metal which is produced by a magnetic field. Naturally, the 
theory is more complicated than that of the inverse Zeeman 
effect. It is discussed at length by Voigt in Magneto- und Elektro- 
OptiJc, chaps, vi and vii. 

Natural Rotatory Effects. 

When a beam of plane polarized light passes through a plate 
of quartz so that the direction of propagation is parallel to the 
optic axis of the crystal, it is found that the emergent light is 
polarized in a different plane from that of the incident light. 
The rotation of the plane of polarization is proportional to the 
thickness of the plate and is somewhat different for light of 
different frequencies. The general character of the effect is thus 
similar to the Faraday effect, but a difference in the nature of the 
two effects is observable if the light is reflected so as to traverse the 
rotating system in the opposite direction. In the case of quartz 
the emergent light is then polarized in the original plane, whilst 
in the magnetic case the effect is equal to that produced by a 
path of double the length of the single path. Thus m the quartz 
plate the rotation relative to the axis of propagation is the same 
for both directions of propagation through the plate ; whereas this 
* ^B. A. Report, 1876, p. 85 ; Phil Mag. May, 1877. 
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is not so in the magnetic cjise, on account of the reversal of the 
direction of the magnetic field relative to the direction in which 
the light travels. It is found that some quartz crystals rotate the 
plane of polarization to the right and others to th(‘ left. The 
crystals themselves exhibit a similar geometrical dissymmetry, 
one being the mirror image of the other. The relation between 
them is like that between a left-handed and a right-handed 
helix. 

Similar effects are shown by other crystals and b\' a wny large 
number of liquids and solutions. In all tlie li(piid substances 
which exhibit this effect, it has been found that the active 
constituent is either a compound of carbon in wliich at 
least one carbon atom is combined witii four di{ferent chemical 
gi’oups or a compound of some other elemmit exhibiting an 
equivalent chemical structure. If this tyj)e of cluunical structure 
is visualized in three dimensions it will be stMUi that there are 
only two possible ways of arranging the grou|)s, so tliat the 
resulting molecules cannot be displaced in s[)ac(‘ so as t,o becomi* 
coincident. These are so related that one of tlnun is tin* mirror 
image of the other. There is thus tine sam(‘ ndation belwtnm tJie 
molecules of these compounds as then* is l)etwe(*n the crystals of 
right- and left-handed ([uartz. Corresponding to tin* b(‘haA’iour of 
quartz we should expect one of tin* two isonH‘rs, as they an* ealh‘d, 
to be left-handed and the otlu*r right- hand(‘d ; othcrwisi*, si !!(*(* 
the structural difference is purely a (pu^stion of s[>acial arrangi*- 
ment, one would expect their other physical and (‘b(‘mical })roptu't.it‘s 
to be practically the same. Large nundH‘rs of su(*h pairs of optical 
isomers have been isolated and th(‘ir <‘xistenco has l<‘d t.o groat 
advances in our knowledge of structural ch(‘mist,ry sin(*c Past<‘ur*, 
Van ’t Hofff, and Le Bel;|; pointed out th<* iin])ortaji(*(* of th<*s<^ 
phenomena. 

It has been found that arrangements whi(‘h rotate t,ho phun* oi‘ 
polarization of light may be constructed by ta.king a, pih* of 1, bin 
sheets of doubly refracting crystals liki* mica, arrajiging llu'ui so 
that their optic axes are all similarly situatiMl with n*sp(‘(‘t. to t-ln* 

* liecherche!^ sur la (IwsifiiuHrie violeculaire prudiiits (irii((ni<{ ui's iKtfurcl.',, 
Paris (1860). 

t La Chimie davs VEspace, Rotterdam (1874). 









axis of the pile and then shearing the system about fche axis so 
that points which previously lay on a line parallel to the axis now 
lie on a spiral. It is possible that a sheared structure of this kind 
might account for the rotatory properties exhibited by some 
crystals, but it is obviously inadequate to account for the similar 
phenomena displayed by liquid substances. A general explanation 
based on the electron theory has been put forward by Crude*. 
It is only necessary to suppose that the electrons, which move 
with equal freedom in different directions on the usual form of 
dispersion theory (Chap, viii), are constrained to move in helices 
in naturally active bodies. In that case Crude was able to show 
that right-handed and left-handed circularly polarized beams of 
light would travel with different velocities in the medium, the one 
being quicker than the other according to whether the helicoidal 
paths of the electrons are right- or left-handed. The rotation of 
the plane of polarization thus arises in a very similar manner to 
that considered in the inverse Zeeman effect and is greatest when 
the general dispersion is greatest. Taken as a whole the facts are 
in good general agreement with Crude s theory, but it is possible 
that other ways of introducing a helicoidal structure into the 
behaviour of the electrons would lead to very similar results. 

Electro-optics. 

When various isotropic insulators are placed in a strong electric 
field they are found to behave optically like doubly refracting 
crystals. This effect, which is exhibited both by solids and 
li(iuids, was discovered by Kerrf. The difference in the refractive 
indices of the ordinary and extraordinary rays is proportional to 
the sipiare of the applied electric intensity. In dealing with the 
theory of dispersion and related phenomena we made the assumption 
tliat when an electron is displaced from its equilibrium position in 
the atom it is acted on by a restoring force proportional to the 
displacement. VoigtJ has developed a theory of Kerr’s electro- 
optical effect which depends upon the supposition that this 
assumption is only true as a first approximation. When large 

* jA'Jirhuch der Optik, chap. vi. 

i Phil. Mwj. [4] vol. L. pp. 387, 446 (1876) ; [5] vol. viii. pp, 85, 229 (1879) ; 
vol. IX. p. 157 (1880); vol. xiii. pp. 158, 248 (1882). 

^ 31a(jneto- und Elektro-Optik, chaps, viir, ix and x. 
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forces and relatively large displacements are involved it is necessary 
to consider higher powers of the displacement than the first. In 
its general form this theory seems to be capabU* of embracing the 
known facts. 

Peculiar electro-optica! efiects are exliibited by many crystalline 
substances. Some of these appear to arise from the internal 
strains produced by an external electric field, an effect which is 
the converse of the piezo-electric effects inv(‘stigated by J. and P. 
Curie 

The effect of an electric field daring the mnission of spectral 
lines has already been considered (p. 534). 

* Comptes Jlendus, vol. xci. pp. 294, :-i88 (1880) ; vol. xcii. j»p. loO, S50 (1881) ; 
vol. xcm. pp. 204, 1137 (1881). 


CHAPTEE XXI 

THE STRUCTURE OF THE ATOM 

The way in which the electrons form comparatively stable 
groupings which exhibit the properties that characterize the 
atoms of the various chemical elements is a problem which has 
engaged the attention of a large number of physicists. It will be 
impossible to do more than briefly indicate some of the more 
interesting results which have been achieved in this field. 

Perhaps the most striking property of the chemical atom is its 
definiteness and permanency. Its properties are only temporarily 
affected by the very strenuous actions which accompany chemical 
combination and decomposition. Sir Joseph Larmor* appears to 
have been the first to point out that this definiteness could not 
be expected to arise if matter consisted of nothing more than 
electrons of negligible linear* dimensions whose motions were 
governed by the classical equations of the electrodynamic field. 
For consider any system in which the electric and magnetic vectors 
are given by the equations (1) — (4) of Chapter IX with p = 0. 
Let X, y, z and ^ be the space and time coordinates of any point 
of this system, E and H being the electric and magnetic vectors. 
Now consider a second system in which the corresponding variables 
are denoted by the suffix 1 and are such that 

(x, y, z) = h (.r, , 7/i , z^), t = Itiy E = mEiy H = 

Then by substituting in the equations referred to, it is at once 
seen that, ijrovided k = I and 

divA\ = 0, div.Z/i = 0, 

rot Ei = — HijCy rot Hi = EJc, 

where the operations now refer to the subscripted independent 
* Aether mid Matter ^ p. 189. 
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variables. By introducing tlu‘ condition timt- the charge of the 
electrons is to 1 h‘ the same in both cast*s wt* (»btain an additional 
equation between k and 7u, but then* is still nculiing to detennine 
the absolute value of these (juuntities. Thus, curresponding to any 
solution of the equatiotts, there are an infinitt* nundH*r of other 
solutions corresponding to linear transfonnat ions of tht* variables. 
If any solution ctuTesponds to a state of stea<ly motion or rest 
there are an infinite nuinbtT of such possible* statt*s. Thus the 
finite size and general definiteness of tin* atom must be due to 
something outside the e(juati<ms reft*rred to. 

This conclusion is valid only if the dinieiisions of tin* (‘lements 
of electric charge are negligibh* compared with tin* dimensions 
of the problem. The radius of an electi'on, as dedueed from its 
inertia, is about cm. and is theri‘fon* about 10 ■* tnin‘s that of 
an atom. We should therefore expect that, as an approximation 
towards the problem of atomic structun*, wc may tn*at. tin* nega- 
tive electron as a point charge end<uvcd with inertia. In that 
case there must be something which determines the finiteness 
and definiteness of the atom, which lios outsido the prop(‘rties of 
the negative electron its(‘lf as well as outsidt* the <‘quations of the 
field. It may therefon* bt* (‘xpectial to (h*pond upon tin* properties 
of the positive (‘lectricity. Oin* way in whi(‘h this additional 
requirement has lH*en nu*t is by suppi^sing tin* ptisitivi* oloctriti- 
cation to be limited to the n*gion insidi* a spln*n‘ of atomic 
dimensions. This hypothesis was first introdu(*cd by I^erd Kelvin^. 
Its consequenc(\s have been workod out v(*ry fully by Sii* J. *]. 
Thomsonf and the (|uestion has also boon eonsi<lon*d by Lord 
Rayleigh^. Other possibilities will bt* roforrod to Iati‘r. (S(*(* 
pp. 580—587.) 

A number of writers, in addition to tboso roforrod to nbov(5 
and in the preceding chapter, have (‘onsidorod tin* <|uostion of tin* 
emission of series of spectral lines by atoms madt* up ot“ oh‘(*t rons. 
Among these are Jeans§, Nagaoka ! an<l vSehott^L Om* ni' tint 

* Phil Mag, vol. m. p. 257 (1902). t Phil. Muif. vol. vn. p. 237 (1‘KH). 

t Phil. Mag. vol. xi. p. 117 (1900). 

§ Phil, Mag. vol. ii. p. 421 (1901); vol. xi. p. 004 (1900). 

1! Phil, Mag. vol. vn. p. 445 (1904). 

M Phil. Mag. vol. xn. p. 21 (1906): vol. xin. p. 189 (1907): vol. xv. p. 138 



objects of these investigations has been to find systems of electrons 
which when disturbed from a state of equilibrium will give rise 
to a series of vibrations in which the overtones are related to 
the fundamental in the same way as the different members of 
Rydberg’s series are. In this respect the researches referred to 
can hardly be considered to have been particularly successful, and 
it now seems as though this view of the relationship between the 
lines of spectral series must be a mistaken one (cf. Chap, xx, p. 525 ). 
On the other hand they have greatly added to our knowledge of 
the structural conditions which must be satisfied for systems of 
this kind to exist permanently. 

The question of the definiteness of the atom, already alluded 
to, carries with it that of the definiteness of frequency, or the 
fineness, of spectral lines. This fineness is of a very high degree. 
Recent researches* have shown that in the case of many lines, 
practically the whole of the observable width is due to the 
Doppler effect arising from the thermal motion of the molecules. 
The actual emitters must therefore be instruments of very great 
precision. Moreover, as Jeansf has pointed out, they must be 
atoms, or at any rate systems whose symmetry is such that they 
are incapable of acquiring through molecular impacts any ap- 
preciable motion of rotation about any axis except that of the 
emitter. For instance if the system contains an emitting 
doublet whose axis is rotating with angular velocity about a 
fixed axis, the observed light will consist of three lines having 
frequencies p + (jl>, p and p — (o instead of the single line of 
frequency p emitted by the system when at rest. If o) has the 
range of values given by the Boltzmann-Maxwell law of equi- 
partition of energy, this effect would result in the production of a 
rather broad band fading away at the edges, instead of a line of 
the sharpness which is usually observed. In the case of monatomic 
molecules w is inappreciable, as is shown by the specific heats of 
monatomic gases. 

Disregarding the perturbation due to rotation it is necessary 
to consider how the frequency p of the atom at rest can be 
sufficiently definite. If the electrons are somehow arranged in 
positions of statical equilibrium, and the spectral lines are caused 

* Biiisson and Fabry, Journ. de Physique, vol. ii. p. 442 (1912). 

•[ Phil, Man. vol. ii. p. 422 (1901). 
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by vibrations about these positions, their definiteness is accounted 
for. On the other hand the existence of paramagnetism leads us 
to infer the presence, at lejist in certain atoms, of electrons 
rapidly revolving in closed orbits. Consecpiently numerous 
attempts have been made to seek the origin of spectral lines in 
the kinematics of revolving rings of electrons. Unless rather 
special and somewhat strange assumptions are made, however, it 
is impossible to secure sufficient definiteness of fre(|uency in this 
way. 


The difficulty here, which has also been emphasized by Jeans, 
is brought out in the following discussion which is due to 
Schott*. Consider a system containing a ring whose radius is 
r consisting of n electrons, evenly spaced al)out the circum- 
ference when undisturbed, and revolving with velocity V=/3c. 
Approximate stability is assured by the prt‘senc(‘ of a central 
positive charge or a containing sphere of {)ositive volume eh^ctrifi- 
cation or some other device giving risi.‘ to an attraction towards 
the centre of the ring. The e(juations of luotion ar<‘ shown to be 


and 


1 \ 


7' 


„ tr = V) 

dt 



( 1 ). 

.(• 2 ), 


where U is a function of ?? and which is proportional to the 
rate of radiation from the ringf. Tlu^ U‘rms in K ami If in (’2) 
represent the force which arises from tin* (‘Its-trons in t.he ring 
itself, other than the one whose motion is eonsi{l(‘n‘d. K is a 
function of 7i only and W of // and /3. I\ is the e(‘n( ral forct^ 
arising from the rest of the atom and tin* t«‘rm on the right- is tin? 
centrifugal force. Pi may be coiisi(h‘r(‘d as a. hun'tion of r into 
whose form it is not necessary to impure, /n tin* mass of an (‘l(‘ct.ron 

is of the form -.j™ (/3), w'here a is its radius. Now nU, being 

proportional to the radiation, is always positive if tJn* syst(*m 
radiates at all Thus if a is constant e(piation (1) shows that fi 
cannot be constant for a radiating systmn. \Mnm /3 is givcm 
may be obtained from (2), so that the radius of the ring also will 
* Phil. Mag. vol. xn. p. 21 (190G). 

t Cf. the value of U in Phil. Mag. vol. xir. p. 22 (UH)G) and of li in vol. xnr. 

n IQd. nQA7\ 
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vary with the time, when the system radiates. Subject to the 
constancy of a, there can therefore be no state of strictly steady 
motion which is compatible with the emission of radiation. If a 
is allowed to vary with the time then (1) and (2) can obviously 
be satisfied by constant values of F or ^ and r and a state of 
definitely steady motion is possible. This, however, makes the 
energy radiated come from the internal energy of the electron 
and, so far as one can see at present, there is no other warrant for 
such a hypothesis. In any event any part of the radiation which 
does not arise from the expansion of the electron would, by its 
emission, cause changes in and r. Thus the expanding electron 
might account for the sharpness of some lines, but it is difficult to 
see why practically all of them should be sharp on such a view. 

In constructing a theory of the atom it is not necessary either 
that spectral lines should originate with revolving electrons or 
that the lines of spectral series should correspond to harmonics. 
The existence of para- and ferro-magnetic substances does, how- 
ever, appear to necessitate the existence of revolving electrons in 
some atoms. Such electrons may be so arranged that their 
radiation is practically zero. Equations (1) and (2) show that 
under these circumstances y8 and r may be constant. The devia- 
tion from steady motion is determined by the amount of radiation, 
so that/ an atom may have revolving rings of electrons in it and 
still be quite definite provided these do not radiate. This con- 
dition can be secured by placing a sufficient number of electrons 
in any one ring, as the radiation decreases with great rapidity 
as the number is increased. This result, which can easily be 
established by calculation, is also obvious physically, since the 
amount of radiation is determined by the lack of the corresponding 
static field. On the other hand, for the emission of spectral lines 
we r(M|uire a system which may be unstable, as it is known not to 
he the normal atom, but which must radiate and must have a 
d(‘finite frequency. Power of radiating and definiteness of fre- 
(juency are precisely the qualities which do not concur in systems 
of revolving rings of electrons. 

If revolving systems occur in the ultimate parts of matter 
their axes must be determined by the structure of the matter and 
must turn in space when the matter as a whole is turned. 
OthoT-wise the properties of crystals and magnetized bodies would 


depend on their orientation in space^. When bodices whose atoms 
contain systems of electi'ons in orbital motion are turned, a 
gyrostatic couple ought to be experienced. The fact that such 
an effect has not been observed cannot, I think, be regarded as 
disproving the existence of such systems. The moment of momen- 
tum of the revolving electrons is so small that one could only 
expect to detect such an effect by carrying out special experiments 
of a delicate character, and this h<is not yet been done. 


In the papers of Schott to which we have referred, the (pies- 
tions of the stability of, and the amount of radiation from, rings 
of revolving electrons are both considered in detail. In most of 
the calculations the only assumption made as to the nature of the 
force attracting the electrons to the centre of the atom is that it 
is of the usual electromagnetic type. Some of the results are 
therefore more general than the corresponding ones given by the 
investigation which we shall now describe. 


The properties of the type of atom which is mad(‘ up of 
coplanar rings of electrons inside a largi‘ sph(‘n‘ of uniform 
indeformable positive electrification have binm workt'd out by 
Sir J. J. Thomson f and lead to very interesting n^sults. If h is 
the radius of the large sphere and p th(‘ density of the (‘h^etritica- 
tion in it, then the force, acting on an (‘lect.ron whos(‘ charge is e 
at a distance a from the centre of th(‘ sphen* and dm* to tin* 
positive charge of the latter, is ^Trpea. If then* an* p el<‘(^t.rons in 
the neutral atom, the charge E in the positive sphere is 

E = ve — 4<7rp 

Hence, in terms of the number and charge* of tin* (*l(‘c.trons, tlu*, 
force they experience at a distance a from tin* (.‘(‘lit re dm^ to tin*, 
positive sphere is ve-ajb^. In addition to tJiis tin* el(‘(‘t.rons are 
acted upon by forces due to their mutuai n*pulsions. If 0 is tlu^ 
centre of the sphere an electron at A will lx* a(‘t(*d upon by an 
electron at B with a force and tin* radial compon(*nt of 


this = -riTo cos OAB. 
AB- 


If OA = OB, i.e. if tin* el(*ctrons an* in tin* 


same ring, this repulsive force is e'/WA'^in hAOB. H(‘n(Hv, if \v(* 
have n electrons arranged at equal angular distanc(‘s 27r/a round 


* Cf. Jeans, Fhil. Mag, vol. xi. p. 600 (1006). 


the circumference of a circle, the radial repulsion on one of them 
due to the others is 


6- 
4a- V 


“ (cosec 7r/n + cosec 27r/n + cosec Stt/w -j- + cosec . 


Calling the sum within the bracket we have, if the electrons 
are at rest under their mutual forces, 

ve^a _ ^ 


or 


■“ 4i/ 


(3). 


This will determine a state of possible ecpiilibrium if the electrons 
are at rest. If they are rotating round the ring we shall have to 
take account of the centrifugal force and the equilibrium condition 
becomes 

vei“a 6 “ a /A\ 

= + (4). 


These equations only determine a state of possible equilibrium. 
They do not tell us whether the equilibrium is stabhi or unstable. 
For such a ring to be a possible part of a normal atom it is 
necessary that this ai'rangement should be stable, ()therwisc‘, the 
ring would bn‘ak up under the action of any external force. To 
hnd out whether th(‘ equilibrium is stable or not it is necessary to 
calculate thc^ forces called into play by an infinitesimal displace- 
ment and to s(‘e wh(‘ther its direction is such a.s to cause the 
displaces 1 el(‘ctron to movt‘ back to its original position. This 
must be don(‘ both for radiaJ and for tang(‘,ntia,l displacaunerits in tht^ 
j)lan(^ of th(‘ ring and for displaccanents peiqxmdicubir to tlu‘- planc^ 
of the latter. L(‘t, us illustrat(‘. this by considering onc^ or two 
simpl(‘ cas(‘s. 

In th(‘ cas(‘ of a single electron it is (wident tha,t the centre of 
th(‘ sph(‘re is the only position of C(|iiilibrium. The (ujuilibriiim 
iri this cas(‘ is (‘vidcuitly stable. In thci case of two (^(‘ctrons it is 
(‘vident by symnu'try that th<‘ only (‘quilibrium position is that in 
which they li(‘ along the sauu* diam(‘t(‘r of th(‘. sphere*. If they 
are a,t rest at a dista,nc(‘ a from th<i centre the* req)ulsive‘ force is 

, „ and the attraction is ■ . Hence the total force acting on 
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each electron, reckoned positive if directed towards the centre of 
the sphere, is 

^~i\¥ aV' 

This vanishes if a = ^b. If a becomes a + da, R increases by 


As the quantity in brackets is |x>sitive when b = 2<f, it follows that 
the equilibrium is stable as regards radial displacemiuits. 

The reaction called into pla}" by a displaef‘ment in any direc- 
tion perpendicular to the radius may be calculated as follows. Let 
the angular displacement from the eijuilibrium position be dd] 
then the linear displacement is add. Thi‘ attraction of the 
positive sphere is still towards the cmitre, so t hat th(‘ tangential 
restoring force will l)e due (‘iitirely to tied othi*r t‘lectron. The 

force between the two electrons is repulsivt^ and i*(jual to ~ ^ along 
the line joining them, if we neglect small (juantitit‘s. 1'he tan- 
gential component of this is sin i or tiu* first 

order. This is directed towards tin* position of equilibrium of 
the displaced electron; so that the* (‘(|uilil)riuin is stabh* for lati^ral 
displacements. As this is true what(‘ver the direction of tln^ dis- 
placement, the arrangement ()f two i*l(‘ctr(»ns along a (lia.nH‘t(‘r, 
each at a point halfway betweim the ctaitn* and the cir(mnif(‘r(aKu‘, 
is one which satisfies all the conditions for stahilitv. 


We shall now considm* the giann-aJ (‘ast*. Take the centn* of 
the atom as origin and let tin* position of an electron lx* given by 
the cylindrical coordinates r, $ and /• is tin* proJ(‘ction of the 
radius on the plane of the undisturlxxl orbit, Ois tie* angle r makes 
with a fixed line in that plain* and « is t in* displac<*ment perpen- 
dicular to the plane of ?• and 0. Tin* cooi'dinates are suppos(‘d to 
undergo small oscillations about tin* st<‘a<lv values r ™ u, 0 = m a,nd 
0. If the suffix s ref(‘rs to a particulai* eh‘(‘tron we can t.hen*- 
fore put = a + ps and 

0^ - 9^_i = -f- (f)^ - j (5), 

where n is the number of electrons in tin* ring, p.. and an* small 

eoTYinn.rAd wit.li n A. jl n i -ii / 


The radial repulsion exerted by the .s^th electron on the ^)th is 
Rps ~ 0“ 2 / cos (^ 6 g Op) + {^p <2^^*)‘']| 


e- 


4 er sin yfr 


^ ^ “ 2 sii ^) " t (i 2 i 


i/ry 

COt-v/r[...(6), 


TT 


where ir=(p-s)- . 


The tangential foi-ce tending to increase Op is 


(h) . = 

' Aas‘ — 


6“ d 


P ^[?y- 4- r/ - 2 / p'/j cos - Bp) + {zp - 


The force perpendicular to the plane of the undisturbed oi-bit is 



In equations ( 6 ) — ( 8 ) higher powers than the first of tlie small 
(jiiantitics pj (/> and ^ have bt‘en dropped. 

The radial forces lip exerted by all the other ehictrons in th(^ 
ring on the pth is 

^^‘P “ ^“*5 p'pA. (f,'^g(l)p^^..gjig (‘I)* 

The tangential and perp(‘ndicular IbrccfS on th(^ sanuj particle 
ar(‘ r(‘speetively 

((>(ppG 4" 0/ (ilO’ 

and Zp^ZpI)^^,Zp,JK (11), 

w}ier(‘ 


o (a I ‘ 
aS = z \ \ / sin 
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n 1 

(h, 

,v 1 
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The equations of motion of the j;th electron are 



+A;, ••• 

(13), 




(14), 

d-Zp 

df 

— ¥ * * 

(15). 


From (13) since co is the value of when the steady motion is 
undisturbed 


ve'-'Ct 

. = •maco-^ 

¥ 


e- 

4tt- 


S, 


in agreement with (4). By making use of this relation, (13) 
becomes, to the first order in the small displacements, 


^ d(j)p I 
m -£f - 2ma o) = p,, [ wi«- - 


i/e‘ 




+ (1(3). 


By similar treatment (14) may also bt‘ inadt‘ liii(*;ir, to the same 
degree of approximation. Thus the vahu‘s of p and (j> luv th(‘ 
solutions of a set of 2/i simultaneous linear <lidei'(*ntial e(pijitions 
of the second order. To find the fre(|uencies assuim* tliat and 
■<pp vary as Equation (Ki) then b(‘Com(‘s 

{A - rnf) pp + Aipp+i + A.pp^.., -h . . . 

— 27nacoiq<pj) + aBi(pp^i + 0...( 17), 

where j4 = t-t, /S' A'. Treated in a similar wav ( 14) lH*eom(‘s 

40,*^ ‘ ‘ 


2m<oiq B , + . . . 

^ a a a 

+ {G — DKf) <pp — Ci<j>p+i — G.2(f>p.i<> = 0 . . .( 1 H). 

There are n each of the equations (17) and (IS) ol)tain<*d by 
giving the successive integral valm^s 1, 2, 3, ... //. 

These equations can be solved by tlii^ following artiHe<‘. If 
Pp+i = ^Pp = a(l)p for all values of p from I (;0 // -- I , and if‘ 

p^ = apn and = then «'*'= 1 identically ; so that a is om‘ of 
the nth roots of unity and is equal to 

2/i;7r . . 2k7r 


where h is an integer between 0 and n - 1. Whatever value p 
may have, we see that equations (17) and (18) reduce to 

p,jp {A - m(f+ ttili + aMg-f ... + a’^“M^_i) 

+ (^pCi (— 2inicoq + aBi -[- + . . . + = 0...(19), 

and 


pp (2im coq - aBi — J5^_i) 


+ (0 ~ rnq^ - aCi - - . . . - 0,,^^ = 0. ..(20). 

Thus we see that all the 2?i equations (17) and (18) are satis- 
fied by pp-oPpn and c/)p = a^<#)u for all the values of p between 1 
and 71, provided (19) and (20) are also satisfied. By eliminating 
(j^p and pp from (19) and (20) we see that the frequencies q are 
given by the biquadratic equation 

{A - 77iq ^ -h of.4i + -h . . . + 

((7 — wg- — a Cl — a^Cg — . . . — C^_i) 

= — (— ^iinmq + aBi + B^-iY . . .(21). 

This may be written more concisely 

(l J /S + Xi - 4 - WK/) (iV„ - Nt - mq^) = - ^mmqr . . . (22), 
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^krr • . ^krr 

In these e([Uutions k is the integer in a = cos — +isin — 

iuid may have any value from 0 to m-l. If n-k is written 
for k in (22) the values of q given by the equations differ only 
in sign, so that the frequencies are the same. Thus all the values 
of the fre(iuency can be got by putting fc = 0, 1, 2, ... (?i-l)/2 
if „ is odd, and & = 0, 1 , 2, ... nj2 if n is even. If is odd there 
equations of the type (22) leading to independent 


values of the frequency. When k = 0, = 0 and equation (22) re- 

duces to a quadratic, so that altogether there are 4(?i + l)/2 -2 = 2?i 
values of the frequency. When n is even there are n j2 + 1 equa- 
tions, but M]c=^ 0 when i = 0 or ??/2, so that two of these reduce 
to quadratics. Thus we see that whether n be odd or even 
there are 2n possible frequencies for vibrations in the plane of 
the orbit, corresponding to the 2?i degrees of freedom of the 
electrons, in this plane. 

In a similar way the n frequencies q of the vibrations at 
right angles to the plane of the orbit may be shown to be 
given by 

+ (24), 


where 






H-l 

V 


^slCTT . STT 

COS .sin* 

n / n 


C^o). 


The values of L, 1/, W and F have b(‘on worktMl out in a 
number of the simpler cases and the corresponding fre<jueneies 
calculated *. 


The importance of this investigation lies, tor reasons which 
have already been given, not so much in the fact that it tuiables 
us to evaluate the frecpiencies of th<‘ vibrations of th(‘ (deetr<nis, 
as in the fact that the fre(|Ue.ncy (Mpiations (22) and (24) (Uiahh^ 
us to determine whether th<‘ equilibrium is stahl(‘ or not. li* 
all the values of q given by (22) and (24) ar(‘ nni tluai all t 
disturbances p, </> and ^ are pniodic functions (»f tlu* time, and 
the system will only execute small (»s(*illations about flu* st,<‘ady 
configuration. In this case the steady motion is stable. It* 
on the other hand, any of the roots contain an imaginary part., 
the corresponding values of p, </> or .s' will e.ontain factors of tie* 
type where It is a real positive^ const.ant. Thus any such 
disturbance will increase indefinitely witli the laps(‘ of and 
the presence of complex or imaginary valiH‘s of </ shows tliat 
the equilibrium is unstable. The condition that tin* cMpiilibrium 
should be stable is therefore that all the values of (/ givem by 
the equations (22) and (24) should be r(‘al for ail tiu‘ admissible 
values of h. 


* Cf. Thomson, loc. cit. 
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The stability of the ^ motions can always be provided for, 
since the value of the rotation &> is, so far, at our disposal. 
Transposing equation (9) we have 


e“ 1 fi»e' ] 

4as~,Sf|6* 


and, substituting this value of a, (24) becomes 


= 9 1 + 


Tk-2\ ] 

2s y 


.Jh-T, 


where 


n = — P,andn = ^Po. 
6 6“ 


~ 2^0 is always negative, so that the right-hand side of (24) can 
obviously be made positive by choosing o) large enough. Thus q 
can always be made real and the z motions stable. 

Now turn to the motions in the plane of the orbit. We may 
write e<|uation (22) in the form 

(.4 - f) (B - yO - (0- Dqf = f{q) = 0 (27), 

whfU'e 

Nul = I S-\- Ljc — Zo, mB = Wo ~ Njc, mC = M]^ and D = 2a). 


A, B, (J and I) are real and B is positive. We can make C/D 
as smaJl as we please by suitably choosing o), and at the same 
time |)r(‘serv(‘, the stability of the -sr motions. Let A have any 
[)ositive value', then C/D can always be chosen so as to be less 

tlian -f -^4 - or + bK Now /(r/) is positive when g = ± oo , negative 

wlu'u ([ li(‘s between + J.- and +5^ or — A- and -5-, and 
positiv(' when q = Gll). The graph of f{q) thus crosses the real 
X a.xis tour times between ± oo . If A is negative there are only 
t,wo sueh int(‘rs(‘Ctions. For all the roots to be real it is therefore 
ru'cessary and sufficient that A should be positive. This is the 
condition for stability. 

Wlieii tlu^ number of electrons in a ring becomes considerable, 
n(‘gativ(' valiK's of A begin to appear; so that no amount ot 
rota.tion can make the ring stable. The greatest number of 
(‘h'ct.rons whieli are stable in a circle inside a sphere, contain- 
ing an (‘(pial total (juantity of positive electricity uniformly 
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distributed, is Six or more electrons in a single ring are 

never in stable equilibrium however great the angular velocity 
is. Such a ring may, however, be made stable if a negative 
charge is introduced at the centre. If this negative charge is 
equal to that carried by p electrons, the effect of the additional 
repulsion thus introduced is to increase A in the fre<|uency 

equation (27) to .A +3^* This can always be made positive 

by taking p sufficiently large. 


From what has been said it is clear that tiu‘. condition for a 

ring to be stable is that -4 -f- 3 = f — ( Ln ■+* 3 

should be positive. The greatest value of U.-Lj, is for k^nj± 
when n is even and for — when n is odd. The numlxu' 
of electrons which would have to be placed at the ctmtre of the 
ring to ensure stability is therefore given by the least intcigral 
value of p for which 


and 


3 — . > Xo - L 71 - 4 — f when h is (‘ven 

2 > io - Ln^i — I ^ t <>3(1 

a* (r 


... ( 28 ). 


By means of these equations the least value of p for a given 
value of n can be calculated, p increases very i-apidly for larg(^ 
values of n as is shown by the following table of corn^sponding 
values : 


n 5 6 7 8 0 10 15 -M) ;i() lo 

p 0 1 1 1 2 3 15 .30 lOi 232 

When 'p exceeds unity the additional (‘f^c'trons cannot a, 11 li(‘ 
at the centre of the ring but must s<*[)arat(‘ und<‘r thtdr mutual 
repulsion. Thus when n = 9 and /) = 2 thm't* will bt* an cxt<‘rnaJ 
ring of seven and two electrons inside situat4‘(l along adiajmO.er 
of the sphere at e(|ual distances from the (umtn*. Wh<*n p is larg<‘ 
it is possible for the electrons to arrange t h(uus<‘lv<*s in s{,a,l)l<‘ 
equilibrium in rings rotating about a common axis and lying in 
parallel planes. On the assumption tliat tJu* <‘tlcet of (‘xtornal 
rings of electrons can be neglected a,nd that th(‘ (‘tlbct. of internal 
rings is the same as if the total chargi‘ on tli(‘ (‘I(‘ct.rons \v«u-e 
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collected at the centre of the sphere, the number of electrons 
in the successive rings can be calculated by the application of the 
foregoing principles. It is probable that this treatment will give 
a fair representation of the properties of atoms containing a 
number of electrons, even if the latter are not arranged in rings 
but, for example, in concentric shells. The conditions for equi- 
librium are of the same general character in both cases. If a 
shell contains a large number of electrons it will be unstable 
unless some of them are inside, just as the corresponding ring 
was. We shall now consider the structure and properties of the 
atoms which have different numbers of electrons, when their 
constitution is determined by the equilibrium conditions to which 
we have been led. The numerical computations will be omitted ; 
they are- given in the paper by Thomson to which reference has 
frequently been made. 

We have seen that when there is only one electron it will lie 
at the centre of the positive sphere, whilst if there are two, they 
lie always along a diameter at equal distances from the centre. 
Tliree electrons will arrange themselves at the corners of an 
ecpiilateral triangle situated on a circle whose radius is given by 
eciuation (3). The arrangement of four electrons at the corners 
of a s([uaro is unstable if the electrons are at rest. It is found 
tl)a,t one of the electrons will jump out of the plane of the others 
and that the stable arrangement for four electrons is at the 
coriKU’s of a regular tetrahedron. A similar occurrence takes 
|)lact‘ wlu‘uev(‘r the numl)er of electrons is greater than three, 
ddiiis thre(‘ is tlic^ greatest number of electrons that can exist 
in stabhi equilil)rium in a ring, provided they are at rest. By 
a,ssigning to th(^ rings of electrons sufficiently high velocities, 
it apjH'ars l,lia,t number in the ring can be increased to as 
many as fiv<‘ without instability setting in. A ring of six or 
any gi-t‘ater numlxu', howevcu-, is unstable even if lutating. Six 
<‘l(‘etrons can be in stal)l(^ (Mpiilibrium if one is at the centre of 
t,h(‘ s|)h(‘iv ;m<l th(‘ otlnu* five rotate in a ring around it. A 
single, (‘hx'tron at th(‘. eiuitiv is sufficient to make a ring of 
s(‘ven or eiglit stable, thus accounting for nine electrons alto- 
With t<‘n eh'ctrons it is necessary to have two in the 
emit.n' and a, ring of eight outside. With eleven three go to 
f.hp (-(‘utn^ and this holds till we evt to foin-t(Mm. whon rl... 
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number in the centre increases to four. With seventeen elec- 
trons it is found that the stable arrangement is an outer ring 
of eleven with six inside it. We have seen, however, that a 
ring of six is unstable, so that one of them goes to the centre 
leaving a ring of five. We have thus three concentric systems 
in this case, containing respectively one, five and eleven electrons. 
When the number of electrons in the outer ring b(‘Com(‘s con- 
siderable, the number which it is necessary to place inside the 
ring in order to ensure stability increases very rapidly. For 
large values of the number n in the ring the number p insid(‘. 
varies as n^. 

The actual arrangement of the electrons with souk* of the 
smaller numbers is given in the following tabl<‘. Th(‘ number 
of horizontal columns gives the number of rings ; the numbers 
are the number of electrons in each ring. ^rin‘ total numbm* in 
the atom is thus obtained by adding up tht‘ v(‘rtical (‘olumns. 

outer ring 1 2 3 4 fj 

outer I’ing 5 C 7 8 8 8 9 1 0 10 10 II 

inner ring 1 1 1 1 2 3 3 3 4 9 5 

outer ring 11 11 11 12 12 12 12 13 13 13 13 M 11 IT) ir> 

2n(iring 5 0 7 7 8 8 8 8 9 10 lo lo lo lo II 

1st ring 1 1 I 1 1 2 3 3 3 3 I I 5 5 r> 

outer ring 15 15 15 10 10 10 10 10 10 10 17 17 17 17 17 17 17 

3r(lring 11 11 11 11 12 12 12 13 13 13 13 13 13 M 14 I.-, 15 

2nd ring 5 0 7 7 7 8 8 8 8 9 9 10 10 io lo lo |1 

I. St ring 1 1 1 1 1 1 2 2 3 3> 3 1 I 5 5 5 

otitcrring 17 19 20 20 20 20 20 20 20 20 20 21 

4th ring 15 10 10 10 10 17 17 17 17 17 17 17 17 

3rd ring 11 13 13 13 13 13 13 13 11 M 15 15 15 

2nd ring 5 8 8 8 9 9 10 10 10 10 1(» io 11 

1st ring 1 2 2 3 3 3 3 4 1 5 5 5 5 

outer ring 21 22 23 24 

5th ring 17 20 20 21 

4th ring 15 10 17 17 

3rd ring 11 13 1 3 15 

2nd ring 5 8 10 II 

1st ring 1 2 3 5 

Thus 93 electrons arrange themseiv(‘s in six (‘onccnt ric rings 
of 5, 11, 15, 17, 21 and 24 respectively. 94 (‘I(‘etr<)ns hogia 

+ I r II ir 1^7 
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Numbers like those in the preceding table showing the 
arrangement of the electron in the atom can be obtained in the 
following manner. It is first necessary to determine a sufficient 
number of corresponding values of p and n. This can be done 
by means of equations (28). Having done this we can draw the 
curve which gives p as a function of n. It is of the general form 
exhibited by the accompanying figure. 

30 
20 ; 

^10 


0 


Suppose it is required to find how a large number N of 
electrons will arrange themselves in stable rings. Take OPi = N 
along the axis of p and draw PiQi inclined at 135° to OPi inter- 
secting the curve in Qi. Then if Q 1 P 2 is perpendicular to OPi, 
Q 1 P 2 — P^Pi- By the property of the curve Q 1 P 2 electrons in 
a ring require OPo inside to make them stable, so that N = OPi 
ek‘ctroiis will arrange themselves with an outer ring of P^Pi 
surrounding OP.j electrons. In general OP 2 will not be an 
integer ; in this case, instead of OPo we take OP/ the next 
higher int(‘gral value. Thus we see that N — OPi electrons 
will arrange themselves so that the outermost ring contains 
P.fPi i^h'ctrons. We can find the distribution of the OP/ 
eh'ctrons by repeating the process. From P.J draw P/Qo inclined 
at 135'’ to OP, and draw perpendicular to OPj. If OP/ 

is thi^ n(‘xt integer liigher than OP,, the OP/ electrons will 
an-ang(^ themselvc^s with an outer ring of P/P/ electrons sur- 
rounding the remaining OP/. In this way we can proceed until 
th(^ whole N" cdectrons ai-e accounted for. 

Referring to the tabh‘. on the preceding page we see that the 
siu^cessive atoms formed in this way possess features analogous 
to those properties of the chemical elements which are sum- 
marized by the periodic law. Thus it will be observed that the 
fii-st element with sevmi rirurs is the same as that with six except 
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for the outer ring of 24 electrons ; this in turn is the same as 
that with five except for the outer ring of 2.1, and so on. We 
might expect that elements with the same internal structure 
would have similar properties. If so, we should expect them 
to be separated by groups of elements having widely difierent 
properties. If, as a number of different lines of investigation 
lead us to believe, the atomic weight is proportional to the 
number of contained electrons, this is exactly what happens. 
As we proceed through a list of elements of increasing atomic 
weight we find elements of similar character periodically ap- 
pearing separated by entirely different ehunents. This kind of 
relationship ought to be exhibited especially by proptu’ties such 
as the frequency of vibration of the electrical constituents of 
the atom, which we should expect to be detcu-miruMl largcdy by 
the geometrical arrangement of the contained (‘l(‘ctrons. It is 
well known that the lines of the spectral series of elements of 
the same chemical fiimily are closely related 

Another kind of resemblance to the properties of tlu* cluuiiieal 
elements is brought out in a still more marki‘d way if wi‘ can 
consider the equilibrium of the electrons in the suc(*(‘.ssiv(‘ arti- 
ficial atoms and confine ourselves to the cas(‘ wlu‘n‘ tlu‘iH‘ is a 
constant number, for example twenty, of eh^ct.rons in tho outer 
rings. Starting with the first member, that with 59 cl(‘{*ti-()ns 
altogether, this will only just have enough (d*ctrons insid^ to 
keep the outer ring stable. It will therefore v(‘ry rtNidily givc^ 
off one electron. When it has givtui this off*, howovor, thon^ 
will only be 58 electrons left, a number which is not groat, 
enough to have an outer ring of twenty. Th(‘S(‘ will tlua-ofon^ 
arrange themselves with an outer ring of nin(‘t(‘<‘n. Now 58 
is the greatest number which can hav(‘ an out(‘r ring of iiiiio- 
teen, so that the stability of this atom as rogards omission of 
electrons will be very high, more particularly as it. lias an oxo<‘ss 
of positive charge. The atom with 59 (b^cJ rons will thus 
capable of emitting one negative electron and so form a mon<»va- 
lent positive ion. It will do this with great n‘adin(*ss but. will only 
be able to emit one negative ion. It will th(‘r(ifor(‘ b(‘ha,vo liko 
the strongly electropositive elements hydrogen, lithium, .sodium, 
potassium, etc. The next atom with 60 el(‘ctrons will Ix^ souk;- 
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two electrons before the nninber falls to 5H and it becomes 
exceedingly stable as regards further einissien. Thus it will 
resemble the divalent electropositive elements of tlui alkaline 
earth group. In a similar way the Tiext ekantait will not so 
easily emit an electron but it will be abh* to part with three 
before reaching the very stable condition with 58 <‘l(‘ctrons. It 
will therefore be less electropositive but will be capabh^ of giving 
rise to a tri valent positive ion. It will therefore rescanble t.lu‘ tri va- 
lent earth metals such as aluminium. In this way we s(‘e t.ha.t as 
the number of electrons increases, the (dcanents which havti an 
outer ring of twenty become continuously I(‘ss el(‘ct,ro])ositive 
but have a continuously increasing electropositive vakuuy. Wluai 
we come to the last atom with twenty (‘ha'tnms in tin* outer 
ring and (57 altogether this would theond.ically Ih‘ abl(‘ to (.‘init 
nine (ilectrons, but practically it will b(‘ so stabh* (Iiaf it- will 
be incapabh‘ of canitting any (‘xc(‘pt urnha* v(ay great forces. 
It may thus considenal to r(‘S(anl)le t<h(‘ inert, gas(‘s h(‘lium, 
argon, etc. which art^ incapable of (aiba-ing iru-o eli<aiiicaJ com- 
bination. Again, this (‘kamait will 1 h‘ unable* to comhim* with 
a fre(j (‘l(‘ctron ; for if it did so it woid<l have P'S (‘l<‘(*(.rons alto- 
gether and th(‘se would arrange* tluans<*lv<*s witli an oiPea* ring 
of 21. As t-lu* syst.em wit.h ()8 (‘k‘c(rons and an out<‘r ring of 
21 is v<‘ry unstable* a,nel liable^ te> e‘mit an elect. i*on wh(*n 
neut.ral, it- will lx* still meu'e* unst-able* wheai it. caiah'S an exce‘ss 
of* n<‘gat-ive‘ ediarge*, so t-hat. Ibis aJ.om witli (17 (‘lex’lrons will be* 
incapable* of e*om])ining wit.h eme* adelitional oh'cirou. It will 
tbus ha\e‘ zeTo (‘l(*(‘t.ronogat.i ve* vaJe-ney. In tbi.s r<‘spcc{. it. again 
n*se‘mble‘s I.Ik* ine'rt. gaseous <‘l<‘menl.s. I'ln* eh^meni, with (>(> 
(‘l(‘ct,rons will t,(‘nel to e*ombine with one* el<‘(‘(ron; sinea*, whe*n 
t.he* atoms are neutral, the* <‘leme*nt wit.h b7 is morv stable* tJian 
that, with ()b. It. will not- be able* t.o e*ombm«* with more than 
one*, for if it. elid it, we)ulel posse‘ss (i8 e*lee*tr()ns alt<>g(‘t.hei’, aii 
arrange'ment. whie*}i, as we* have* se*e‘n, is e'xee‘e*dingl v unstable* 
e‘V(‘n whi'ii n(*utral. This e*lem<*nt. will thus beha\«* like* the* 
st reaigly e‘l(*e*t rone‘gat ive* me)ne>vale‘nt. <*h‘me‘nts fluorine*, eldorine*, 
(‘t.e*. I he* atom with b.’) e*j(*et.re»ns will ha\<* a le-ss st.re)ngly 
ma,rk(‘d t.e‘ndene*y to eomhine* wit.h an aeleliliemal one* hut- will 
h<‘ able* to e-omhine* with l.we> alte)g<*t h<*r hefoi-c I'e*. aching the* 
limiting condition. It, will thus rosemhie the «*le*meai(s o.wgvn, 


IIkiii Pn «•♦*«'< in this way W(‘ see 

tlui the f‘!tiiit*ii! Willi tie* gr^■a^t^s^ HUiule*!* nf i^Ifet r< ULS, out of 
wlik-li havi* ail uuIit nui!: twoiUy. lias zero electro- 

iiegalivt* \:ilt*iiry. As th** iiU!alM*r <4 oh*etr<iiis is sueeessively 
diuiiiiishisl tlit^ valeiiey sttsulily iiier«‘aM*s whilst tin* eleuitaiis 
becoiae sui*t‘i‘ssi\oly less rleetruni-gaiivt*. lie* most tdt^etro- 
rH*gjitive t*!e!tierii! has MUe loss than tile luaxiioiiia umuher of 
eleetroiis and is luniiuvalfUt. 

These pro{H*rtii*s furnisli a striking analogy to the variation 
of valeney and oloetreeln-niieal pn*porti»*s as \s»' pass tlirough a 
serii‘S of t‘leiaen!s in tin* jH-ri*»dic‘ taldo. Starting with the 
eleiiient {HKHsessing 5H eloetnuis, the ina\iinuiii nundna* with an 
outi*r ring of nineteoin tin- f»»llowiiig tahl»* slnavs Inav tin* eli*etro- 
positive and t‘leetr*an‘gat ivo \ah'iti*i«*s eliaitge as tin* nnniht*r is 
inen‘asisi : 


KuiiilHT in uutor rin’4 

TotJil lunnlHT 

Kl< s*t n M >si t i vt * v; 1 1 « ‘i h *> 
Klectnuiegative ,, 


I*j 'io *20 2n 20 20 

AS AO e^o »;i ♦;2 t;a 

I 2 :i i 

fi s 7 f; A 1 


2 o 20 20 20 21 

01 OA r,(; In oh 

0 7 S n 1 

a 2 I o 


The correHjM>nding \aleneifs for ihf si-ib-'' <4 ‘ hiueniN hrtwt-on neon 
ainl argon, omitting potassiniu. are shown in tin- tolluwing table: 

Element Nn Al Si 1’ S (‘I Ar 

Atoinit! \v<‘i<jjht 2ir2 2 .‘ 1’0 21’.‘i 2T’I 2*''n Oi o ;i2‘i .‘t»'A ntri) 

Kl(‘etr<>positiv(‘ 

valtaiey n I 2 3 1 ■» 0 '<* “ 

Eleetn>ne^ativ»‘ 

valency n 7 <1 A I 'A 2 I o 

In each (‘ast‘ the sum of the iliaviiuum »•!»(■! ropi»sit i\o and 
eU‘ctroiu‘gat.iv(‘ vah*n<*ios is euustant, and tin* ohue-nt-^ iH-eome 
successivtdy mon* oh*etnnn’gati\o and Ionh ib-oi rupt»4t i\ »• as tin- 
mass of tin* atoms increases. 


The numbers purporting to roprosrut i ho olcet rop«»sit i\ o 
and the electronegative valencies <4’ tin- ditformt rhomiral elr- 
ments are n(4» in every case xa-rifiod h\' faets. They ai’o i’atln*r 
to be taken as r(*pr(*senting a law whieh sumioari/.e^ a goiioral 
tendency. Thus so far as tin* writt*r is awaro no eoiopound of 
sodium is known in xvhich it is heptaxalont. Hiis is pi-obably 
due to the fact that it is diili(udt to get stronglv olr<*t roposit ivo 
elements to combirii^ with om* anotln-r. I'ln- olrct roin-gat ive 
elements are more adaptable in this n*spo«-t, and tln-y furnisli 

* i ,1 > • .. I 1 1 » 1 i’ . 
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instance the following compounds which exhibit the maximum 
electropositive and electronegative valencies; 


Electropositive valency 
Electronegative „ 


SiCL 


SiHd 


PCI, 

PHs 

PNa, 


SClo CUO; 

SH2 HOI 
Na2S KaCl 

In each case the sum of the valencies is constant and equal to 
eight. 

The numerical relations obtained above are to be taken as 
illustrative rather than as indicating the actual number of 
electrons which the atoms of the respective chemical elements 
contain. If the electrons were arranged in shells instead of in 
rings, the conditions of stability would lead to results of the 
same general character but the numerical values might he quite 
different. In order that the periodicity in the electrochemical 
properties and the observed changes in the electropositive and the 
electronegative valency should be found, all that is necessary is 
that therc^ should be a sudden increase in the stability of the 
electrons in atoms which have certain numbers Ni, N2y ^tc. 
of (‘l(‘ctrons and a gradual diminution as we pass from any one 
of these numbc'rs to the next higher. For example, an atom 
which contains N\. + n electrons would lose n electrons rather 
c‘asily, but it would require forces of a different order of inag- 
nitud(‘ to dislodge 'H + l electrons. Its electropositive valency 
would thus lx* ?/. On the other hand it would have a tendency 
to combiiu* with any niim])er of electrons until the total number 
l)(‘cam<‘ (Mjiial to Its electronegative valency would therefore 

I),. ™ 4. //). Tlu‘ sum of the two valencies has the same 

valiK* for all tlu^ eh*ments with numbers of electrons between 
iV, and N, and is (‘(jual to In discussing the question 

<d vahuicy it, is not necessary to consider specifically the effect 
<»f th(‘ i‘X(a‘ss of })ositivc or negative charge when electrons are 
ivuioV(‘(l from, or added to, a given atom. This effect wdll change 
regularly with t.he (ixc(‘ss or deficiency of electrons. It is also 
mressaiy to obs(TV(‘. that the question of valency is one of 
(Mniilibrium in a system, the molecule, which is uncharged as a 
whoh‘. The effect of tlu‘. total charge on the individual atoms 
In.iuo- (liffiavnt, will therefore only come in to a very limited 
extont. simv t,hey are so very near together. It would be rather 
if we w<nn discussing the possibility of the ionization 

of a given at.om. 


It is worth while r(‘iiiarking that th(‘ (‘haaeiits which lie 
between the very strongly elect ronegativt* inoian’alent ehaiitaits 
like fluorine and the next higher strongly i‘le(‘tropositiv(‘ ineiio- 
valent element, e.g. sodium, are the gases Hte N(‘, Ar, Kr 
and Xe which have no chemical affinity: wht^nsas those which 
lie between elements like manganese, which show sona‘ analogy 
with the chlorine group, and tin* corresponding (dtaneiit likt^ 
copper, wffiich is analogous to sodium, exhil)it tlu* high(‘st tdectro- 
positive valency of any of the elenuuits. This is shown by the 
oxy-compounds and various comjdex amino-compounds of the 
metals of the iron, palladium and platinum groups. 

It is convenient to have a name for tlu* m(‘as\iri* of the 
tendency of an electron to leave an atom whicli lias dis- 

cussed above. Following Sir J. J. Thomson W(‘ shall n*fer to 
this as the electronic pressure of tin* atom. 

Oh emical Comhin a tion . 

It has been pointed out that Lord Kelvin, in his paper (‘utitled 
“Aepinus atomized” {Phil, Ma/j, vol. ni. p. 257, H)02), was tlu* 
first to suggest that the chemical atom consists of a sphm-i* of 
uniform positive electrification containing negative olrctnuis of 
much smaller dimensions emb(‘(ld(‘d in it. In that paper lie dis- 
cusses the forces which will coim* into play whon soiiu* of tlu* 
simpler types of atoms an* brought togotlu*!*. Considering tlu* 
simplest type of all, that which contains only one eCctroii, it 
is evident that two such atoms will (‘xert no mutual fon*i‘ if tlu* 
spheres lie entirely outside one anoth(‘r. If, however, one ef tlu* 
spheres A penetrates another 7:?, th(‘n, sinc(* part of tin* positive* 
sphere of iJ lies inside that of A, the r(*i)ulsion oi‘ the positive* 
sphere of B by that of A will he l(‘ss than tlu* at tract iem ot‘ tlu* 
negative electron at the centre of A. Thus the two sphen*s will 
attract one another. It is clear, how(*ver, that tlu* n(‘gati\-(* 
electron at the centre of each sphere will still be in eejuilibrium 
there until the centre of one sphere lies within tlu* (‘irciimformct* 
of the other. If both the spheres are e(pial, th<^ mutual repulsions 
of the negative electrons then exceed their attractions bv the 
positive spheres; the electrons therefore movt*. along .the liiu* 
joining the centres of the two atoms so as to lie outside tlu* 
centres, but remain always within the atom. Wh* thus n. 
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neutral (uncharged) combination of the two atoms which may 
be regarded as the simplest type of elementary molecule. If the 
sizes of the spheres are unequal, the story is somewhat different. 
A calculation of the forces shows* that, whereas the electron in the 
smaller sphere moves outwards along the line of centres, that in 
the larger sphere moves towards the smaller. This movement 
towards the smaller sphere is gradual at first, but at a certain 
position the equilibrium becomes unstable and the electron proper 
to the large sphere makes a sudden jump into the smaller sphere. 
In the case in which the ratio of the. radii of spheres is three to 
one, this instability occurs when the distance between the centres 
lies between 2'6 and 27 times the radius of the smaller sphere. 
After this has occurred both electrons remain inside the smaller 
sphere even if the. larger sphere is taken away. We thus get 
a case which is analogous to the formation of a neutral compound 
molecule, and, as in the case of electrolytes, when this molecule 
is subsequently broken up one atom is positively and the other 
negatively charged. 

We have seen that the important differences between the 
chemical elements are in all probability determined by the differ- 
ence in the number of electrons in the atom rather than by the 
difference in size of the positive spheres. We have every reason 
to believe that the atoms of most of the elements contain a con- 
siderable number of electrons, so that there is no evident reason 
why they should behave in the same way as the extremely simply 
constituted atoms just now under discussion. It seems clear, how- 
ev<‘r, on general grounds that if the atoms contain a large number 
oi’ (dectrons they will attract one another whether they are like or 
unlike, and so will tend to coalesce into groups of more than one 
atom. That the forces between uncharged atoms will in general 
be attractive appears to follow from the fact that the electrons are 
morci or less mobile. Under the influence of the electric field due 
to a neighbouring atom, these will arrange themselves so that 
th(‘.ir potential energy is diminished. It is to be remembered that 
although the atoms are electrically neutral there will be intense 
fiedds of force in their immediate neighbourhoods owing to the 
different geometrical distribution of the positive and negative 
(dectricity. The attraction between uncharged atoms is similar 

* Cf. Kelvin, loc, cit. 



to that botwi'oo an !inc‘harj^o*<I cunductnr and a chargcMi sphere 
This ertbet will take plane whetlnn* thi‘ ateins are siniihu* nr dis- 
similar. 

The eumhinatinii nf two atnnis in this way will, in ^naieral he 
aecnmimnied hy a transfertaua* nf electrons fmni (»ne in th<‘ nth(T 
The way in which this takes place is mnst cnn\enientlv d(*scnhcd 
in. terms of the idea t»f eh‘ctrnnic pressure. ( 'nnsidta- tile atom 
which jxissesses + i *dectrnns. L(‘t us deicttr tins hy A and 
8iip{>nB(‘ it to l)t‘ limu^lit int«> innnediate juxtapnsit inn with the 
atom 7i, which contains X,— 1 eh/ctmns. We !iav»* seen that tht‘ 
electronic pr(‘ssure nf tin* atnni J is very hii^h whili* tliatnf //is 
very low. In nthm* w<»rds !t*s.s work will h«* re«|uired f<, 
electron out of A than out td’ />'. Ihidm* tlie^- circiim,stanc(*s we 
should expect an electrt»n t<» pass fmm A t«» fi: sn that in the 
compound thus funned A will carry nm* eleetr«»ni(‘ unit of pnsit.ivi* 
and li one eli*ct runic unit nf nei^ative eleetririty. After this 
transference has tak<*n place A will (‘nntain .V eleetmus sn tliat its 
electronic pre.ssure will he very hov. 'I'hus nn ni«»r»‘ eletamris will 
pass over to B, esjiecially since if another wen* to he transferred B 
would then havi* Aij-f" 1 t*lei‘trnns, an<l tins nuinh**!’ i'nrrespnuds to 
an atom with a vmy high (‘leetrnuit* pressure. 'Fhere is still annth«*r 
reason why no furth(‘r transferema- should lak** plae**, iuhI that is 
tha,t th(‘ transference* of the first electreii pr‘»duc«'-^ an elerfne tiehi 
l)etwe(*n tin* atoms which t<*nds tf> stop an\ furfh«’r exchange. 

If anotht*r atom of .t w<*re hr<»nght inlM tlm n«*iLdd>nui'hniHl 
of the molecuh* AB it would laC In* able fiMUnfei* anether 
electron to //, (h‘Hpitt‘ its own high eleetmnie prr-.^nre. h'or it it 
did so B would then havi* + I elect I’toiN. an aa rangeiu^ nl which 
is particularly likely to shoot, otl om* «*h*ctron. The-' a.riiun would 
ceitainly result in tins caset siiaa* it wtaihl In* h»*}p‘-d h\ the deetrie 
field fiom B to A. Ihus A is <*!early a luerawalenf < lee{ rep«»*.»il i\<- 
element and B is a monovalent idectmnegat lu* t-huia ni. 'Fhe 
molecule AB is a fully saturatctl m«>lecule and will siiou no 
tendency to enter into further comhinatu.n with an\ miIut 
elements. 

ISow consider the interaction helwetm an atum r rmifainim' 
X, + 2 electrons and an atom D of another eieiueni eontaiinng 
X 3-2 electrons. The electronic presiHuiv of r heim*" hcdiei- than 
that of D we should eyncct. .n ' 
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G will then have -/Vo+ 1 electrons and one unit of positive charge, 
whilst D will have JV 3 1 electrons and one unit of negative 
charge. Now if C and D were uncharged their electronic pres- 
sures would be respectively higher and lower than before the 
transference. Ihus there will be a tendency for another electron 
to pass from Cto D, despite the opposition of the electric field esta- 
blished by the transference of the first electron. If this takes 
place there will be no further transference, since 0 and D now 
carry N ^ electrons respectively ; so that the transference of 

an additional electron would be opposed by the discontinuities in the 
electronic pressure as well as by the electric field produced by the 
two electrons already displaced from 0 to D. The compound CD 
is thus completely saturated. If 0 and B were placed in contact, 
an (electron would evidently at once be displaced from C to B; but 
despite the increase in the electronic pressure of C thus caused no 
further transference could take place. For this would involve 
increasing the number of jB’s electrons to iVgH- 1 , an arrangement 
with a very high electronic pressure. Since this pressure would 
be assisted by an intense interatomic electric field, the two com- 
bined would effectually stop any tendency for a second electron to 
go to B. If, however, an uncharged atom of B were placed in the 
neighbourhood of 6^5, this restriction would not occur. This atom 
would have a low electronic pressure and would readily abstract an 
additional electron from C. Thus the compound molecule GB 2 
would 1)0 formed. By similar reasoning to that which has pre- 
coded, this would be fully saturated and would have no tendency 
t,o combine with any other atoms. In a similar way the element 
I) would form the fully saturated molecule DA^ when allowed to 
combine witli A. G and D are typical divalent elements, G being 
(dectropositive and D electronegative. 

It is to be borne in mind that there is a difference between 
tlu' energies liberated when 0 combines with B to form CB and 
when GB combines with B to form The formation of GB. 

from GB is opposed to some extent by a preexisting electric field, 
whereas that of GB from C and B is nofc. In some cases this 
restraining influence may be sufficient to prevent the ready foinia- 
tioii of the compound CBo, and the action may stop at the CB 
stage. Nearly all the elements with high valencies furnish 
ov'irnnles of an effect of this character. The intermediate stages 


an* known as nnsatiiratod fuiiipuunds. A luunbrr of (‘xainples are 
given, selected from elt*im‘nts of dirten*nt ehmuieal families, in the 
accompanying ta!)!i*. 


Element 

Maxiiiium vaienay 

ComptiUiidH 

Chlorine 

+ 7 

cut (%( L, CIO.., ('I..()„ 


•-1 

Hf’i ■ - - • 

Sulphur 


SJ’I,, Sfh, SCh,Sh, 

— 'I 

H..S 

Phosphorus 


P(1„ PC!. 


uX 

Carhon 

4- t 

{ ’s, i s . ; ro, C( L 


- 1 


Iron 

t H 

Fe.rij, Frfl, 

i Copper 

-U 

CuJ), Clin 

P( >taHsiuiu 

+ 1^ 

Kt'l 1 

It is to be 

observe ‘d, as wa* havt* 

already set*n is indicated 


this theory in a gein‘ral way, that tin* maximum \ah‘nev of an 
element dt‘pt*nds on wln‘tht*r it oeciirs in thr eumpotmd as an 
electropositive or an (‘hs'tronogativo ohmn*iit. 'Finis (‘tuisidor tin* 
element with 2 elci'tnms. \Vr liav»- s<M*n that t liis can only 

take up two additional (*lcetrons laddn* ivaching tin* unstahh* 
stage. Two is tln‘rcforc tin* maximum valcnr\' «>f tin* element, 
when it occurs as tin* i‘leet roiiegativi* part t*f the t*nmpnund. ( )n 
the other hand it can part with — X rli*etnuis hefnre it 
reaches the other unstable contigurat inn ; so that this is the value 
of its maximum tdi^ctropositive vah*n(T. A ghnn'e at the table 
will show that this property is v<*rv well illustrated b\’ the (‘«»m- 
pounds of chlorine, sulphur ainl pliosj)horus. It is oloinus from 
these considerations that tin* t(‘rms (‘l(*(*t mposii i\ ^ and »‘lee!ro- 
negative are merely relalivt*. An elemmit maybe .‘I.-et rnp*.sit i\ r 
to one element and el(‘ctroiu‘gativ(‘ aimthei*; in this eas.* it will 
lose an electron when combiin*<l with tin* first eh-menf and i 4 aiii 
one when combined with tin* s(‘(;ond. 

The function of the (‘h^ctrons in tin* el(*inenlarv niof'ciiles such 
as Ho, Oo, Noj ^I'i) Ht'o, 1.^, etc. is a matter of great interest. W «• 
have seen that similar atoms will sliow an altrat‘tn>n for one 
another, and they may be in eijuilibi’ium in naii's without the 



transference of an electron from one of the atoms to another. It 
is not however certain that such a state of equilibrium would he 
stable without the transference of one or more electrons. Suppose 
that the uncharged atoms contained N electrons, where iV' is a 
number lying between N 2 and We have seen that such an 
atom has a tendency both to emit, and to combine with, one or 
more electrons, the precise number depending on the value of 
It is conceivable that the arrangement (N would be 

more stable than the arrangement iVW. In the former case one 
atom would carry a positive and the other a negative charge, 
whilst in the latter case both atoms would be neutral. On the 
whole the evidence seems to be in favour of the elementary 
diatomic molecules containing oppositely charged as opposed to 
neutral atoms. The facts which bear on this question may be 
briefly summarized as follows: 

(1) Walden has found that in certain solvents the elementar}^ 
solutes Br 2 and lo can be electrolysed and equal quantities of 
bromine or iodine are liberated at each electrode. 

(2) In structural chemistry the bonds which combine like 
atoms are treated as being in every way similar to those which 
hold together unlike atoms. 

(3) The inert gases, helium, neon, etc. which do not enter 
into combination with other elements have monatomic molecules. 
At the same time the metals have monatomic vapours for the most 
part and are averse to combination with one another, although 
they combine readily with electronegative elements. 

(4) The molecular refraction and dispersion of a substance 
might differ considerably according to whether the atoms occurred 
ill oppositely charged pairs or not. There is no evidence of any 
well-marked difference between the optical properties of elemen- 
tary substances, considered as a class, and those of compounds. 

If we accept the view that the chemical bonds which unite 
different atoms of the same element involve the transference of 
an idectron, it follows that the number of possible isomeric forms 
of many substances is greater than the number indicated by 
ordinary structural chemistry. Take for instance ethyl chloride 
ClH,Ci. This is obtained by substituting one atom of chlorine 
for one of the atoms of hydrogen in ethane CM,. The structure 


of ethane would be represented aecurding to the present hyjjo- 
thesis by 

+ H +H 

I 

+ II ('+ C H + 

! ! 

+ H +H 

while that of ethyl chloride would be either 

H+ n+ H+ 11 + 

! I 1 ^ 

H+ C + C 11+ ..!• +H (' + (' H + 

I I 

-Cl +H +U -ci 

according as th(‘ chloriiK* (‘ntenMl into comlnnat ion with tho 
carbon atom c<nitaining a positivo unit of olootric charge* oi- not. 
It is obvious that ordinary structural chemistry <hH*s not admit of 
any dissymmetry of this kirul, and its p<»sition irj this n-spe'ct is 
supported by the facts. Althenigh attempts ha\<* boon mado to 
prepare such compounds as ethyl <ddorido in ditToront ways, s«» as ti) 
isolate different isomeric forms if tluw oxistiMl, tlioy have invarialily 
been unsuccessful. Tin? ordinary stnuUnral formulao appear* to ho 
quite capable of taking account, of all the difforont isomeric forms 
of carbon compound which can ho pr<‘parod. 'Phis, howovoi*, is no 
very conclusivi^ evidtmeu* against the vi<‘W above as to the natiii’i* 
of the bonds, for in most cases it is ch‘ar that one of the j wo 
possible forms would b(.‘ much more stabh* than tlio other; so that, 
even if the less stable form wer(‘ ])rodu(*o(i nt fii'st. it woul<l immo. 
diately be changed into the other. \V<‘ should expect the numher 
of structurally possible compounds always to he gi'eatei* than tie* 
number of those which can lx* actually isolated. It is clear* that, 
the number of these possible electrical isomers will iru'i’case rupidly 
with the number of carbon atoms in the (.‘ompoiind. 

This method ot looking at ch(‘mical combination gi\cs a. 
definite physical meaning to the. bonds of struct ui'al chemisti*v. 
They represent the directions (»f the c‘l(‘<*tri(* fields between tic* 
atoms. The bonds are to be reganhsl as stai'ting on a nega- 
tive electron and ending on a positive* <u* negaf ivt* char*ge. A 
bond extending between two points may Ui(‘r(‘f«»rv he .•ith(‘r 
positive or negative. This oualitv is not taken act*onnt. of in 


j-Aixj Oijiuvjxunji UJ! TJIJS ATOM 


577 


ordinary structural chemistry. The position of the end of the 
bond where the negative charge is may conveniently be indicated 
by an arrow pointing towards it. This enables us to omit the 
cumbersome positive and negative signs in the formulae on p. 576. 
These would then become 


H H 

i 1 

H H 

1 1 

H H 

1 1 

1 

t 

H-^C— H 

1 Y 

H— ?^C-— ^C-^— H 

t t 

i t 

t 1 

H H 

Cl H 

H Cl 

The application of this method of drawing structural formulae 

may also be illustrated by the successive 

chlorine substituted 

methanes, as follows: 



1 

2 

3 

H 

1 

Cl 

Cl 

Y 

t 

H— ^C^H 

1 

H— 5-C— ^C1 

I 

H 

I 

H 

1 

H 


Cl- 


4 

Cl 

t 

~C— ^-Cl 

t 

H 


0 
Cl 

t 

Cl^C- 

1 

01 


►Cl 


It is clear that the total positive charge on an atom in 
<‘l(‘ctr<)nic units is obtained by subtracting the number of bonds 
which point towards the atom from the number which point away 
fr*()iu it. Thus the carbon atom in each of the successive com- 
pounds 1 to 5 will be charged with - 4, - 2, 0, + 2, + 4 electronic 
units of electricity respectively. The formulae have been drawn, 
of course, on the supposition that each hydrogen atom carries one 
unit of positive charge and each chlorine atom one unit of nega- 
tives charge. 

Even when all the valency electrons existing in a compound 
molecule are saturated, there will still be a considerable external 
Md, just as a neutral electric doublet gives rise to an external 


field. These forces would not be so intense as those which come 
into play during chemical combination proper, but they are probably 
capable of accounting for such phenomena as hydration, coht^sion, 
surface tension, latent heat and the prop(‘rties arising from 
molecular forces generally. 

In considering the nature of the bonds connecting atoms of 
the same element it is interesting to observe that the phenomenon 
of self-combination is only shown to any considerable degree by two 
elements, carbon and silicon, and that both these elements lie 
exactly in the centre of their respective series in the periodic 
table. Their electrochemical properties are therefore neither 
markedly electropositive nor electronegative, and they ouglit to 
show an almost equal tendency to enter into combination in either 
sense. This is just the kind of condition of the atom that we 
should expect would give rise to self-combination, on the view 
that we have adopted as to the mechanism of this action. For 
such an atom would be almost equally stable whether it formed 
the positive or the negative end of a chemical bond. It would 
show a greater degree of adaptability to the effect of the remaining 
groups with which the atoms were combined than would atoms 
which were not so constituted. 

If this view of chemical combination is tlie correct oiu‘, it. 
becomes a matter of great importance to determine tlie sign and 
magnitude of the charge carried by each atom in differiuit com- 
pounds. The most generally applicable method is, of cours(‘, tJu* 
electrolytic one. In the case where one atom is d(‘j)osit(‘d at. the 
cathode it presumably carries a positive charge in th(‘ (.*ompound ; 
since, so far as the writer is aware, no cases ar(‘ known wlnu-c t.lu* 
solvent is capable of reversing the polarity of th<^ ions ibrnuMl by 
a given electrolyte. 

The phenomenon of magnetism also seinns to l)e (‘apabl<‘ ol“ 
shedding some light on this phenomenon. Townsend has shown 
that the magnetic permeability of vsolutions of salts of iron con- 
taining the same amount of iron has the sam(‘ valuer foj- nJl feuric 
salts; it also has the same value, but om^ which is difhu-euit, from 
the preceding, for all ferrous salts, whilst for tlu^ f(‘rricyanid(‘s 
it has uniformly the value zero, i.e. the f(‘rricvanidcs aiv non- 
magnetic. These results show that the magn(‘tism of inn eom- 
pounds is an atomic property but indicate that, it deixuids (»n 
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the electric charge carried by the iron atom. From chemical 
reasons we believe that the iron atom in ferric salts carries three 
units of positive electricity, whereas in the ferrous salts it contains 
only two and in the ferricyanides it occurs in the electronegative 
part of the molecule. Thus by making experiments on the 
magnetic properties of any iron salt we could tell what the electric 
charge in the iron atom in the molecule was. 

Thomson suggests that considerations of this kind may account 
for the magnetic properties of elementary oxygen. It is well 
known that both oxygen and ozone are strongly paramagnetic. 
On the view of atomic combination above, the oxygen molecule 
may be expected to contain one atom which is positively charged. 
Now in all the known compounds of oxygen it probably functions 
as the electronegative constituent. Even when combined with 
the strongly electronegative element chlorine, oxygen appears to 
be electronegative. This is indicated by the high valency of 
chlorine in the higher oxides CIO2 and CI2O7, and by the oxide CL2O 
being to some extent acid forming. Thus elementary oxygen is 
the only form in which an electropositive oxygen atom appears to 
exist, and this may explain why oxygen and ozone are the only 
substances in which oxygen is paramagnetic. 

Attention has recently been called by K. G. Falk and J. M. 
Nh.bson"^ t(-) a number of facts in structural chemistry which seem 
to support Thomson’s view of directed valencies. Among these the 
following may be mentioned: 

(1) A hydrocarbon which is thought to have the constitution 

conducts the electric current when in solution. As 
thr olo.ctric current does not appear to produce permanent 
<-.hcinical change the ions have been thought to be “C(C6H5)3 
and +C(C((H5);}. 

(2) The symmetrical saturated dicarboxylic acids of the type 
<J-()Jl((.TI,),,--CH2-(CH2)pCOoH show definite differences in 
tluur i)hysical properties when they are compared as a group vith 
the rather similar acids C02H(CH2), - (CH^CO^H. In^ the 
ibrmer case the directed valencies may be arranged sjunmetncally 
wluuvas in the latter they cannot. 

(3) The (luantitative yields of the various isomers formed 
wlu'ii the imsymmetrical hydrocarbons of the ethylene series 

* Proc. Airier. Ghem. Soc. vol. xxxii. p. 1637 (1910). 


combine with tht* haloid acids an* readily int<*!’prt*|j‘<l uii this vit‘\v, 
as also are the cht*niieal prupiaties t»i‘ tlu* diazu-euiiipimnds and a. 
number of other substances. 

It is necessary to add that iut»st of tlu*st* facts liave iHsai 
accounted for by chemists iti otht*r ways whicli s«‘cni fairly satis- 
factory. 

Reviewing the whoh* (piestion broadly it. st'oius (piitt* likely 
that in a great luimber of eases (»f eliemical eouibination trans- 
ference of electrons between the aiotus will not occur. Then* 
seems to be little doubt tliafc the forces hetw(‘t‘n unc*harg(*d atoms 
can be sufficiently great to acctainl f(»r the ent*rgy of elioimh'al 
combination in a great numlH*r of cases. Definiteness of valency 
can also be accounted for in this way. For instance, if tin* iH*utraI 
carbon atom possesses four i‘l(‘ctnais arranged at tin* (‘orners of 
a regular tetrahedron, the directions of maxinuim electric iittensiiy 
in the field of the neutral atom will la* along lines possessing a. 
similar tetrahedral symmetry. Tin* safest t*ourse to a<lopt at 
present would appear to la* that of restri(‘tiug tin* interpretation 
of valency bonds as representing eltH'tronie t ransfen*net‘ to th«»s<* 
cases only in which the possibility ef <‘h*(*tro}yti<* <liss(H*iation has 
been demonstrated. 


The Structure of the Pasitire /sYeef /-a •////. 

The foregoing, necessarily brief, review of rhemiral phonoiuma 
shows that there is a V(*ry (*1()S(‘ eorr<‘spoud«*n<‘o hotwrrn the 
properties of the elements and thosi* iv({uin*<l h\- tin- at<mis 
considered by Thomson. It is not lik(‘ly that tin* iiypot hrsis 
of a sphere of positive electrifi(!ation of a uniform v<»liuu(* «lonsitv 
IS essential in oidci to arrivii at coiu'lusious ot (In* saiu** g<*in’ral 
character as those which have* been iinlieuted. It is pmhabh* that 
somewhat similar conclusions about (|Ui‘stions ol‘ stabilitv wmiid 
hold if the volume density of tin* positive elect rifieat nm. instead 
of being uniform, were greatest at the centre ol‘ the sphmv. i )n 
the other hand, we have secai tha.!) it is unpossi!>le t<> (*onstruet 
a definite atom out of indefinitely small elem(*iits of pesifive and 
negative electiification acting on each otlior ai*(‘ording to tin* 



i-xuDj isxjttuuiUKJJi UF TJlJE ATOM 


581 


classical laws of electrodynamics. It is necessary to introduce 
something else in order to account for the actual size of the 

atoms. 

The sphere of continuously distributed positive electrification 
has the merit of lending itself readily to calculation and, as we 
have seen, it gives a satisfactory account of many of the properties 
of the chemical elements. On the other hand there are some 
rather striking properties which it leaves unexplained, at any rate 
in its simplest form. Consider for example the phenomenon 
of radioactive transformation. The chemical and spectroscopic 
properties of the typical radioactive elements radium, thorium 
and uranium are not sharply different from those of the elements 
which do not exhibit radioactivity; so that it does not seem likely 
that they have a constitution radically different from that of the 
others. But we know that the atoms of the radioactive elements 
are continually emitting atoms of helium and tmming into other 
elements of lower atomic weight. Thus an emission of part of the 
positive sphere itself is a possibility which has to be contemplated. 
To account for these phenomena Thomson has suggested that the 
atoms of the elements of higher atomic weight are made up of 
combinations of sub-spheres like that which may be supposed to 
constitute the helium atom ; but on such a view it is not easy to 
se(‘ why the atoms should possess a different order of stability 
from that of their compounds, without importing something else 
into the theory. Another point which deserves some consideration 
is the fact tliat there is an upper limit to the weights of atoms. 
All the elements of higher atomic weight than bismuth ( 208 ) are 
radioactive and therefore unstable. The striking feature of this 
instability is that it appears to affect the positively charged part 
of the atom, as well as, if not more than, the negatively charged 
constituents. 

As it stands, the positive sphere gives no account of the mass 
of the atom. Unless all the methods of estimating the number of 
oloc.trons in the atoms are entirely misleading, a contingency 
wliich is very unlikely in view of the excellent agreement given 
bv entirely different methods, practically the whole of the mass 
of matter must belong to the positively electrified parts of fi. 
Now the electromagnetic inertia of the positive spheres of Ke vm 
and Thomson is negligible compared with that of a single electron, 



so that the greater part of the mass is entirely unaccounted for 
by this theoiy. 

The following hypothesis a})pears to offer a possibility of 
explaining these facts and at the sanK‘ time of ntaining tin* 
important features of the positive sphere. Suppose that the 
positive electricity, instead of being uniformly distributi‘d, is in 
the form of electrons whose charge is E and mass i/, where E is 
very small compared with the numericjd vahu* of thi* charge e of 
the negative electrons. Since the electromagnetic mass of such 
particles is jjroportional to E'jli, when* is com[>arabh‘ with 
their volume, it is clear that if R were small enough the* positive 
electricity could be made to carry most of the inertia of the atom. 
If e^vE, then rlR — velm^ElM, where the small letters refer to 
the negative electrons. If the hydrogen atom contains only one 
negative electron, then ElM is the value of the corresponding 
quantity for the hydrogen atom in electrolysis, r would be 
greater than R in the proportion of something comparable with 
1000 V, so that the positive electron would have to be confined to 
a much smaller space even than the negative. This would lead to 
the difficulty about the definiteness of the atom already allud<‘d 
to, if the law of force between these positive electi’ons won* tliat 
of the inverse square. Let us suppose that at V(‘ry small distano(‘s 
this law does not hold but is re])laced by souietliing more compli- 
cated, let us say 

a h c 

rP rP^ ’ 

where p.^> 2. At very small distances t,h(* third t.(‘rm would 

give a repulsion and keep the positive electrons from joining 
together, and the first term wonhl give the usual law of foroo 
at large distances. The middle term would causi* tin* posit ivo 
electrons to attract one another at certain distancos. Idiis would 
make them aggregates into clusters which, if tin* constants wor<* 
of suitable magnitude, would be of dimensions comparablo wit h 
that of the atoms. The positive (‘l(*ctrons would ho rogiilai’lv 
distributed inside so that such clust(‘rs would Ix'havi* v(‘ry miu'h 
like a continuous distribution of positive* e‘loe*trifi(*a,tion, provieloel E 
were sufficiently small. 

On this hypothesis there wenild be a ef'finite* positivo atom 
capable of existing without the pre‘senc(‘ e)f a iie'e-ative* (‘l<‘ct i-on. 
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Such would be able to coalesce if the term were 

iu‘utralize(l by the presence of a negative electron, but not other- 
wist‘. In this way more complicated atoms could build up, and 
the conditions for the equilibrium of the electrons in them would 
b(‘ similar to those of Thomson’s theory. There would be a limit 
to thc‘ size of atoms which could be built up in this way, because 
with th(‘ larger atoms it would be difficult to arrange the negative 
(‘h^ctrons so as to prevent a whole unit of positive electricity {vE) 
from ever becoming unstable. 

It will be urged that there is no experimental evidence in 
favour of th(‘ existence of particles carrying a charge less than e. 
That is true, but if Eje is very small it is questionable whether 
any c‘xp(Timents which have been made would be capable of 
d(‘tecting their existence. Their mutual attractions would pi'event 
an t‘lectron from getting away from an atom with any considerable 
nurnbea’ of them. Another objection is that all known chemical 
atoms arc‘ (‘ithca* ncaitral or carry a charge which is an integral 
multiple of + e. It may be that th<^ elementary positive atom 
also has a chargi^ which is e(iual to an integral multiple of e, 
or* tha.t the law of forc(‘ sonu^how makes the stable systems neutral. 
It must at l(‘ast Ix' admitti^d that tlu'se suggestions are not more 
artificial tlrin th(‘ hypoth(‘sis that the atoms are provided with 
a sph(‘r<‘ of positives (‘h^ctrification just sufficient to neutralize the 
olocl. rolls {)r(\S(‘nt. 

( t >llisions l)(‘.twe.(ui systems of this kind would be rather different 
from i-hoso betwi^en atoms made up of positive electricity of uniform 
density, and might be (expected to give rise to a relatively high 
p<‘rcontag(^ of sharply defi(‘cted a rays, such as was found by 
Rut.lu‘rford and (}<‘ig(a*. 

\V(‘ shall not. })ursu(‘ this sulrject furthca*. The deflexions of 
t.h(‘ a rays tliroiigh larger a,ngh‘S and the scattering of X rays by 
light atoms, which W(U*(‘ consider(‘.d in Chapter XIX, agree much 
bet ter with lliitlua-lord’s view t.ha,t the positive electricity in the 
atom is concent.ratoil in a, mimib^ region of it than with the 
uniform spin ‘re of positivii ehictrifleation. This position is made 
strong(‘r st.ill by th(‘, (*,onsidei*ations brought forward in the two 
next. s(‘(‘t ions. It. will be notict^d that if t.h(‘. linear dimensions 
tlu‘ nuchais a, re; sma.ll enough the whole mass of the atom may 
of (‘l(‘(*tromaLni(‘tic orirrin. /.Jl 


The Radioactive Elements and the Periodic Law. 


The staidy of the rheinical propertit^s of the radioaetivt^ 
elements* has broujjht to light a number of facts of th(‘ higlu^st 
importance which l)ear on the ndation betw(‘en the chtanical 
properties of the ehanents and their atomic wtdghts. Soddy 
pointed out that when a radioactive element A was converted 
into a second element B with accompanying emission of an a ray, 
then the chemical properties of jB would be those,* of an ek‘nu‘nt in 
the next column but oiu* before A in the periodic table. Russell“f- 
showed that if a B i"^y were emitted instead of an a ray tin* new 
element would be found in the next column beyond that of the 
first element. Thus, to illustrate the case by considering one 
particulai* chemical property, the emission of an a ray diminisln^s 
the electropositive valency by two, whereas the emission of a ^ ray 
increases it by one. In the case of the thorium series for example, 
if we neglect branch products, the successive changes are exhibittid 
in the following table : 

a llayless /3 a a a a ft 

Th Math I Math 11 Ka Th Th X ^ Eni ^ k ^ n C -- 
lY II III IV 11 0 VI rv 

The numerals underneath represent the number of the column in 
the periodic table (or the value of the electropositi\'(‘ vah‘ncv). 
The character of the change is indicated abov(‘ tin* arrows. 

But the matter goes further than this. In sons* cas(‘s an a my 
change is followed by two successive changes in which an a my is 
not expelled. The last element then occupii.ss tin* sane* column in 
the periodic table as the original element. In such cases 
two elements have, so far as can be ascertaiiuMl, idtmtical c‘h(‘mi<-a,l 
properties, and are incapable of being separat(*d by chmnical 
methods. There is evidence | also that their (‘mission sp(*ctra. aiv 
identical. These results are surjuising at first- siglit, since tin- 
atomic weights of the elements in (|U(*stion must. ditf<‘r by tin* 
atomic weight of helium approximately, or about, four units. In 

F. Soddy, Chem. Neivs, vol. cvii. p. 97 (1919); G. v. H<!V(‘sy, lOii/s. Zn'f.:. 
vol. XIV. p. 49 (1913); K. Fajans, PJitjs. Zeits. vol. .kiv. pp. 131, 131) (1913); IV/-//. 
d. Deutscli. Phys. Ges. vol. xv. p. 240 (1913). 

t Chem. NewSy vol. cvii. p. 49 (1913). 

t Russell and Rossi, Roy. Soc. Proc. A, vol. Lxxxvir. p. 47S (1912). 



contrast to t lnnr chcnucal properties, the radioactive properties of 
two such t^leinciits are (juitc^ different. These phenomena receive 
a plausible (explanation on the view, advocated by Eutherford, 
that tlu‘ atoms art‘ built up of electrons revolving round a massive 
central nuel(*us of small dimensions, if we adopt the hypothesis 
that both the a and /3 particles are ejected from the nucleus itself. 
For t he chemical and sp(‘ctroscopic properties of such an atom will 
bo di‘t(‘rmin(*d almost (‘ntir(‘ly by the charge of the nucleus and 
hai’dly at all ])y its mass. The ejection of an a particle, which 
is a posit ividy charg(‘(l helium atom with twice the electronic 
cliargt\ will diminish the total positive valency of the nucleus by 
t wo, and tlu‘ (*jection of an (‘k^ctron will increase it by one. The 
nssulting nuclei will 1)(‘ those appropriate to atoms whose positions 
in the [leriodic tal)k‘ are th(»se actually found. 

This position is strengthemed by a number of other lines of 
evidencix Tims ,], J. Thomson* has discovered that neon consists 
of iwogas(‘ous (‘hmumts having the same spectrum and chemical 
properti(*s but ditlering in atomic weight. We have seen also that 
the X-ray spectra of t.he ekmients are not accurately functions of 
th(‘ atomic w(‘ight hut ar(‘ accurately determined by successive 
wliole numbers. Tin* se<juence of these numbers is that of the 
atnms in order of asc(‘nding atomic weight except for the elements 
whose positiiuis in tin* ])(‘riodic table are anomalous. It seems 
natural to interpn/t tin* “atomic numbers'’ as measures of the 
chargv carri(‘d by tin* positiv(‘ly charged nucleus. These facts do 
not iveeivi* any obvious (‘xplanation on the Kelvin-Thomson theory 
of t he atom. 


Hohrs Thearj/ nf the Behaviour of Electrons in Atoms. 


This t heory -i’, wliich frankly discards dynamical principles, has 
already be(*n rek'nvd to in Clia]). XVI. As its chief success so 
far has be(‘n in tin* (‘X])lanation of the frequency of spectral lines 
and ot her pln‘noiin‘iui whi(;h deptuid intimately on atomic stiuctiiie, 
it may be pca’missibh* to re ‘capitulate here the chief assumptions 
on which it ivsts. It, is has(‘d on the idea of negative electrons 
ivv..hin ,4 rotind :i massive ),osit,ive nucleus of negligibly small 


* IltHj. Soc. Pror. A, vol. lxxxi.k. p. 
t N. huhr, Phil, Maa. vol. xxvr. pp 
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. 1, 47(), 857 (1913), vol. xxvii. p. 506 (1914). 


(liiiu‘nsi(H]iS, thr niutiml force following thi‘ t‘leetrostatic law of thi^ 
inverse s<|nare. Stability and de](initeiU‘S8 of fri*(|iU‘ncy, which, as 
we have seen, are dynainically ini{M>ssibh‘ with such a struetun^ 
an* secnn*d by the introduction of the two following hypotheses: 

(1) That the stabk* motions an* those for which the angular 
m<nnt‘ntum of the electrons is ati integral multij)le of A/27r, an<l 

(2) That radiation is emitt(‘d wht*n th(‘n* is a, chaiigt* from o!u* 

possibh* configuration of tht* i‘!ectrons to another. The radiation 
thus emitted is assumed be monochromatic and its fre({uency c 
to be determined by the e<[uation Tfi — = hv, whi‘re h is Planck s 

constant and IPj and are the t‘nergies of tin* systi‘m in the 
two c<mfigu rat ions undt*r consideration. 


Tht*se assumptions lead immediately to the following formula 
for the possible fn‘<piencies which may be emitted by thi* simpb*st 
atom (that which contains a single electron when neutral) : 


p == 


27r**^m6’‘ / 1 






.(29), 


where and Tj are whole numbers. When r. = 2 and takes 
successive integral values this gives Balmer’s s(‘ries. Tin* strong 
point in favour of this theory is that it determim*s tin* al)s(>Iuto 
constant in the spectral series in terms of tin* fundairn'iital 
constants in, e and h, and the agreement is exact, to tin* accuracy 
within which theses constants arc known. The sp(*ct,roscopio valm* 
of the constant in Balmer’s series is .‘k290 x Wh<‘n tie* 

best values of e, ni and h are used tht* ealculatt'd valm* (►!’ tie* 


factor in (29) is 3*26 x 10'\ 

/r 

known hydrogen series is obtairu'd. 


By I Hit ting 
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When the central chargt* has twice the valm* just (•onsidcred 
and there is a single electron r(‘VoIving round it:, W(‘ should <*xpfct 
to get the spectrum of a helium atom which had lost, both of its 
electrons (an a particle) and subs<‘<pn‘ntly comliiiK'd with a siiiglo 
electron. As a matter of fact the s(*ri(‘s ealculatod for this svstom 
include Pickering’s* series and certain s(‘ri(‘s n'cont ly observed by 
Fowler’l". None of those series hava* been obtaiiK'd in the lahoratorv’ 
except in the presence of helium. 


* A.'ftropJujs. Journ. vol. iv. p. 369 (ls%), vol. v. p. 92 (1H97). 
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Another consequence of these assumptions is that the constant 
iVo in Rydberg s formula for spectral series should have the same 
value for every element. The theory also gives the correct order 
of magnitude for the dimensions of atoms and for the work 
necessary to liberate ions from atoms by collisions. It is also in 
agreement with Whiddingtohs law connecting the atomic weights 
of the elements with the velocity of cathode rays which will excite 
the emission of characteristic X-rays from them. 

In the last paper (Phil Mag, vol. xxvn. p. 506) Bohr has 
modified this position somewhat. The energies in the different 
configurations (stationary states) are treated as empirically given 
by the laws of spectral series and the value of the constant K 
is determined from the condition that for very slow vibrations, 
corresponding to large values of r, the frequencies must agree 
with those calculated from the classical electrodynamics. The 
condition (1) above then appears as a particular case restricted to 
circular orbits; in general it is replaced by Tn — ^nhcon, where 
is the mean kinetic energy of the electrons, and the frequency, 
in the ?ith stationary state. 

Whatever view may be taken as to the character of the under- 
lying assumptions there is no doubt that this theory has been 
much more successful in accounting quantitatively for the numerical 
rcltitionships between the fi:equencies of spectral lines than any 
othc‘r method of attack which has yet been tried. Although the 
assumptions conflict with dynamical ideas they are of a very 
sim])l(‘ and elementary character. The fact that they conflict 
with dynamics does not appear to be a valid objection to them, 
as tli(‘*re are number of other phenomena, the temperature 
radiation for example, which show that dynamics is inadequate as 
a basis foi* a complete explanation of atomic behaviour. 


(JHAPTEIl XXII 


(UtAVITATH^N 
( era I ( 7< a ntcie rist a ‘x. 

The position of physical tln-orifs i4' t,n'a\ itat inn to-day is 
almost as spoeulativc* as it has laa/n sim*,* tin* <lays of 

Newton. Nevcrtheli*ss we cannot atlord out iroly to ovoi’look tho 
bearing of the electron theory on gravitational art ion, partieularly 
as we have ftmnd the tlu‘orv to he capable of giving a fair account 
of the other known physical phenomena. l*arad<»\ieal though it 
may seem, it is (piite liktdy that <»ne of the chief ditheulfies in tin* 
way of a physical theory of gravitation lies in tlie o\treme .sim- 
plicity of the kruAvn laws t»f gravitational action. Hie prospect (»r 
addition to onr knowledgi* of gravitation by experiment is not 
very hopeful ou account of the smallness of the forces concerned. 
These are large enmtgh, of courst*, when we are draling with the 
enormous aggregations of matter kuuiliar in a-^froiiomy, but they 
are exceedingly small with masses wliieh (*au be c< *u{ I’olletl in tin* 
laboratory. 

The fundamental law of gravitati.m. \\lu«*h was omnnuat ed 
by Newd<on, may lx* expressed ]>y means of tin* e(|ua!ion 

F-h — 

/*■ 

where F is the attractive fonte ])et\ve(‘n two maf«*i’ial particles 
whose masses are dm and dnt iii a <iistane«‘ r apai’t . and /r is tin* 
gravitational constant which is (Mjual to bMi x 10 ‘ in units. 

This inverse sguare law of attrac.ti<ui is tin* foundataon ot’ tin* 
astronomical calculations of the orbits of the In^aveidv bodies. 
As these are very exact it follows that tin* iinPx of r is 2 with 
great precision. 





The value of h is also very accurately independent of the 
iuitu.7 6 ol the attracting materials. This is proved by experiments 
made with pendulums constructed from different substances. 
These show that the weight of a body, at any point of the earth’s 
surface, divided by its mass is a constant independent of the 
nature oi the body. This law of proportionality between weight 
and mass is one of the most accurately known of the experimental 
laws of physics. 


The inverse square law at once suggests a relation with 
<‘lectrostatic forces. If neutral matter consists of oppositely 
charged elements it is clear that two uncharged particles ^^'ill 
attract one another if the attraction between unlike elements 
slightly exceeds the repulsion between like elements. There is, 
however, a well-known difference between gravitational and 
elt‘ctrical effects which calls for consideration. The space inside 
a closed electrical conductor is found to be completely shielded 
from the effects of an external field of electrical force, whereas an 
(d(xtrical conductor exerts no such shielding effect from the action 
of gravitational force. Nevertheless this is not a valid objection 
to the view that the two forces are of the same nature. It is 


((ualitatively obvious that the electrostatic shielding arises from 
t.lu^ opposite displacement of the two kinds of electricity along the 
(•.oiiductor in such a way as to tend to annul the field insiae. A 
]>r(‘cise calculation shows that the compensation is exact if the 
law of electrostatic force is the inverse square. In the case of 


gravitational action the effect of a conducting screen will be 
increase the attraction between two material bodies A and 



Fig. 57. 


ratii(‘r than to diminish it. For, let the screen 
in th(‘ figure. The fundamental property of a 


0 surround B as 
conductor lies in 


to S' 


the mobility of some of its ultimate electrified parts. Lot some of 
these (P) be attracted by neutral matter and otluTS (Q) rtipidled. 
The effect of A on the screen will be to make tht‘ parts P uu>ve 
towards J) and the parts Q towards B, Thus the force urging B 
towards JD is increased by the presence of tht‘ screen C, owing to 
the formation of an attractive layer at i) and a repulsive laycu* at 
E. It is evident that this additional force will be exceedingly 
minute. In a similar way gravitating matter might givi* rise to a 
field of electric force inside a hollow conductor, but with any 
probable hypothesis about the action of gravity on (deeti’ons the 
resulting electric forces are too small to detect. 


Coiitparison with Electrostatic Forces. 

Before proceeding further it is desiral)le to (‘iiiphasizt‘ tht^ 
smallness of gravitational attraction compared with tlu* foret‘s 
between the electrons composing the attracting matter. Wo may 
illustrate this by comparing the gravitational atti’acti<m iH^twi^en 
two material particles of mass(‘s itii and no, with the (d(‘ctrical 
attraction between two ])articles of like masses, of whicdi t he first 
(mi) consists solely of positive* electrons and the second (h/.j 
consists solely of negative electron.s. Tin* magnitud(‘ of th(‘ 
gravitational attraction is ()•(> x I()“^ ?a,'/a.gr“ dym‘s. Let iVj 
the number of positive electrons in //^, and n., tin* nund)er (»f 
negative electrons in Then if E and e an* tin* respe(*iivt* 

charges on the c*lectrons, wt* have 


7}i>e e 

- = for the negative (‘lectrons = 5*4 x lO’* lo.s. units. 
m.^ m ^ 


Let us take, as a lower limit for EjAI for the p()sitiv(‘ (‘hx-tron, tin* 
value of this quantity for the hydrogen atom in i‘h‘et rolysis. We 
then have 


K,E E 


= X 10^'^ (‘lectrostatie units. 


So that the gravitational attraction 
__ 6*6 X 10"^ NiE X n.,e 

5*4 X 3 X lO'* ?•“ 


.{!) 


= 4*1 X times the electrostati(* att r;iet ion. 

Looked at from this point of view it is rather surprising that lJu* 
electrostatic forces do come so near to 1)aiancing om* anothei- ;md 



It IS quite clear that it will only be necessary to make a minute 
ch^ge in the law of force between electrons in order to modify it 
.sufhciently to take account of gravitational attraction. The change 
which we shall have to make will be quite beyond anything which 
could be detected by direct experiments on the forces exerted 
between electric charges. 

Law of FoTce h&tween ElectToiis. 

Perhaps the simplest assumption that we can make in order 
to account for gravitational attraction is that the repulsive force 
between two electrons, whose charges are E^, E. respectively, is 

\ E E 

not accurately equal to ~ ^ as we supposed ia Chapter i. 

It may be that the force is not determined entirely by the charges 
of the electrons but depends to a slight extent on the geometrical 
configuration and the state of motion of the charges as well In 
or(lf‘r to take this into account we may write the force between 

/s'l and in the form F {E^E^f where F denotes a 

function of the configuration and state of motion of E^ and 
''rhe magnitude of F can only differ very slightly from unity. 
Lei. us consider two material particles P and Q at a distance r 
from (nich other and such that P consists of Ni positive electrons 
of charge and negative electrons of charge Oi and the corre- 
sponding magnitudes for Q are indicated by the suflSx 2. It is 
<‘vid(mt that the total repulsion between P and Q is 

\N,N,JJJLF{E,E.;) -h N,n,E,e,F{E,e,) + N,7i,E.^,F(^^^^^ 

+ ?Zi?i2eie2P(eie2)]/47rr-. 

I1‘ th(‘ two particles are uncharged, and N^E.. = -v.£.;,, 

Let us also suppose that the electrons of like sign are identical in 
bot h hodii's and that all the electrons of whatever sign have equal 
charg(‘s. Tlien 

j 5; = P^ = P2 = -ei = -e2 = -^ 

and th(^ nqiulsion becomes 

X [F{E,E.:)^F{e,e,:)-F{E,e.)-F{E.^;)] ( 2 ). 
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'I'hc .simplest assumption that we can make is that the electrons 
of like .sign are in the same condition in whatever substance they 


occur, lu this case the fuiietiuiiH F will iill be eonsUuitH eliarac- 
teristic of the elt‘ctrons. It also follows hy syunnetiy that 
F {E.£i) = F {Ei€.j). Since all the functions art* veiy nt‘arly ef|ual 
to unity, we may write 

F(e,e,)= l F{E,e,)=^ F{E,£,) = l + r, 


where a, 6 ami c are very small constant tjuantitit*s. Tin* rt*pulsion 
between two neutral particles is tht‘refore iMjual, on tliis supposition, 
V 

to ! , (a + b-2c). This will be ne^uitivt* if 2c is on-ater than 

47rr- 


a + 6, vSO that in order to account for gravitational attraction it is 
necessary to suppose that the attracti(»n bi*t ween two unlikt* eharges 
is slightly greater than tin* repulsion botWi‘<'n two likt* chaigos. 

On the further hviK>thesis that all the mass <d’ the substaners is 
electromagnetic it will be jn'oportional to tin* niunl)ors Xi ami N. 
of the electrons which th(‘ particles contain, exet‘pt in so far as 
the electromagnetic mass of an (*lectron may \aiy soniewlnit in 
different atoms. If AIi and AL an* tin* masses of tin* pnrtiel(‘s 
at P and Q rt‘spectiv(‘ly and if AI is tin* nmss of a, posit iv<‘ and 


7n that of a negativ(^ 


(‘leetron, tln*n = 




and 




M, 

M -f- ill ’ 


so that the* repulsion beeonn‘s 
AI,AL{ E 




.Ci). 


Since the (juantity in brack(*ts is a universal (*oiistant , subjoci to 
the hypotheses which w<‘ hav<‘ madi*, tin* attraction a<*eords with 
the Newtonian law. 


The preceding result is bas(‘(I on tin* hyp<»tin'sis that tin* mass 
of the electrons is not appr(‘ciablv (lifferent in ditforoni suhstancos. 
We shall see in th(* m‘xt paragra])h that \V(* cannot !m* sun* that» 
this is the cas(*. 


The Atoviio Weujhts of Uu* Flco/r/its, 

It is now fairly certain that the number of inyative oloclroiis 
in any atom is (‘(pial to about half tin* atomic W(*ight. or, at all 
events, is comparable with tin* atomic weight. As tho valtio of 
ejm for the negative electrons is very large it. follows that only 
a very small proportion of thi* mass of an atom (*an arise* from tin* 
electromagnetic mass of the negative.* electrons, if the mass (»f 



the atoms is of electromagnetic origin it must be associated almost 
entirely with the positive electricity. As we have seen, there is 
a considerable body of evidence in favour of the view that the 
positive electricity is confined to a very minute region of the atom, 
so that practically the whole of the atomic mass will reside in this 
nucleus. The estimated linear dimensions of the nucleus are very 
small (about the same as the linear dimensions of the negative 
electron) so that considerable overlapping of the fields of the 
constituent positive electrons may be expected. We should there- 
fore expect the electromagnetic mass of such a nucleus not to be 
equal to the sum of the masses of the constituent positive electrons 
on account of the mutual interference of their electric fields. It is 
impossible to say precisely what difference would be expected to 
arise in this way, but it is likely to be only a small fraction of the 
total mass. 

The expulsion of a rays from the atoms of the radioactive 
elements shows that the nucleus is made up of separable parts. 
However, the a particles are atoms of helium and have very nearly 
four times the mass of the lightest known positively charged 
particle, the positive hydrogen ion. Thus unless we accept the 
hypothesis that there is more than one kind of positive electron 
we cannot regard the a particle as such an ultimate unit. If we 
take the hydrogen ion to be the positive electron, the value of 
ejm which it possesses shows that its linear dimensions are about 
10“-^ of that of the nuclei. If such positive electrons were dis- 
tributed fairly uniformly throughout the. volume of the nucleus 
the*, overlapping of the fields would have little influence on the 
(‘l(‘ctromagnetic mass. The electromagnetic mass of an. atom 
would then be very close to the sum of the masses of the positive 
(‘h'ctrons, and the truth of the statement at the end of the pre- 
cluding luiragi'aph would follow. We cannot, however, be sure^ of 
this diKluction as we are completely ignorant of the constitution 
of hypothetical nucleus. 

It might be thought that further information might be obtain- 
abli^ fi-om a consideration of the atomic weights of the elements. 
If th(‘ mass of an atom can be treated with sufl&'cient accuracy as 
tbo sum of the masses of the constituent positive and negative 
ol(‘ctrons and if each kind of atom can be regarded simply as 
a rumtral combination of a given number of such units then, to 


oo 


the nanie tiegive of mTimuy. the ainunr wt'itflifs «»!* ihi* 
ehaneiits will bt* |)rt)[Haliniial !<» imiiibfr.s. llii.s is (»n tin* 

suppoHitiuti that then* is (»iily nin* kind of pusiii^i* and una kiiui of 
negative eleetren. If tlua*** an* n <lif!bn‘nf kinds of tdi'ctnais of 
masses a/j, nu, etc., th«‘ii tla* inassi-suf tin* atoms will In* of fho form 
a^ mi~{- Hnnu+ , wlii*re e/j, r/.., otc. an* integral munhei's start ing 
from zero. It is wt*Il known that the atomie wiaghts of tla^ 
elements exhibit an approximation to whole numbers whieli eama>t 
be fortuittms*; but the <ieviations fnaa integrals, ta* from tla* 
linear law just reft,*rred to, cainm:, now }>e regarded as likely to 
arise from mcKlificationH of tin* i*let*tromagm*t it* mass (4’ th«* incli- 
vidiial electrons. Tin* work td‘ Staitly and otliers (see p. a,s:|) oii 
the chemicjil properties of tin* radittaclive elemtUils has sliown 
that elementary bodies having identical cln*mical properties and 
different atomic weights fretpumtly coexist. It is t!ien*fon* likc*lv 
that a great many so-ealIt‘d <*lu*mica! elements an* mixtun*s of 
atoms having tht* stuin* cln/mkral propt‘rii<‘s but difforing in mass. 
The experinumtally det(‘rmined atomic* wt*ight is, on .sm*h a view, 
the average of the \v(‘ights of tln‘ constituent atoms and depends 
on the relative proportion in which they an* prest*nt. 

There is another ]K>int whi(*h di*serves consideration in this 
connection. The two lightest positively ehurged parti<*Ies witli 
which we are familiar an* tin* hy(In»g<*n ic»n and the ^ partit'h*. 
According to tln^ vi(‘ws of Kutherfu'd and Hohr both (»f these* 
particles consist only of p<Ksitiv<* electricity, 'fin* a partick* has 
twice the actual charge* and approximately half tin* spoeifie charge 
of the hydrogen ion. It is (juito possible that the a partit'le 
is made up oi four hydrogt*!! ions eemeiited into a nuejeus bv 
means of two mguitive electrons, but it has not. so far. bem shown 
that the a ])artiicle can lx* broken up int«) anvthing 'Uualler; so 
that we shall exaniun* tciitat ivel\' tin* (*i>nse<nn‘n<***s ut supposing 
that it IS a fundamental (‘I(*ment <>f posit i\»‘ e{crtrieif\ ind«'p«*nden{ 
of the hydrogen ion. In tJiat case we jia\e to <lcal w ith two posi 
tive electrons, one of which has ussocialeci with a L»iv«n cliarge 
approximately twic( mis much mass as t in* «»lhor. ( tn p. oft I we 
considered gi avitational attraction from the p(unt of liiwv that it 
arose from a minute lack of conipen.sathm betwcon tin* attractions 
and lepulsions of the* ult.imab* (‘lectric charges, Ib* supposing the 

* Strutt, Phil. Mat), [lij vol. r. ]>. :n I i IIMU t. 



additional forces to be determined by the electric charges we 
arrived at equation (3) in agreement with the Newtonian law of 
gravitational attraction. This was on the hypothesis that the 
value of ejm for all the electrons of given sign was the same. If 
some of the positive electrons, let us say the a particles, have 
a different value of ejm from the others, hydrogen ions, the same 
argument will lead to the conclusion that the weights of different 
elements will not be proportional to their masses if their respective 
atoms contain hydrogen ions and a particles in different propor- 
tions. Thus if we are to retain the law of proportionality between 
mass and weight, which has always been found to hold with high 
accuracy, it is necessary to suppose that the modification of the 
law of force does not depend simply on the charge of the electrons. 
It must depend quite directly on the mass which is associated 
with a given ultimate element of electric charge. The necessary 
change in the law of force will be considered in the next section. 
It is to be remembered that the necessity for considering this 
question depends entirely on the hypothesis that there are different 
positive electrons having specific values of ejm. There is no 
logical necessity for any such hypothesis since, as we have seen, it 
is quite possible that the nucleus of the helium atom may prove 
to consist of four hydrogen ions held together by two negative 
electrons. 


Fovees between Charges Modified by Mass. 

Wo shall now consider the consequences of the hypthesis that 
the force between two ultimate elements of electric charge is not 
determined solely by the quantity of electricity present in the 
el.-ments but depends to a slight extent on the mass associated 
tluwewith as well. The results of this hypothesis are free from 
contradiction so far as the facts which have been reviewed are 
conc(n-iu‘d. Such a hypothesis seems a natural one from another 
standiioint. We might regard the ordinary form of the electro- 
static law of force, which makes the force between neutral systems 
vanish, as an ideal which is attained when the ultimate elements of 
charge are devoid of relative motion and have an mfimtesimai 
vohiL. .lensity. According to the electron theory these con- 
ditions arc not realized in any actual material system. Another 


way of describing very much the Siinie p>siti(ai is to say that t.h(‘ 
electrostatic law of force represents what would ot*eiir if tiu* 
infinitesimal elements of charge wau-e at rest in tie* uudisturlKMl 
aether, that is to say in aether devoid of tuiergy. Tlu^ classic 
electrostatic law^ of force would thru rt^pnsstait exa{*tly what, w'oiild 
occur if the aether were hoinogtaieous. But in the inuii(‘diate 
neighbourhood of an actual element of t‘l(‘etrie cliargt* tbta’e 
is an immense disturbance going on and, as W(‘ have* seen, tb(‘ 
mass of the element is a measure of the taun'gy nt' (his dis- 
turbance. We might thendbre t‘xpect tliat tlie field ot’ foixu* 
emanating from such a region w-ould In* modified to an extmit 
depending on the local disturliance ; and also t hat tin* reaction, to 
an external field, of an element of chargt* thus situated would b(‘ 
similarly afiected. Under these* circumstances the force* b«‘t\vcen 
two positive electrons at a given distance* apart will not n<'et*ssarily 
be equal to the force between two negative* e‘lt‘(*trons of t*(|ual 
charge separated by the same distance*, e>n account, of tin* eliflert*nc(‘ 
of the masses; neither will the attractiem be*twe*e‘n unlike* t*lectrons 
necessarily be equal to the n‘])ulsie)n be‘twe*e*n like* e*le*<‘trons carrying 
equal charges. 


Unfortunately there is an apparemtly fatal obje{*ti<m to any 
view which makes the mo(lifie‘d law of fore‘e* d(*pend on what is 
practically nothing more than an a.lte*ratie)n in tin* effective* charge* 
produced by the local energy or mass. F<»r the* law of force* will 
then invejlve the prejehict e)f twe) faed-ors e‘acli e>f whieli <l(*jH‘nds on 
the state of only erne of the twe> se;i])ara,ti‘ e‘le*nients. If d/// dmott's 
the mass which is associated with the e‘le*nient of e‘liarge r/e, wr can 

take as a measure of the inte‘nsity of the* local disturbance. 

Using Taybr’s Theorem we se*e that tin* foive* In-t w(*en (wo 

elements dE and de' instead of being eepial to ^ will he 


dEde' 

47rr- 



+ A 


dM 

BE 


■4 a A 


Bm' BM 

Be BE 


I 


(•b, 


where 4 and a are fnndanieiital cojistarifs \vlii(di must l.<- l•qual,l.v 
symmetry, when the chargers are of like sign: otherwise Ihis is 
not necessarily the case. Keeping th(- eaj)ital let ters for posit i vely 
charged elements and the small letters for negative diarges it, 
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follows that, to the accuracy covered by the terms above, the 
force between mixed elements (dE+de) and {dE' +de') is 

^7... + AdM+ adm] \dE' + de+A dM' + adm} . . .(5). 


Assuming that the condition for neutrality is 
dE' + dc' = dE + = 0, 

the force between neutral systems becomes 


1 

47rr'* 


(A dM + adm) (A dM' + adm') 


.( 6 ). 


dM, dm, dM' and dm' are positive but otherwise arbitrary 

(^Yfl cl TYl 

except that , so that (6) is essentially positive. This 


corresponds to a repulsion and is incompatible with an attraction 
unless either -d or a has an imaginary part. 

If we are to get an attraction it is necessary that the change 
due to the masses should not enter as a separate factor for each of 
the elements of charge concerned, provided we are limited to 
functions whose expansions contain only real constants. The law 
of force may, for instance, be of the form 


dede' j. (dm 'bm\ dede' 

w] = wr + ^ w 


“he 





dmdm! , fdm\ 

-- 7+H^' 


de de' 


+ ••• 


( 7 ), 


using Stirling’s Theorem. As before, a = b and c=h by symmetry, 
for charge.s of the same sign, but there is no longer any necessary 
nbrtion between a and If the* constants have the same value 
inilei)endently of the sign of the charges concerned, i.e. if 
a = A=b = B and c = C = h = E, 
then the expression above leads to the following value for the 
Forc(; between two mixed systems (dE + de) and (dE' + de'): 


* , hi E + de) (dE' + de') + a \_(dE + de) (dM + dm') 

47r?‘*’ I ^ , 

M' j 


•^d6)(dM 

+( 5 *' + 8 «')(“ 3 « + | 3 ».)] 

A/f 4- r) ( d M' "h dm ^ i • • • • 


(dE+de) l(^dM'+^-^ dm J 


,( 8 ). 
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If the condition for neutrality is ’^ce-vF/ f re' t\ii> force 
between neutral systems is 

g {dM + ?7N ) (ed/' + r///) 47r/-“ ( f) ), 

As g may be negative^, this agrees with the Xf‘\vt<uiian law. 

According to formula (8) tin* t<‘rms involving (f a!id r might 
make an important differenct* to the forct* (‘X(‘rt«‘d on an eh*ctr(aj. 
by a gravitational field, l)ut would hav«‘ no efletU nu the attraetion 
of two neutral partich*s, which is <l(‘termim‘d entirely by tlie ti*rm 
containing^. The intnHlnetion (d’ this term is praetic^ally equiva- 
lent to attributing the Newtonian law of mass attraction to oaeh 
pair of elements of charg(‘ however small. 

Co n ( li fuois /( > r Ne n (ml it if. 

The introductio!! of gravitational fore<*s complicates eloet n»static 
problems very considerably. Tln^ condititui for electrical etpiili- 
brium in any conductor is that thi‘ stream of positive eletUricitv 
in any direction at any point should be <*c|ual to the stream of 
negative electricity in tin* saint* direction at that point. In g«‘neral 
this condition may be very (‘omplicated. If we may suppose that 
only the negative* eh'ctrons an* fnM* to move, as tin* posit i\o (auTent. 
is zero the negativt* currtuit must be zero also. If wo aiv als(» fre(‘ 
to neglect effects arising from diflen*ne(*s <d’ pressun- of i ho oioct rons 
at different points, the conditbm will bo .satisfiod if .at ^vorv point 
the electric force on an (‘Ie(*tn»n is <*xaetly balanced bv tie* gravi- 
tational force, the resultant) averagt* ibreo <jn an ohnaroii ihon 
being zero. There will thus lx* a. potential gradient irj a ecae 
ductor in equilibrium in a gravitat i<uial hold; this potontial 
giadiout Ls, howevtu, too small to lx* deto(*t«‘(I l•xpo^Imo^^aII v. 

The w<iy to define a, iK'utjrai material partit'li* is not an ob\ tons 
matter under these ciix*umstanc(*s. W'o might, for examplo, dt‘tine a 
neutral material particle as om* whie.h ex(*rte(l ni» forr** on a nega - 
tive electron; but (‘(|ually valid reasons (*ould Ix* nrgod fbr making 
the vanishing of the force on a jiositive el(*etron the eonditicui for 
neutrality. If both these* conditions were satisfiod t hoiv wendd lx* 
no force between two neutral pa.rticl(‘.s, .so that they an* not com- 
patible with the existence* of gravitational attraction. In accord- 
ance with the. e.AnQiU / it'o 4" 1 / . a* n . . 1 .. . .1 i ■ • 1 . t 
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equal accelerations on both positive and negative electrons. Taking 
as an illustration the formulation of the forces on p. 592 the 
force on a negative electron at jB, due to a particle consisting of 
Ni positive and Ui negative electrons at A, may be written 

+ + (1 + 6)1 

and the acceleration will be obtained on dividing this expression 
by m. In a similar manner the acceleration of a positive electron 
at jB, due to the material particle at J., is 

{N,E{l + a) + n,e{l+c)] (10). 


If these two accelerations are equal and ii E= — e 
iVi _ bM — cm 
Ml cM—am 


( 11 ). 


Under these suppositions Nijn^ must have this ratio for 
the particle at A to be neutral. Previously we supposed Ni and 
n, were equal. If we still suppose this to be the case we see that 
c = (bM + am) KM + m). Since M exceeds m, this is compatible 
with 2c>tt + J if a exceeds 6. 


By attributing gravitational attraction to a slight excess of the 
attraction of the oppositely charged elements over the repulsion of 
th(‘ (ihunents with like charges we are led to the paradoxical result 
tliat the. addition of sufficiently small amounts of electrification 
(if likee sign to each of two neutral particles will increase the 
attraction between them instead of diminishing it. Consider, as 
an example, the specification of the forces which we have just 
been discussing. The repulsive force between two neutral 


purticUis is 

rJV,iV.. (1 + a) + (1 + 6) - (iViJh + (1 + c)]. 

47rr“ ^ 

If a small negative charge is given to both the particles )), will 
hecome + and n., will become ru + hi. N, and A, being 
,„,dtered. Taking and ii. as the condition for neu- 

t.rality, the additional repulsion is 

{ 8tt.. (! + &) + («i Sws t- ^Smi) (b - c)} E-ji-n-r- 

„r to the first order of small quantities 

(n, 8rt, + nibUi) (b - c) E^-jinrr- ( -)• 
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If equal positive charges were added, instead of negative 
charges, the additional repulsion would be 
(?ii (a — c) 

Since 2c exceeds a + b, either a-c or b - c must be negative. 
Thus at least one of the cases considered gives rise to an atti'ac- 
tion. This attraction will only be experienced when vtay small 
quantities of electricity are added, since unity is very larger com- 
pared with a, b or c. Thus the neglected second ordm* term, which 
corresponds to the usual electrostatic repulsion, will very soon 
overcome the attractive forces under discussion. 

If the negative electrons are alone capable of motion, the 
interior of a large solid conductor in equilibrium under its own 
gravitational field will contain a slight excess of negative eh^ctricity, 
since the gravitational force on an electron has to l)e supporter 1 by 
that arising from the electric intensity. If we neglect th(^ pressure 
of the electrons, this condition will hold right up to the surface 
whatever the total charge on the conductor may be. Any (‘hxjtric 
or magnetic effects arising from this excess of ru‘gativ(‘ charge 
would be very minute, even with conductors of th(‘ magnitude of 
the earth. 


General Considerations. 

A review of the preceding discussion shows that th(‘ (‘hnttron 
theory is not in a position to make very definite assco-tions about 
the nature of gravitational attraction. It s(‘(uns likely that tlu^ 
Newtonian law of attraction between elements of matter is one 
between elements of mass or confined (uiergy and that it. is of a 
very fundamental character. It is doul)tful if it can r(‘})lae(Ml 
by a modified law of electrostatic force bi‘twc(ui (‘kx^ti-ons or 
elements of electric charge, unless the modified law includ(‘s 
the associated mass explicitly. Even so, the case does not ai)pear 
very simple. A number of alternative possibilities could be 
eliminated if the acceleration of a negative electron in tlui ejirth’s 
field of gravitational force could be determined exp(‘rimen tally. 

If gravitational attraction is, as it were, an uncompensated 
residue of the electrical forces, we should expect it, Iik(^ all electrical 
actions, to be propagated with the velocity <3f light. Lorentz*, 
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who has considered this question very fully, finds that if gravita- 
tion is propagated in the same manner as electrical actions it will 
give rise to effects practically identical with those which follow 
from the usual Newtonian law. The differences which arise are 
too small to be detected from astronomical data and they are also 
incapable of accounting for the recognized irregularities in the 
motions of the heavenly bodies. 

The view that gravitational attraction is an electrical effect at 
bottom is quite old. The definite form of it, that particles of 
uncharged matter contained equal and opposite charges and that 
the attraction between the unlike charges slightly exceeded the 
repulsion between the like charges, seems to have been first put 
forward by Mossotti^. The application to electrons in atoms has 
been considered by J, J. Thomson f. 


The Relative Theory of Gravitational Effects, 

The following speculations, due to Einstein:!:, about the relation 
between gravitation and some other phenomena, are of considerable 
intcu-est. The discussion sets out fi:om the empirical law that in 
a uniform field of gravitation all material bodies move with equal 
accehirations. We have seen that this law is likely to be of a very 
fundamental character. Rather similar results have been obtained 
by Abraham § by a somewhat different argument. 

Let us consider two separate regions of space. In the first is 
a, unifoian field of gravitational force. This space is provided with 
a s(‘t of axes k, at rest, and the lines of gravitational force run in 
th(‘. lugative direction parallel to the axis. The magnitude of the 
gravitational acceleration is 7. The second region of space is free 
irom gravitational attraction and is provided with a set of axes k 
which move with uniform acceleration 7 in the positive direction 
along the z axis. The equations of motion of any particle in 
either systmn, (provided the action of other material particles on it 
may be disregarded) are then the same, if the equations for each 

’*■ 0 . F. Mossotti, Hut les forces qui regissent la constitution intime des corps. 
Turin, 18S6. 

t (Jamb. FUl. Proc. vol. xv. p. 65 (1908). 

;{: der Physik, vol. xxxv. p. 898 (1911). 

S PJnisik. Zeits. 13 Jabrg. p. 1 (1912). 


system are referred to the set ot axes wliieh W(“ 
with that system. They an* clearly 

d€- ’ dt- ’ dP 


havt.‘ aHH(K:iatecl 


:- 7 . 


Now let us assume that our two .systems are physically identical, 
i.e. that it is impossible to (listinguish b(*twt*on tluaa l>y any 
physical means whatever. This is tantamcumt to denying absolute 
acceleration in the same way that the principl<‘ of rolativity <h‘ni(‘s 
absolute velocity. The equivahuice of the two sysbuns is obvious 
if we confine ourselves to the Newtonian mechanics. This is not 
the case however when we turn to some of tlu* n^sults which wi‘ 
have deduced from the principle of relativity. 

It is shown on p. -UtS that the mass of any systtun involves a 
part Ejd^ where E is the radiant electromagnetic eritTgy of tln^ 
system and c is the velocity of light. A’/c* is mass in tlu‘ sense of 
a coefficient of inertia but we have not proved that it is .subj(‘ct to 
gravitational attraction, in the way that the ordinary mass of t he 
system is. If this mass is not suhj(K:t to gravitatit^nal att,raction 
it is evident that tht^ equivalence of the syst^ems k am! k will n(»t 
hold exactly; systems in a unifiu’iu gravitational fiidd will only 
fall uniformly provided the inertia of their elect romagn«‘ti(‘ emugy 
may be neglected. A formal proof that if k and k an* exat^tly 
equivalent it is necessary that A" c- should nt})n*S( ‘ut- gravitating 
mass, as well as inertia, is easily {.‘onstnict.<*d 



Fig. r>8. 
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Let the diagram represent the axes « in the field of nniform 
gravitational force. Let S„ represent two sufficiently mmute 
material systems at a distance h apart along the « axis. If & and 
S, are small enough, /twill remain invariable. The systems will 
■simply slide along the 2 axis with uniform acceleration, as though 
they were held apart by a rigid connection of length h. Suppose 
that So is allowed to send a certain amount of radiant energy E 
which is received by S,. The energy is measured at 8, and S, by 
instruments which can be brought together and compared. As we 
<l() not yet know anything about the effect of gravitation on 
eh'ctromagnetic energy we are unable to say anything about what 
takes place during the transference. We can. however, find out a 
gn'at deal about it if we admit that the system k is equivalent to 
the system k. For in the system k let us measure the energy of 
th(' radiation with reference to a set of axes that are at rest with 
ndenuice to k' at the instant at which the radiation leaves 8^. If 
the energy thus measured is E when it leaves 8^, it will, by the 
theory of relativity*, be equal to £ (1 + 7/1/0^) by the time it is at 
(SV For 81 is then moving with reference to the axes ko with 
th<‘ relativi“ velocity v = yt = ylijc. This result is true only to the 
fii-st order of the small quantity yhje^. 

( )n th<‘ hyi)othesiH that the two systems are equivalent, exactly 
the same result will have to hold with reference to the system of 
axes K in the gravitating system. In this case 7/1 is equal to 
the difference in the gravitational potential between the points 
.and <S',; so that, if K, and J?, are the energies of a given quantity of 
radiation at. .S'., and .S', respectively, then 


If we an- to retain the principle of the conservation of energy in 
tlies.' e.'isi's it. follows that work equal to Eicfijc^ is done on the 
radiant energy by i.he gravitational forces. This is the same as if 
I he radiant energy po.sse.s.se(l gravitational mass equal to Ejc . We 

eoiudude that A’/c^ which the principle of relativity shows 

to h.- the iniTt mass of radiation, represents its gravitatmg mass 


* ICiiistcin, Ann. iler Phjdk vol. xvii. p. 913 (1905). 


The Velocity of Light in the Gravitational Field. 

Eeturning to the system k, let i-, he th<‘ freciueiiey of the 
light emitted by S.,; then by Doppler’s principle tin* light tvceivisl 
by Si will appear to have a different fre<pieney, viz. = l+yh/c-) 
to the first approximation. If the sy.stems k and k are eijuivalent, 
the gravitational held will therefoz'e produci* *i change in tiln.* 
frequency of the radiation which leaves S.. to the value 

= Vu (1 4* <p!cr) 

at a place Si where the gravitational potential differs hy ^ from 
its value at These results are true wlien tin* clocks used to 
measure time at S. and Si agree with one anothm* wlnm brought 
together. But the distance h is constant in tin.* k systtan ; so 
that, if the radiation were being continually (knitted by and 
received by So, there would be a continuous accumulat ion or d(‘ple- 
tion of weaves in the space between tluan, if Pi and r,. were um‘(|uaL 
This contradiction indicates that tin* tinu‘S at ditlerent parts of a 
gravitational field are not corrt*ctly givi*n by clocks which agiHM* 
when brought together. To give times which do not h^ad to a 
contradiction the clock at S>> must go l4-<^/c“ tinu*s slowta* than 
the clock at Si when they are brought together and (‘ompan‘d. 
Measured with such clocks the fr(Mju(*neies at X. and S^ Ifoconu* tin* 
same and the number of wav(‘S in th(* stn‘tch li is independent uf 
the lapse of time, wlieii tin.* emission and n‘C(‘ption an* steady and 
continuous. 

Now if we measure the v(*locity of light in different places of 
the system k with clocks which agret* wh(*n compared togfUJior w<‘ 
get always the constant <|uantity c. If k and k an* ecjuivalent, 
the same is true of the gravitating syst.(*m k. Hut t hese ch.eks de 
not go at the right rate in difierent parts of k: wh(‘nc(‘ it follows 
that the velocity of light is not the. sane* at- ditferent parts of /c 
but varies with the gravitational potential according to tin* 
relation 



Thus the principle of the constancy of tlu* velocity ol' light which 
Einstein made the basis of the principle of relativity d<M‘s not hold 
for gravitational fields according to this theory. 
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It IS easy to calculate the curvature of a ray of light produced 
by gravitation on this view. Take two points on the wave front 
-at distance dl apart. At time dt later the wave front will he tan- 
gential to spheres of radii cdt and (c -P | dl^ dt described about 

the two points. The rotation W of the wave front in time Zt is 

thus 

BoJizt. 

If Bn is an element of the normal to the wave front cdt==Bn, 

de_ldc_ld^ 

dn cdl^ dl 


to a sufficient approximation. 


Let us apply this to the case of light passing within a distance 
S of the centre of a star of massm. Let ^;be the gravitational 
constant, r the instantaneous distance of the ray of light from 
the ecuitire of the star and '\jr the angle between r and the per- 
pendicular from the star on the straight path of the nndeflected 
light. Tlu^n (/) = tm/?' and the small total angular deflexion Sd is 


S0 




3<jb _ km 1 dr dyjr 


dl 


km Ic 
0^ J OOSxjr 


__ km 


cos ^|rd^|r = — 


2km 


’'Fhe di‘{h‘xion is directed towards the star, so that if the light 
<;oin(‘s from a second star the apparent angular distance between 
t.lu‘ir (*(‘ni.res will be increased; in the case of the light from a 
.star })a.ssing just outside the sun’s disc it amounts to 0*83 second 
•of an*. 


In a hitdu- papi'r Einstein^ has extended the investigation so 
as (*ov(‘r the relation between gravitation and electromagnetic 
ph.'u<mu'n;i (il.lic(r than mass and the velocity of radiation, using 
similar ini'tlmds. The smallness of the expected effects appears to 
p,v<dii(h‘ the possibility of their experimental verification in the 

near fiii.una 


* (kr Fhfjdk, vol. xxxviii. p. 355 (1912). 
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Part III. Hydrostatics, pp. .x + 216. With 98 figures, as. 

“ A very good book, which combines the theoretical and practical treat- 
ment of mechanics very happily — The discussion of force, momentum, and 
motion is consistent and clear; and the experiments described are rational 
and inexpensive. This treatment is calculatetl to give niiicli clearer ideas 
on dynamical concepts than a purely mathematical course could possibly 
do.” — Journal of Edu<:aiio?i on Dynamics 

“A clearly-printed and well-arranged text-l)ook of hyilrostatics for 
colleges and .schools. ...The descriptions are clearly written, and the 
exercises are numerous. Moreover, the treatment is expenniental ; so tliat 
altogether the book is calculated to give a good grasp of the fiiiKlamcntal 
principles gf hydrostatics.” — Nature on Hydro.statics 

Heat and Light. An Elementary Te.xt-book, 'riicoretical 
and Practical, for Colleges and Schools. By R. T. Glazebrook, 
C.B., M.A., F.R.S. Crown 8vo. 5^. 

Also in separate volumes : 

Heat. pp. xii + 230. With 88 figures, y. 

Light, pp. vm+ 210 + vi. With 134 figures. 3.r. 

“The very able author of the treatise now before us is cxce})tionalIy well 
qualified to deal with the .subject of theoretical and experimental physics, 
and we may at once say that he has succeeded in ]>roducing a claNS-bocdc 
which deserves, and will doubtle.ss receive, a full .share of the patronage of 
our school and college authorities.” — Mechayiical World 
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Electricity and Magnetism: an Elementary Text-book, 

Theoretical and Practical. By R. T. Glazebrook, C.B., M.A.,. 

F.R.S. Crown 8vo. pp. vi + 440. 6 s. 

‘ * As an elementary treatise on the laws of electricity and magnetism it 
leaves little to be desired. The explanations are clear, and the choice of 
experiments, intended to carry home these explanations to the mind of the 
student, is admirable. We have no doubt that teachers of the subject will 
find the volume of great use. It is the work of one who has had long 
experience as a teacher in an important centre of education and all who 
study its contents carefully and ir^lligently will acquire asoundknowlec^e 
of the principles of the attractive subject with which it deals .” — Engineering 


Photo-Electricity. By A. Ll. Hughes, D.Sc., B.A., 
Assistant Professor of Physics in the Rice Institute, Houston, 
Texas. Demy 8vo. pp. viii+144. With 40 text-figures. 6 j. net. 

“ Tlie book goes very thoroughly into all modern experimental research 
related to its .subject. ...The whole question is important and may have far- 
reaching results, and we consider the author is to be heartily congratulated 
on the lucid manner in which he has dealt with ^Electrical Eeview 


The Electron Theory of Matter. By 0. W. Richardson, 

I).. Sc., F.R.S. , Wheatstone Professor of Physics at King’s College, 
London. Demy 8vo. pp. vm+6t2. With 58 figures. i8j. net. 

“ 'rhis book will serve as an admirably compact and yet very complete 
account of the subject, leading directly to many points where research, 
theoretical and experimental, is proceeding.”— Progress- 


A Treatise on the Theory of Alternating Currents. 

Hv Ai,BXANDER Russell, M.A., Principal of Faraday 

House. In two volumes. DemyBvo. Vol. I. pp. xiv+534. Second 
edition. .5r.net. Vol. 11 . pp.xii+488. 12r.net. 

“It reveals the thorough mastery which the author has 

.,,1 il,(. I’T.in.ble reader will find much that is of value. Recent con 
current theory.”— AVerfwa/ Review 
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Air Currents and the Laws of Ventilation. Lectures 
on the Physics of the Ventilation of Buildings. By W. N. Shavv\ 
Sc.D., F.R.S., Fellow of Emmanuel College, Director of the Meteo- 
rological Office. Demy 8vo. pp. xii4-94. net. 

“The present volume by Dr Shaw is most welcome, because it tiravvs 
attention forcibly to the physics of the ventilated space, and deals with the 
whole subject in a thoroughly scientific manner.. ..The treatment of the 
subject is quite original — The whole volume is highly sugge.stive, and con- 
stitutes a real advance in the study of this important subject.” — 

Conduction of Electricity through Gases. By Sir J. J. 
Thomson, O.M., D.Sc., LL.D,, Ph.D., E*. R.S., E'ellow' of Trinity 
College, Cambridge, and Cavendish Professor of E^xperimental Phy,sic.s. 
Second edition enlarged and partly re- written. DemySvo. iqi.viii-f-byH. 
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“It is difficult to think of a single branch of the phy.sical .sciences in 
which these advances are not of fundamental importance. 'Phe physicist 
sees the relations between electricity and matter laid bare in a manner 
hardly hoped for hitherto.... The workers in the field of .science arc to-day 
reaping an unparalleled harvest, and we may congratulate our.sclves that 
in this field at least we more than hold our own among the nation.s of 
the world .” — Times (on the First Ekiition) 

A Treatise on the Theory of Solution, including the 

Phenomena of Electrolysis. By William Cecil Dampier Wiiktham, 
Sc.D., F.R.S., E'ellow of Trinity College, Cambridge. Demy Hvo. 
pp. X •+• 488. lOA net, [,Xew editiofi in 

“The present work embraces practically all the material cm the subject 
of solutions which is dealt with in the ordinary textdiooks of physical 
chemistry, except that part concerned with velocity of reaction and jniiely 
chemical equilibrium. The treatment throughout is characterised by giea't 
clearness, especially in the phy.sical and mathematical jH>ilit*nr,, so that’ the 
volume may be warmly recommended to .students of chemistry who de .ire 
to increase their knowledge of this department of the subject.”— iWifurr 

The Theory of Experimental Electricity. By 
W. C. D. Whetham, Sc.D., F.R.S. Second edition. Demy 8v(». 
pp. xii-i-340. 8a net. 

“This book is certain to be heartily welcomed by all tlufse* \vh<> are 
engaged in the teaching of theoretical electricity in our I'niver.dty ( ‘nllege „ 
We have no hesitation in recommending the book to all teachers and 
students of electricity.”— {on the First Edition | 
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